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- not only to all finite values of the variable, but also to the value z = ©. If the 
product of two functions is adjoint for a given value of the variable, we say that 
the functions are complementary adjoint for the value of the variable in question ; 
and if the orders of coincidence of the product with the branches of the r, cycles 
are equal to or greater than the corresponding numbers | 


M lg CEP 1b | (9 


where i is any positive integer, we say that the functions aré > complementary 
adjoint to the order 1. 

In considering a rational function of (z, v) with reference to the cycles 
corresponding to the value z = œ , it is at times convenient to transform to the 
variables £ — 271, n =g™v, where z^ is the highest power of z which appears 
in the equation F(z e) -— 0. This equation then goes over into the integral 
algebraic equation i 
GE, n) = 0, (10) 
in which » is the dependent variable. The rational function 

(En) = £n 7? Fi (a, v) 


evidently has, as orders of coincidence with the branches of the cycles corre- 
sponding to the value £ — : 0, the numbers 


m(n — 1) + uf? ecu m(n — 1) + af); (11) 


and the orders of coincidence defining adjointness relatively to the equation 
G (E, n) — 0 for the cycles er to the value £ — 0, are 


mn —1) + pf? —14- gue DH IH us e» 
P | 


respectively.. When the product of two rational functions has orders of coinci- 
dence for the value £= 0 which do not fall short of these numbers, they are 
complementary adjoint relatively to the equation G (E, n) — 0 for the value of £ 
here in question; and when the orders of coincidence of the product do not fall 
short of the numbers 


n(n—1) ++ i! — 14 3 jos (n1) Hit i2 1 us (13) 


ka 


respectively, the functions are complementary adjoint to the order $ relatively 
to the equation (10) for the value £ — 0, 
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A rational function of (z, v) can be written in the form 
Heo) = PGO + 20 ae aa) 
where the expressions P(z,v) and $%(z,v) represent polynomials in (z, v), 
reduced with regard to v, and where a polynomial %) (z, v) is of degree less 
than $, in z. Here the summation is supposed to extend to all those finite 
values z — a, for which the function H(z, v) may become infinite, as also to all 
those values of the variable to which correspond multiple points on the curve 


F(z, v) —0. Transformed to terms of (E, n) our rational function can also be 
represented in the form l 


Ha, = Eee, A9 


where $+ (£, n) is a polynomial in (£, 7) reduced in 7, and of a degree in £ 
"which is less than i, +7. Here j is an integer which is at our disposal, and the 
expression ((£,)) signifies a reduced polynomial in z with coefficients which, 
expanded in powers of £, involve no negative exponents. 

If now we characterize the function H(z,v) by saying that it is to have: 
orders of coincidence with the branches of the r, cycles corresponding to the 
value z=, which do not fall short of the numbers «(?, 7, ...., «(? en 
ively, while it is to become infinite to.orders not exceeding of, of, . 0n 
respectively for the branches of the r, cycles corresponding to a value z = a,, 
we shall have for any exponent 4, in formula (14) the greatest of the integers* 

ee 
and for the exponent $, in formula (15) the greatest of the integers | 
+ HE] mn 1) + [a2 + a, (17) 
where corresponding numbers in the sets of, ...., o(? and a”, 2, T2) are 
equal and of opposite signs excepting where a ‘number v is Goalie. in which ` 
case the corresponding number c has the value 0. 

It is to be understood that the integer j in formula (15) is not negative and 
furthermore we shall find it convenient to assume that it is not less than the 
greatest of the numbers «(?, cf, ...., «(2, so that the coefficients in the ex- 
pression E*((£,»)) will not be ado ee by the orders of coincidence of H(z, v) 
for the value z= œ. A numerator 4% (z, v) appearing in the summation in 
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formule (14) will have orders of coincidence with the branches of the r, corre- 
sponding cycles which do not fall short of the numbers 


Un m of), te =) ete, ety ty ue o® (18) 


e 


respectively, and will involve p, arbitrary constants, where* 
Th Ti 1 
px = Xov + 4 (us? —1+ jm) D (19) 
821 a=] 8 . 


The numerator ‘p+ (£, ») appearing on the right-hand side of formula (15) 
will have orders of coincidence with the branches of the r, cycles corresponding 
to the value z = ©, which do not fall short of the numbers 


tte, itr, ...., i + © (20) 


respectively, and will involve Po. arbitrary RADARS where} 
Pe =Z (J — fm) yi) + iE {m (n — = + ui? — 1 + z} "S . (21) 
We can then write | i 
pH (z, v) = MP pH (a, v) +. + 80 je Go), ^7. Q9). 
PP (E, y) = PP ef? EN) +... + AD em (5n, (23) 


where the ö’s are arbitrary constants excepting for the conditions imposed upon 
them in assuming the function H(z, v) to be simultaneously representable in the 
forms (14) and (15). Equating these two forms we have 


Py) siis eo SPiN ip(e). — (uo 


Here the polynomial P(z,v) identifies itself with the integral portion of the 
expression £-*e get? (E, y) transformed to terms of (z, v) and therefore depends 
on the constants 6°. Furthermore, the totality of the conditions to which the 
constants ô must be subjected is obtained.on transforming 


Poo ' 
—£ S ig afe*? (E, n) o QN) 
‚to terms of (s, v) and identifying the terms in the transformed expression which 
involve negative powers of z, with the corresponding terms in the expression 
| a SE Un (2, v) 
2e Ps 26 
res G— ay)” (78) 








* A. F., X, 10. +4. F., XI, 10. 
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Ai the coefficients of the a powers of v have been developed in powers 
of 3 > The developments here in question will evidently involve only negative . 


powers ofz. We desire then to study the conditions imposed on the constants à 
by the statement of the identity 


Pr SE) Ach) Po S60) d (ba -- Men i 

zx emo) g mpi (En) — Polynomial in (2,0) + £ (Em). (27) 
EX (2 — ax) = pe 

"We have to suppose that the total expression on the left-hand side of this 
identity has been transformed to terms of (z, v), and that it is then represented 


as a polynomial in e with coefficients which are developed in powers of 2, the 


number of negative powers of = involved being of course finite. The conditions 


to which the constants à are subjected are then obtained on equating to 0 the 
aggregate coefficient of an element #-"#"t, where ¢ can have any one of the 
values 1, ,n and where in. g” ott = £r ma-0 ,n-t the integer r is positive 
and subject Alte to the condition r — m (ñ — t) <J. | 
In Chapter IX of my book I have introduced a certain polynomial R (s, v), 
such that its product by the function F (z, v) has identically the form `: 


F(e, v). R(g, v) = e" 4- S, oi... 4 S. | (a8) 


Here the coefficient of e"^! in the product requires the coefficient of v^ in 
R (gv) to be 1, and the function R (z, v) is then completely determined by the 
vanishing of the coefficients of v""?, ...., v” in the product. The coefficients 
Suis +++) Sp in the product are of course completely determined when R (z, v) 
is determinad. At the same time also we evidently have 1 for the Soemiciont of 


5^1 in the function oa 
R(E, n) = Eno R (s v) | ^ (29) 


and terms involving the powers MT, ....; X^ are FRONS in the product 
G (£, n). RE, n). : i 

Consider all the polynomials dr v), es in v, which possess a certain 
set of adjoint orders of coincidence uj, ...., tp corresponding to a value z — a. 
Supposing these functions to be Hate according to powers of z— a and.» 
and discarding terms divisible by (2— a), we obtain a system of functions of 
the type $9 (z, v), and of these a certain number p will be linearly independent . 


r 
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of one another. A complete system of linearly independent functions of this 
type we indicate by the notation 


l © (2, v) (e 21,3, ...., p). (30) 
Multiply these functions by the function A(z, v) and write the products in the form 
R (2, v) . HP (s, v) = b, (z, v) +o ce (z, v) (s = 1,2,...., ph (31) 
where in the element »"-12 (z, v) are included all those terms of the product 
which are divisible by v"7! and which are not at the same time divisible by 
(2—a). Any term then in 6,(z,v) which is divisible by v"-! must also be 
divisible by (z— a). At the same time we also have 
E (g, v). C (2, v) = IL (2, v) + e^ $E? (z, v) (8 1,2, ....,9), (32) 
where v” ọ® (z, v) is constituted out of all those terms in the product on the left 
which are divisible by v” and which are not divisible by (z— a)‘. The truth of 
this is seen on multiplying the identities (31) through by F'(z,v) and equating 
on the two sides those terms which are divisible by «?"! but not by (z— a), 
bearing the while in mind the formula (28). 

In like manner we might consider all those polynomials @(£,»), reduced ` 
in y, which possess a certain set of adjoint orders of coincidence relative to the 
equation @(£,n)=0 for the value E —0. On discarding in these polynomials 
terms divisible by £* we obtain a system of functions of the type ọ® (E, x), and 
of these a certain number p, will be linearly independent of one another. 
A complete system of linearly independent functions of this type we might 
indicate by the notation 


(En  ("—1,...., p). (83) 


Multiplying these funotions by the function RG, x) we can write the products | 
in the form ’ 


BE n OP (Em) = teen (61,2 sp) (84) 
where in the element #*-18®(£, 7) are included all those terms of the product 
which are divisible by 5^7! and which are not at the same time divisible by £*. 
Any term then in 0,(£, x) which is divisible by "^ must also be divisible by £*. 
At the same time we also have 


G (£x) LP (E, m) =U (En) +n" En) (= Dons Po) (85) 
where x^ 9? (E, 4) is constituted out of all.those terms in the product on the left 
which are divisible by x^ and which are not divisible by &*. Relatively to the 

2 
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equation G (E, n) — 0, and for the value £ = 0, formulae (34) and TY are > 
analogues of the formulae (31) and (32), respectively, for the equation F (z, v) = 
relatively to the value z =a. When we make use of the expression 6, (£, 7), = 
example, in the one set of formulae, it will be understood of course that we are 
not dealing with the same form as that which was designated by 6,(z,v) in the 
other set of formulae. 

Now the necessary and sufficient conditions in order that an integral rational 
function 4} (z, v) may be complementary adjoint to the order à to a system of 
_ integral rational functions $ (z, v), whose orders of coincidence with the branches 
of the several cycles corresponding to the value z=a are not less than the: 


respective members of a set of adjoint numbers uj, ...., u;, are obtained* on 
equating to 0 the coefficients of (z — a1 o"! in the p products 
FR) (6=1,2,....,p). (36) 


This is evidently equivalent to saying that the necessary and sufficient conditions 
in order that the orders of coincidence of the integral rational function 4 (z, v) 
may be complementary adjoint to the orders of coincidence of the system of 
functions (s —-a)~* (z, v), are obtained on equating to 0 the coefficients of 
(2— a) o^ in the p products 

(z — a) £9 (z, v) . b (z, v) (e =1,2,...., p) (37) 
The coefficients here in question are however the residues of the coefficients of 
v"? relative to the value z= « in the p products (37). Now in the rational 
functions of z which constitute the coefficients of the several powers of v in these 
‘products the only poles which can present themselves are evidently z =a and 
z=, and the only residues which appear must correspond to these values. 
Since, however, the sum of the residues of a rational function of z is zero, if the 
residues of the coefficients of v^ in the products (37) relative to the value 
"z=a vanish, so also will the residues relative to the value z= œ vanish, 
and conversely. 

We may then say that the necessary and sufficient conditions in order that 
the orders of coincidence of an integral rational function ¥(z,v) for the value 
2=a may be complementary adjoint to the orders of coincidence of the system 
of functions (2 — a)^* $ (z, v), in which the numerator $(z,v) possesses a certain 
system of adjoint orders of coincidence, are obtained on equating to O0 the 
residues relative to the value z = œ of the coefficients of v"-! in the 
p products (37). 





* A, F, IX. 
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In like manner we see that the necessary and sufficient conditions in order 
that the orders of coincidence of an integral rational function 4(£,#), relative 
to the equation @(£,n)=0 for the value £ —0, may be complementary adjoint 
to the orders of coincidence of the system of functions £-69*^ œ (E, n), in which 
the numerator $(&,7) possesses the system. of adjoint orders of coincidence 
4, +o”), ....,4, +7), are obtained on equating to 0 the residues relative to 
the value £ = 0 (or £ = œ ) of the coefficients of "^! in the p, products 


(EDEN). x (En) — (1,2, ...., Pa) (38) 
This is evidently equivalent to the statement that the necessary and sufficient 
conditions in order that the orders of coincidence of an integral rational function 
(E, x), relative to the equation G (E, 7) =0 for the value £ = 0, may not be less 
than the numbers 


Hd "— EBEN 


respectively, are obtained on equating. = 0 the coefficients of &""! in the 
Pa products (38). 

Again this statement is equivalent to ae that the necessary and sufficient 
conditions in order that the orders of coincidence, relative to the equation 
G (E,7) = 0, of a function 

- En h(E, x), 


for the value £ — 0, may not be less than the numbers 
— f? + ui rdc ae — $2 + re — 1 + cuj 


respectively, are obtained on equating to 0 the coefficients of DH gn- in 
the p, products (38) transformed to terms of (z, v). We conclude therefore 
that the necessary and sufficient conditions in order that the orders of coin- 
cidence of a function E%-™"-) J (£, y) transformed to terms of (z, v), for the 
value z =œ, may be complementary adjoint relatively to the equation 
F'(g, v) = 0, to the orders of coincidence 7(?, ...., «(9 of the system of ‘func- 
tions £-** $ (£,»), are obtained om equating to 0 the coefficients of z! e^-! in 
the p, products 
ere Crete, i E-d-min-D48 a) (E, n) (8—1,2,...., Pa) 

transformed to terms of (z, v). 

By choosing j sufficiently large the expression £-79"-»**4,(E n) will 
become a polynomial in (z, v), and.conversely any polynomial in (z, v) can be 
written in this form on choosing 5 sufficiently large. . 
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Writing therefore 
E mn—D+8 4], (E, n)=Ÿ (a, v) 
a polynomial in (z, v), we derive that the necessary and sufficient conditions, 
in order that the orders of coincidence of the function #4 (z,v) for the value 
z= œ may be complementary adjoint, relatively to the equation F(z, v) = 0, 


to the orders of coincidence =”, ...., (2, are obtained on equating to 0 the 
coefficients of 7 e" in the p, Done 
Ee Cee (En). (ze). (@= 1, 2, +++, p. (39) 


transformed to terms of (z, v), the integer 7 being chosen sufficiently large. 

We may then say that the necessary and sufficient conditions, in order that 
the orders of coincidence of the polynomial 4 (z, v) for the value z = œ may be 
complementary adjoint to the order 2 to the orders of coincidence tf, ...., «(2 
of a system of functions ‘= @ (E, X), are obtained on equating to 0 the residues 
relative to the value z= of the coefficient of v*! in the p, products (39), the. 
integer 7 being chosen large enough. 

. We shall now return to the identity (27) and to the study of the conditions 
which its existence imposes on the constants 6. Multiply the identity through 
by the function 

P R(z, v) = &-™ R (E, n). 
Replace the products 

R (z, v) - pi” (2, v) 
by expressions of the type given on the right-hand side of formula (31), and 
the products 

FR (E, v) get? (Em) 
by expressions of the type given on the right-hand side of formula (34), on 
replacing ¢ by $,-FJj. In the resulting identity retain only those terms which * 
are divisible by v*-! or #"-1, and we evidently obtain an identity of the form 
sË * (Ed). p-mm-n n1 I aes (E, n) 
z = E (z — a,)* T 
= Product of v”! and a E in (a, v) + £7 07D 4 EF (En), 


Dividing through by o™ t= E-770-D,"-1 this identity becomes 
a 509 Yh) t Oe dl 
SEP eo) | e dte En) 


k ecl e alle ay +2 


= Polynomial in (z, v) + E*((£,n))1. (40) 
Now multiply this identity through by the function 


Po o) = EG (£, 7). 
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Replace the products  - F(z»). zw (e) 
by expressions of the type given on the right-hand side of formula (32), and 


the products 
En). Get? (E, n) 


by expressions of the type given on the right-hand side of formula (35). In the 
resulting identity retain only those terms which are divisible by e" or x^, and 
we arrive at an identity of the form 


s SP GH (e, 0) | imo a OE Ot (E, m) 
C= aj =o 


= Product of v” and a polynomial in (z, v) + £7" n” ((E, 1))e- 
Dividing through by e^ = &-™"y" this identity becomes 


209 pi (2, v) +5 T z Em = Polynomial in (z, v) + & ((E,7))s- 


Esa (2— t)? 8=1 

This last identity, at least so far as the constants ô are concerned, is equivalent 
to the identity (27), and it follows from the identity (40). The identity (40) 
is however a consequence of the identity (27), and therefore imposes no other 
conditions on the constants then those which are involved in the identity (27). 
The conditions imposed on the constants à by the identities (27) and (40) are 
therefore precisely the same, and for the-study of these conditions we can conse- 
quently make use of the identity (40) instead of employing the identity (27), 

On the left-hand side of the identity (40) equate to 0 the coefficients of 
terms in 


gore Bim mot (O<rcy+(n—it)m; t=1,2,....,n). (41) 
This gives us a number of linear equations which must be satisfied by the 
constants ô. Of these a certain number will be independent, and the remaining 
ones will follow as a consequence of these. Suppose we represent by a4 1,4 - 
the multipliers of the respective equations which give the linear connection 
between a dependent equation and the independent equations. Construct the 
polynomial 


oss 


k 8=1 


a} (z, v) = à rt, pie wt t, (42) 


and the dependence of the one equation on the others is evidently equivalent 
to the statement that the coefficient of z^ 1e"! is equal to 0 in each one of the 


produete 
(2 — as) ^59 (z,v) (av) . (8&—1,2, ...., po), 
ES Gr PE, n). (2, v) (s — 1, 2, VES) Po): 
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These conditions, however, from what we have seen in the preceding, are those 
which are necessary and sufficient in order that the polynomial (z,v) may be 
complementary adjoint to the orders of coincidence — o(?, —o,...., —o® 
corresponding to the finite values of the variable z= a,, and in order that it 
may be complementary adjoint to the order 2 to the orders of coincidence 
oe”), o), ...., «(2 corresponding to the value z= œ. Furthermore, among 
‚the roue to which we subject the constants 6, the number which are not 
independent of one another is evidently. equal to the number of arbitrary 
coefficients involved in the most general polynomial l 


Var). (0 <r <] + mn — t); t= 1,2,... 4 n), (43) 
ni ' 4 


whose orders of coincidence for the finite values z =a, do not fall short of the 
numbers . T 


dM as Or + tin — 1 + Ag (44) 


ve 


respectively, while its orders of coincidence for the value z= co are not less 
than the numbers 


HAE uf) HAT cs De ID H DI (40) 


respectively. The total number of arbitrary constants involved in the expression 
of the most general polynomial 4} (z, v) of the character here in question we 
: designate by the symbol N,. The total number of equations to which we subject 
the constants ô is given by the summation 


(j— 1)n + Emm) = (J —1)n + $mn(n— 1), 


and the number of linearly ibdependens equations satisfied by the constants ô 
is therefore 

(jJ — 1)n + à mn(n — 1) — N,. (46) 
The total number of the constants; as we see on referring to formulae (19) 
and (21), is 


Xp mdmn(n—1)--jnd 422 x (un —1 + =) 99 TES à o® of -5 Say), (AT) 


where the accented summation with regard to k is DRE to ER only to 
finite values z = ax, whereas the summation without the accent extends also 
to the value z= œ. 

-We have now come back to the reasoning employed about the middle of 
Chapter XII of “The Theory of the Algebraic Functions,” and from here on 
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we shall follow the text in developing the subject. The number of the con- 
stants ô which remain arbitrary on solving the system of equations to which we 
have subjected them, is obtained on subtracting the number given in formula (46) 
from that given in formula (47). This gives us the expression 


i i : r P2 
(e. (k) ! K) 4 (5) me (0) 4, (o0) 
Ntn+422 (us 1+ jm) YP + SE of? of" — Xs?» (48) 


for the number of the arbitrary constants 9, and therefore for the number of the 
independent* arbitrary constants involved in the coefficients of the most general 
rational function H(z, v) which becomes infinite to orders not exceeding of”, af”, 
...., o respectively, for the branches of the several cycles corresponding to 
the various finite values of the variable z = a,, while its orders of coincidence 
with the branches of the several cycles corresponding to the value z = æ do not 
fall short of the numbers «(?, ef, ...., «(? respectively. On employing the 
symbol N, to designate the number of arbitrary constants involved in the ex- 
pression of the most general function H(z,v) of the character here in question, 


and on replacing the symbols —o(?, —o{, ...., of in the expression (48) by 
the symbols 44°, «9, ...., «9, we have 
ts “4 Ta 
Na= Ny +n+42> (P1 +m) q (9 y®, (49) 
k sel Vs k =l 


Now a rational function of (z, v) which is adjoint for all finite values of the 
variable z must be an integral function of these variables.f Therefore a rational 
function of (z, v) possessing for finite values of the variable z the orders of coinci- 
dence given in (44) must be a polynomial in (z,v). Also a polynomial in (2, v) 
possessing for the value z — œ the orders of coincidence given in (46), will be 
included in the form given in (43) when j has been chosen large enough. ft 
The polynomial 4 (z,v) here in question, then, may be assumed to be the most 
general rational function whose orders of coincidence for finite values of the 
variable z = a, do not fall short of the numbers given in (44), while its orders of 
coincidence for the value z — are not less than the numbers given in (45). 

On employing for brevity the notation (P, 7P, ...., 7 to designate the 
numbers in (44) and the-notation v(?, tf, ...., TŒ to designate the numbers 
in (45), we see that 4 (z, v) is the most general rational function of (z,v) built 
on the basis (7), while H(z, v) is the most general rational function built on the 








* See A. F., pp. 138, 129. ; tBee A. F., V, p. 84. {t Bee A. F., pp. 126, 127. 
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basis (+). Here the bases (+) and (7) are complementary to each other with 
regard to the level furnished by the function Pj (z, v), for we have 


z 1 
Wu CRE as. (8 =1,2,...., T4) (50) 
for all finite values of the variable z = a,, and for the value z= œ we have 
"s 1 
Ty HR = ui + + oe (@= 1, 2,..+., 7,). (51) 
s 


The only limitation which we have here placed on the basis (7) is that none 
of its numbers corresponding to any finite value of the variable z shall be positive. 
This limitation, however, is readily removed, as has been done in the text.* 
Assume, namely, that (v) is any arbitrary basis of coincidences and (F) the 
complementary basis whose coincidences satisfy the relations (50) and (61), 
and designate by Z(z,v) and H(z,v) respectively the most general rational 
functions built on these bases. . Where P(z) is any specific polynomial in z, 
the functions B» and P(z) H(z, v) are evidently also the most general 
rational functions built on certain complementary bases. Also by proper choice 
of P (z) the basis for the former function will include no positive numbers corre- 
sponding to finite values of the variable z, and the complementary bases here in 
question will then come under the case for which we have already proved the 
complementary theorem. Furthermore the numbers of arbitrary constants in- 
volved in the expression of the functions H(z,v) and H(z, v) are evidently the 
same as the numbers of arbitrary constants involved in the expressions of the 


functions s and P(z) H (s, v) = V(z,v) while the sum of the orders of 
coincidence of the function P(z) for all values of the variable z and for all the 


cycles corresponding is 0, and we therefore immediately derive 
fr 1 ty 
N=Natn+422 (P—1+ m) SE, (62) 
kel 8 kszl 


where (7) and (7) are any complementary bases whose coincidences satisfy the 
- relations (50) and (51). By combination of (52) with the relations (50) and (51) 
we can readily write our result in the form 


Ng +43 2 of = Ng + $3 is 1%, 
8= 8= 


and the proof is immediate ‘that this formula holds also when the relations (50) 
and (51) are replaced by the more general relations given in (2) and (3). 


* A.F., pp. 184, 185. 













of Moutard. 


By LUTHER PraAnLer EISENHART. 


n fact that thé problem of the infinitesimal deformation of 
nt to the determination of the surfaces Sı, each of which 
ndence with S in such a way that corresponding linear 
l The problem is equivalent also to the determination 
of which corresponds to S in such a way that the tangent 
ing points are parallel and the asymptotic lines on either 
d to a conjugate system on the other. Darboux in the fourth 
s Leçons* observes that the relation between # and ©, being 
, the surface S determines an infinitesimal deformation of S, and there 
surface $, associated thereby with S, which is analogous to the corresponding . 
surface Sy associated with ©. In like manner the deformation of S, determined 
by S introduces a surface S, which corresponds to 8; with orthogonality of linear 
elements. This process can be continued in both ways, and the coordinates of 
each new surface can be found directly. Darboux has derived the expressions 
for these coordinates, and has observed that the system is closed, consisting of 
twelve surfaces. | i 

In the present paper. we derive the same results in a similar manner, but 
we are concerned primarily with the determination of the reason for the closure. 
One of the fundamental reasons is expressed in THEoREM III and the other is 
that the transformation by reciprocal polars with respect to the imaginary 
sphere, 2? + y? + z + 1 —0, transforms a W-congruence into a congruence of 
the same kind. These results appear in §§ 1-4, and in § 6 it is shown that the 
twelve surfaces are distinct. | 

In §6 we recall a theorem of Bianchi, namely that if $ is a focal sheet of 
each of two W-congruences for which the other focal sheets are denoted by $, 





* pp. 48-72. 
3 D 
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and Sj, respectively, each of the latter surfaces is a focal sheet of another con- 
gruence, which two congruences are such that the other focal sheets are one and 
the same surface §’. With each of the pairs of surfaces (S, Ss), (S, Sg), (8, 156), 
(S', S) there may be associated ten other surfaces after the manner of $3, givi 
in all forty surfaces. We consider in particular the twenty surfaces 
of the set &, S, Si, Ss, S, S; and the analogous surfaces for eac 
above pairs. In §7 it is shown that these twenty surfaces are dis 
that 8, and the similar surface S5 of the pair (S, Sg) are no 
provided that the conjugate system on S, corresponding to 
on S does not have equal point invariants. This exceptiona 
in §§ 3-10, and it is found incidentally that the problem i 
the determination of isothermal-conjugate systems of ling 
1. Let &, x, Ÿ be three particular solutions of an g 













where M is a function of u and v. Upon the surface S who 
are defined by quadratures of the form 


On N a os N ¢ 
ei 4) sono 
Ou Du Del 8 ~~ lay a 














the parametric curves are the asymptotic lines. * ; 
Let c be any particular solution of equation (1) This equation may 
accordingly be written 2*0 1 Po 


QuOv co dulv 9. (3) 


The surface S|, whose coordinates x, : ‚2% are given by the quadratures 


u. Baek), o 


and similar equations in 7, and z, Sa to S with orthogonality of linear 
elements; that is, EY d. + dy dy; + dade, = 0: (5) 


Moreover, the parametric curves on 8; form a conjugate system with equal point. 
invariants. In fact, 2, Y1, % are solutions of the equation 
ao — ĉ? logo dp | dloga 3p 6 
QuOv Ov Ou ðu Ov. | (6) 


For the sake of brevity we shall say that S, is an ortho-surface of S. 














* Bianchi, Lerioni, Voi. I, p. 168; German translation, p. 182; also, Elsenhart, ‘Differential Geometry, p. 198. 
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(7) 





(ce S, whose coordinates are £o, ys, % is the surface associate 
tesimal deformation of the latter determined by S,. We shall 
ion between the three surfaces S, $,, Sy by saying that jS, 








E ^ 


wb 

TD 
P as form 

p: _When the val 


: oa aF (ën č) = — F (6,7, d), Yo F(E, #3 $) = — Fo, D) | (8) 
| ; % F (E, n, 0) = — F(E, n, 0), 





correspond with parallelism of-tangent planes, the parametric 
conjugate system with equal tangential invariants. 
es from (2) and (4) are substituted in equations (7), we obtain 


. | 00, 06, 26, 
F(6,, 6, 9) = | du du Ou |. (9) 
90, 90, 06, 
Qv Qv Ov 


Since the relation between § and S, is perfectly reciprocal, there exists 
a unique surface S; which is associate to S, corresponding to S. Its coordinates 
are given by equations of the form 


200 dz = yg da, — zdy. (10) 
By means of (2) and (4) we find that 
| = Ë mW. trt 
um Ya= Gg? Mg: (11) 


One consequence of this result is the theorem: 
THEOREH I. The radius vector of an associate surface of a surface S is parallel 
to the normal to the corresponding ortho-surface. 





* American Journal, Vol, XXIV (1903), p. 186; Differential Geometry, p. 882. 
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In consequence of the Tue ia 4 (C 
o F(E, n, G) SEF 39:59 ? 0,6) : 
from (8) and (11) follows the relation 


2. ih + p I= 
From (7) we have also 


Sm, SE = 0, Say St = 


which in consequence of (4) and (11) may be written . 


Say 2n = 0, Say o = 0. 





Hence we have | . | Q ; 
THEOREM IL. The surfaces S, and 8, are polar reciprocals§ of one another with 7^. 
respect to the imaginary sphere | T 
Pty tetino. (18)/ 
2. Since the relation between associate surfaces is reclprocal there isa ~~ 
surface S, which is the ortho-surface of S; corresponding to S,4 Its coordinates 
Xy, Ys, 25 are given by equations of the form 
day = Yı dag — 2; d, - l (16) 
If these equations be subtracted from the'corresponding equation (10), and the 
resulting equations be integrated, we have 
Qs — € — Yi %y— Ay, Bc: 
Ys — Y = 9 Va Gé, . (7) 
Zs — £ = t Ys — Yı Xp} 
in this case we have taken the additive constants equal to zero, thus assuming 
a particular position in space for S,. | 
If we put 


f= ot, mu, =, : (18) 
then by Tærorem I the quantities £,, M, ¢, are proportional to the direction- 
cosines of the normal to &;. 
By means of (11) and (18) equations (17) a are De to 
xy — € = m6 — in, i 
Ys—y = GE—-E6, | | (19) 


£g — 8 — En—mé, 
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and equations 3 become 


| E E 25 
E: = ZE 7 Bh) =F E ) i 
From these equations we find that £, i č, are solutions of the equation 
Ban 


E IN (21) 


Moreover, from (19) it follows that 











Ox, N & Oz, : %1 či 2 
= — | Om & |» = | Om 051 |. 22 
a Goat Ce bag ag. 


. Hence the parametric curves on $, are its asymptotic lines. 

From (19) it is seen that 

| SE(m—a)=0, Z&(m—2)—0. 

Hence the line joining corresponding points on S and S, is tangent to both 
surfaces, and as the asymptotic lines on these surfaces correspond these joins 
form a W-congruence. | | 

For convenience we represent the relations between the surfaces S, S, S, 
Sg, S as in Fig. 1, where a vertical join indicates that the joined surfaces are 


associate to one another, and a horizontal line joins a surface and an ortho-surface. . 
1 


N Ss ——— Ss 
* 

S S, 
Fie. L c 


We shall prove the following converse result: 

TuzogEM III. Let S and S, be tha focal sheets of a W-congruence; if S, is an 
ortho-surface of S and S is the corresponding associate surface of S,, and also if 
I$ is an ortho-surface of Sy, then S, is the associate of S; corresponding to Ss. 

Bianchi has shown * that if S and S, are the focal sheets of a W-congruence 
referred to the asymptotic lines of these surfaces, they may be defined by 
equations of the form (2) and (22) with the relations (19) and (20) between the 
quantities involved. 





* Vol. II, pp. 51-56; German translation, pp. 316-319; also, Eisenhart, Differential Geometry, pp. 417—420. 
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Since $; is an ae of P it follows from (4) that 
D PD Di = gii & i 
3u — $) UA (28) 
where c, is a solution of equation i 21) But from the definition of & its co- 
ordinates are of the form (11). When this value is substituted in the first of 
equations (23), we obtain 


Or + Gage + Set) =O. 


Since this equation holds also for 7, and %,, we must have 0; = 1/0, and conse- 
quently the theorem is proved. . 

3. The process by which we obtained the surfaces Sy and & may be con- 
tinued. Thus there is a surface S, which is the associate to % corresponding 
to 8; In turn we obtain surfaces 8, and $4, represented in Fig. 2, where the 
lines have the same significance as in Fig. 1. 


Ss Su 





8, 


S, S, 


Fig. 9. 


In order to obtain the coordinates æ, Yr, of S;, we observe that by 
THEOREM I the radius vector of S; is parallel to the normal.to Sj, consequently 
to the normal to S,, and therefore it is parallel to the radius vector of S,. 
Combining this result with the fact that S and S, are polar reciprocal with 
respect to the sphere (15), we have, 
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By reasoning of the same sort, we obtain by means of (18) the coordinates 


of Sn. They are given by 


it T P — (26 
& ny 1 5 E ts o’ . ) 

where 
o = Xf. (26) 


_ Since 8; and & are the focal sheets of a W-congruence, we have ‘equations 
analogous to (17), namely 
. % — Tg — YA ? 91, 
and similar expressions for y, and æ. In consequence of (11), (19), (24), the 
above equation is reducible to | 


m=E- (y + GE— CE) — (2 + fin —& m) Yo. 





` 27 

È Ly Ly ; (20) 

4. In a similar manner we may proceed from S in the other direction and 
obtain a suite of surfaces So, &, ...., represented in Fig. 2. It is our purpose 


to show that S; and Sj are ortho-surfaces of one another corresponding to &, 
and &, and consequently that there is a closed cycle of twelve surfaces, and 
thus to justify the horizontal join of 5, and Sy in Fig. 2. 

The surfaces S, and S, are the focal sheets of a W-congruence, and conse- 
quently we have | 

(00 EX Tk y — Wo, (28) 

and similar expressions for y, and %. 

It can likewise be shown that the coordinates of &, are given by 


‘cite, eee Sa de eee mes ES png 


The surfaces S, and S; are polar reciprocals of & and S, respectively with 
respect to the sphere (15). Since the relation of polar reciprocals with respect 
to this sphere is a contact transformation which preserves asymptotic lines, the 
surfaces S, and S, are the focal sheets of a W-congruence. Hence the coordinates 
of these surfaces are related by equations analogous to en These equations 
are in fact 

s — 21 = You — Yu, , (30) 


. and similarly for y and z; for, the equation (30) is satisfied identically by the 


values from (24), (25), (27) and (29). Hence S, is the ortho-surface of Sy 
corresponding to &. ` 





— 


PE 
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Since & and S are ortho-surfaces, and since S, and $;, are the focal sheets 
of a W-congruence, being the polar reciprocals of S and S, respectively, it follows ' 
from Turorem III that Sn is the ortho-surface of 8, corresponding to &. 
Hence we have the following theorem of Darboux: 

TuzongM IV. Let S be any surface, S, an ortho-surface, and Sy the corre- 
sponding associate surface; nine other surfaces can be found directly which form 
with these three a closed cycle of twelve surfaces, such that of any three contiguous 
surfaces of the cycle, Ka, Sp, Se, either S, is.an ortho-surface of S, and S, the 


Er + associate surface, or vice-versa. 
i We shall determine whether the twelve surfaces are distinct. To this 


7 


remark that as the asymptotic lines are parametric on S, &, S, and Sy, 
incides with any of the twelve surfaces it must be one of the latter three. 
e surface S cannot correspond with $, unless it be the sphere “> i 


„aroi (17) it follows that if Sand S, coincide 


M % 0. 
$1 Yı Zi 


Since S, and S, are associate surfaces referred to their common conjugate system, 
we must} have 


Om 40m Org __ a9 
Ou du ? ov ^. Ae 


and similar equations in y and z, where A is in general a function of u and v. 
Since these sets of equations are evidently inconsistent, the surfaces S and S, 
are always distinct. 

It remains for us to consider the possible coincidence of S and S,. From 


(25) and (18) it follows that if S and S,, coincide, we have 


q = ix, y= ty, gj = tz, 


where ¢ is a factor of proportionality. Suppose that S and S, are referred to 
the system of lines which is orthogonal for both surfaces. In this case 


Om, Ox, _ Ox Ox 
aa de F ou es 





# It should be remarked that if S is the unit sphere, S, is the same sphere, but diametrically opposite 
points correspond (cf. $10). 
+ Eisenhart, Differential Geometry, p. 880. 
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If we substitute the above values in the first of these equations and reduce the 
result by means of the second, we obtain _ 


ot à Qt = 
ur. A os Se + 5, 3p 27 — 9 


From (5) it follows that 





Qc Ox dx Om, 
du CU c 


When the above values of z,, y; | are substituted in this equation, we obtain 


ze - i = 


Comparing these two equations for the determination of t, we see that ¢ must be 
a constant. But in this case equation (5) reduces to X da? = 0, which evidently 
is impossible. Hence S does not coincide with any other of the twelve surfaces. 
Moreover, since any surface of the cycle can be taken as the initial surface, it 
follows that all of the twelve surfaces are distinct. | 

6. Bianchi* has shown that if c; and og, are partieular solutions of 
equation (1), the functions $i and o4, given by 


ee x(wÜ-dzQ) —— cn 
=. ame, on 

satisfy the conditions 
ads ae, el), 3) 
and are solutions of the respective equations | 
Bade 7 "oua (a) ^ m 
me = ^5 3a.) ds. (8) 











# Vol JI, p. 70. 
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. Let &, m, Či; Es, me, 6$ de the solutions of equations (34) and (36) 
respectively, given by quadratures of the form (20). It is readily shown that 
the functions £', 7’, 0’, defined by 


mE E, n =n + t (m n9) GT + (Gi — 03), | (36) 


where 
dus 13 OB asa. UT , 
Er dl el ME ay) 
‘are solutions of the equation mE 
TP ul - 
Qu dv du x 50 = DE age Ov x^ p GP 


The functions £,, +, (s determine & surface Sy whose coordinates are given 
by equations analogous to (22). The surfaces S and Sj are the focal sheets of 
a W-congruence, and their coordinates are in the relation 


5 Te = © + (M$ — ban), Ys = Y + (CsE — E. 0), %e = 2 + (Ean— nE) (89) . 
Furthermore, the surface S', defined by 


a! = w + ono Gn), 
y = y + this) pog (40) 
a =z + t (E1 a — m Es), 


_is such that S, and ' are focal sheets of a W-congruence, and likewise Sy and S". 
For convenience we shall say that the four surfaces S, Ss, Se, 8! form a quatern. 
The asymptotic lines correspond on all four surfaces, and the latter are deter- 
mined by qüadratures when two integrals of equation (1) are known. 

With each of the three W-congruences thus introduced there are associated 
four surfaces analogous to Sy, S1, /$, S. They are denoted as follows: 


(8, 8$ S, w S, 8; 

Sp, | S, Sy, Sp, Ss, S; (41) 
Oy S', Sty. S, Ss, S : - 

T S, Sta, Swe Ss, Sia 


It is desitatils that we should know under what conditions all of these 
surfaces are distinct. 

7. Since the parametric curves on the surfaces of the second and fifth 
columns of (41) are the asymptotic lines on these surfaces, and since this is true 
of none. of the other surfaces, it follows that these four surfaces are distinct 
from all the others. 
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In a similar manner, the surfaces of the first and last columns are character- 

: ized by the fact that the parametric curves form a conjugate system with equal 

tangential invariants, and in general the surfaces of the third and fourth columns ` 

do not possess this property. But two of these surfaces cannot coincide, unless 
the same is true of two of the surfaces S, S;, Sig, S". 

From (11) and (18) it follows that the coordinates of the surfaces of the | 

third and fourth columns are of the form . 


% = £01, dy = ÉO, xg = Eloi, Xe = E Og, 


4 E E 4 (42) 
= Ce [ei qmm. s 
Ts a,’ 83 9s ! m ol? 12 ei 


The coincidence of S, with any of these surfaces other than 8! necessitates the 
coincidence of two of, the surfaces S, Ss, Sg, S. 

We consider the case where S, and.S! are coincident. From (42) it follows 
that we must have oo| = 1. Now equations (31), (32) reduce to 


Og = X01, - | (43) 


where x denotes a constant. Hence E (34) and (35) are equivalent. 
From (20) we find that 


a A (n&)- i (s A), - Qv s i) = dv sn &); 
whence we have 


RN &-—h-c I, M = Mm + 2 = & +2 = (44) 
1 1 


f 


a, b, c being constants. 
Since 0,0; = 1, equation (38) is equivalent to (1), and equations (36) 
reduce to 


E = E+ xac, n =n + zbo, C=C + xeo. | (45) 


From (8) and analogous formulas we find that 8, and ‚87 coincide, that the ` 
surfaces of each pair Sy, Se; Sm, Sia; Sb, Sig are homothetic transforms of ona ` 
another, and that | 








m — Ye — m — ' 1 
Ly yr Zy x (1 — aa, — byr — em) ? 
zo — na 1 
To Yo £y 1 — x (aas + byo + cz) 
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By means of (42), (43), (44), (45) it can be shown that the surfaces Sie, Si, 
can be obtained from # by homothetic transformations and translations; and 
similarly Sa, Sj, Sg (rom S. 

The foregoing results may be stated thus: 

THEoREM V. When o4 and o, are not in constant ratio, the twenty surfaces (41) 
are distinct, provided that the parametric curves on any of the surfaces in the first or 
last column do not form a conjugate system with equal point invariants. 

8. Thus far we have excluded the case where the parametric conjugate 
system on S, has equal pone invariants as well as equal tangential invariants; 


that is, where. 
a A _ 12 
u =g a, (46) 


the symbols f being formed with respect to the linear element of &. We 
0 


consider this case. 
The Codazzi equations* for S, are of the form 


on = {7} - 2. {a i 
mu e af u Birt i 
ðu { 2 DUE 


the symbols rr being formed with respect to the linear element of the 


ar) 


spherical representation of S and &, namely 


| de? = Edw + 2 Fdudv + Gar. (48) 
In consequence of the following relations: f 
ET a € 
equations (47) are reducible to 
! ue n 
+i 


9 log D, an 

E. h (AT) 
0 log Dj’ _ A 12 . et 
nef, 3 | 





* Bianchi, I, 166; German translation, p. 184; Hisenhart, p. 101. 
t Bianchi, I, 167; German translation, p. 185; Elsenhart, p. 201. 
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In consequence of (46) and the fact that the asymptonc lines on S are 
parametric. we have from (47/) 
o D 
l o = 0. 
Sudo Em? 
Hence the parametric system on & is isothermal-conjugate. As the parameters 
of the asymptotic lines on S were not of any particular kind, the parameters 
may be chosen so that D, — e Dj’, where e is +1 according as the curvature of 
Sy is positive or negative. 
In this case equations (47) are reducible to 


2 log D, _ [12]! 11)’ 
ET ep — € 9 j 
0 log D, _ [12]! 22)! 
"A af Ma 


In order that these equations be consistent, we must have 


zug e 34 (51) 


When this condition is satisfied, two sets of solutions of (47) follow from (50) 
by quadratures. One set is such that D, = Dj’, and the other that D, = — Dy’. 
The further determination of the surfaces determined by these values requires 
quadratures of the form * l 


on — 





(50) 





‚FIX 
= ya 95. +95), 
S : Dj OX 
= Eg (I) 
Hence we have the theorem: | 


THEOREM VI. When the spherical representation of the asymptotic lines of a 
surface N satisfies the condition (51), one can find by quadratures two surfaces S) 
and Sy, associate to S, upon which the parametric lines form an tsothermal-conjugate 
system, the parameters being such that | 

D= Dý, De = — Dg; E (53) 


and Sy and Sy, are associate surfaces of one another. 





* Bianchi, I, 166; German translation, p. 184; Eisenhart, p. 200. 
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The last statement follows from the fact that D, Dy + DY De = 0.* 
9. In order to connect up this result: with the results of the preceding 
sections, we remark that another form of equations (2) is:+ 


om _ ex 
Qu MN sm F? (FE e) 

(54) 
2s FE). 





à — vaso Te du 
From (52) and (54) it follows that 


0m Dy Ox Əm _ Dif dw - (B8) 
du Dan’ % Dim 


From equations (8) and (2) we find that 








CES UNE i Nu 
Ly 7 F’ (E, Ny 6) Šo ; 
Ciuu (56) 
4 
= 1 Nu 
Lu = F^ (£, N, 6) e : 
| Or 


where the subscripts u and v indicate differentiation with respect to these 
parameters, where o of (8) has beon replaced by o,, and where the omitted terms 
are similar to those given. 

Hence a necessary and sufficient condition that $, be of the kind defined in 
Taxrorem VI is that c, satisfy the condition 


E 3 
Nu =e Nu 
= : 57 
n bs n) 
Ciuu | ger 
This equation may be written in the form 

Eu — Eoin, Mu O1 — 9/018; CuO — Oiu £,0, — Eos, d sq 
EO — B py x xA eth Tone | = | Éi Eo, .e54 em (58) 

Eua dy. cir ern debs CER ARRA a bg E Obi meds eda 





. *In the Mathematische Annalen, Vol. LXII (1906), pp. 624-529, we have given examples of surfaces whieh 
satisfy the requirements of Taronex VI. 
+ Blencht, I, 158; Eisenhart, p. 102, 
NN H 
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which by means of (20) is equivalent to 


| 5 E 
Nu Nu 


MILL ef (89 

COM | Gs | 

This equation results also from tig following theorem which we have established 
elsewhere: * 


Tueorem VII. The asymptotic lines on- any one of a set of three ndn 
S, Si, Sp correspond, to a conjugate system on each of the other two surfaces. For, 
from this theorem it follows that 


DD! + Di D, =0, DD + Di'D,=0, D, Di! + Dj'D;— 0. 
Since Dy) = Dy , we fnd that D;= — D}, and consequently from equations 
'analogous to (55) and (56) we obtain (59). 
< In like manner we find that the function d which determines the surface 
Sw, defined in TugoREM VI, must satisfy the condition 
EC E - | 
Nu = € Nu , ` 60 
$s "E e ( ) 
Cs uy, l . Cave 
Since the parametric curves on #, form an isothermal-conjugate system, 
there is a surface associate to |S; which is also associate to S,, by THEOREM VI. 
We inquire whether the surface 5 is the surface S; of (41). On this hypothesis 


‚the equation obtained by replacing £, », č, oi in (58) by £i, m, oi, o1 respect- 
‘ively must hold. By means of (20) and (31) this equation is reducible to 


En — £05, sun cope oi | £cl — 0, I 
£,01 — Eos, erg nnn ny Oly NN £,01 — Eisen, sorry rrr Oly (61) 
£01 — E102, ; reg ice.) Oly £01 — £1990, ENT rn, Oly 
Euu OL — Er Coun, ET sx ty Ciuu | Evo O1 — 51025, vang. NETS mg Im 
If equations (57) and (60) be written in the abbreviated form 
A (Ciuu — 014.) + (B — Bı) oiu t (C— Ci) cis + + (D— Dj) 0; = 0, 1 (62) 
zer Op) + (3 T B;) Ogu + (C+ C) Cao + = + Dj) O3 = 0; . 





* Differential Geometry, p. 884. 
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we remark that A, B,...., D, are such that E, x, Ÿ satisfy the equations 


A £u, + BE, + CE, +DE = 0, 
| AE. Bbw + CE + DE = 0. 


By means of these quantities equation: (6 1) can be reduced to 


Eoi— £9, 6 

Eu Ol — Ei Ozus BUT 

E, e x E Sey, - Ny = 0. (63) 
0, 0, 0, A (Ciuu + Oivo) + (B + B) Olu 


+(C G) oy + (D + D)oi 


From (56) it follows that if both members of (57) vanish, Sj is a point. 
Excluding this case, equation (63) reduces to 


OPE ei 
E. 95 
= 0. s 
Pausa Ozu 
boot ead Oey 
If we put 
à £j — a£ + bë, + c£, ; | (64) 


where a, b, c are functions of u and v, the first of equations (20) is reducible to 
een +. +] + (itat b+ By) 
| +E (oTe to) + Be = 0. (66) 


Since this equation is satisfied also by ~, ¢ and Og, it follows that unless the. | 
right-hand member of equation (60) is zero, all the coefficients in (65) are equal 
to zero, Similar results follow when the value (64) of £, is substituted in the 
second of (20). Combining these results we are led to the conclusion that Sy 
must be a point. Hence if equation (61) is to be satisfied, either & or Sg must 
be a point. When S, is a point, both 5, and &, are planes, and & is a point. 

In a similar manner it can be shown that the parameters of the parametric. 
conjugate system on Sj, are isothermal-conjugaté only when 8, or Sg is a point. 

In consequence of Turorem VII the foregoing results may be stated thus: 
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Tuzorem VIII. Jf the conjugate parametric system on Sy is such that D, = Dy 
and if Sy is a point, the conjugate parametric system on each of the surfaces (41), 
except S, Sy, Sig, 8’, is such that D, = Di! or D, = — Di’; the pairs of surfaces 
S, Ses Sr, St are pun eurfaces; and this is the only case in which a group 
of surfaces (41) possesses these properties. 

10. We proceed to an investigation of the sen as to the coincidence 
of certain surfaces of the group (41), when S, and Sy saniey the requirements 
of THEOREM VI, and neither is a point. 

From the results of $5 we know that Sy cannot coincide with S,, S, Sy or S;. 
Since conditions (53) are satisfied, it follows from TEzonzx VII that 


De = Dj, Da = — DY. 
Hence A cannot coincide with S, but it remains for us to see whether S, and 


S can coincide. 
On this hypothesis we have 


Os — DN Od m | 
AE , EX a 0. (66) 
It is known that in general * 
99 p % 180 _ py 99 
sxe pepe de D D 





Ju = EVE IY uir = KA EGIT’ 


where $ is a solution of the equation 


96 nA /p99 pa 
jo Xu: iE) a (ae Va) 
VEGF? | Ju EV EGP + 30 \AVEG Fi 


— OED — ED'— GD 
. EG — F? 9. . (67) 











In order that (66) be satisfied, $ must ‘be a constant and consequently 
_S must be a minimal surface, as is seen from (67). Hence an adjoint of a 
minimal surface may be taken for both S, and Sj.t In this case S, is a surface 
of negative curvature. Consequently in order that the conditions (53) may be 











* Bianchi, II, 6; German translation, p. 200; Eisenhart, p. 876. 
+ Cf. American Journal, loc. ott., p. 196. 


5 


34 EisenHART: The Twelve Surfaces of Darboux 


preserved, we take the adjoint of S for S, and $. When now we compare l 
equations (7) with the formulas of Schwarz,* namely | | 
da, = Yde— Zdy, RIT ` 
dy, = Zde — Xdz, 
dz, = Xdy — Ydx, 
we notice that Sy is the unit sphere. Since S is adjoint to S,, we have 
de = — Ydz, + Zdy, | 


. and similar expressions in y and v. Hence 4; is the unit sphere also, but corre- 


4 


sponding points of S, and S, are diametrically opposite. Since &, corresponds 
to the sphere ‚5; with orthogonality of linear elements, S, is the mean surface of 
an isotropic congruence.t In consequence of TugonEM VIII neither S, nor Sy 
can coincide- with any members of the group (41) other than those which. we 
have considered. . 

We suppose now that Sj is such that the first of equations (53) holds, but 
that the second of these equations is not satisfied by Sy. If S; and & were to 
coincide, S, and S! would be such that D, = — D}, D, = — D//, which is 
impossible. If S, and $i were to coincide, we should have D, = Di, as well as 
D, = — D}, and consequently this is the same problem as determining whether 
S; and Sj can coincide, when both of the conditions (53) are satisfied. If S; 
and Sg coincide, so also do their polar reciprocals S, and Sy. But we have 
seen that this is true only when 8 is minimal, and S, and Sy are its adjoint. 

: It remains for us to determine under what conditions S, can coincide with 
Si, or Si. From (42) it follows that if S; and Sj, coincide 
Ea = 9903, Ma = Yo0s, by = HOG. 
When these values are substituted in equation (35) and it ‘is recalled that o; 
also is a solution of this equation, we find that a, Yo, z; are solutions of 
Q*0 0 logo, 00 , Ologoj00 
Duo ton Ju c e 
By means of (49) the point equation of &, is reducible to 
| 076 1]' 06 22]! 00 
Quos T ra tt] o 


* Bianchi, Vol. II, p. 837; German translation, p. 877; Eisenhart, p. 265. 


+ Darboux, IV, p. 95. In the subsequent pages Darboux determines an the surfaces of the proup 
represented in Fig. 2, when S is a sphere. 
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where e is +1 according as the curvature of &, is positive or negative. Hence 
0; is given by the quadratures 
ð logoi _ [22]! logo _ [11 
"s mt els m 
We have shown elsewhere* that when the condition (51) is satisfied, the 
surface S, is Even by the quadratures : 
dxo __ iz Om | | Ox 
Ou "Qv! Ov ® gut 
where, according as e is +1, & is of positive of negative curvature, and wi is 
determined by 


nef, e me m 


the Christoffel symbols being formed with respect to the linear element of 5. 
If K denotes the total curvature of S and p is defined by 


H 
p 
it is possible to derive from (68) and (69) the relation 


uos = pi vV 6G — 9 E. (70) 
where &, F, (? have the same significance as in (48). Hence the determination 
of S, carries with it that of o. Likewise, when 5, is known, the corresponding 
function c, is found directly from (11), (13) and 


==, 


Q 
2% A =0, 3% a, 79 
In the next place o; must be found, and from (32) it follows that this problem 
reduces to the quadratures 


90, | 0n Os] do, 
Ologos | Ou ‘du  Ologo, | do dv (71) 


Au nm a Are. 


The condition of integrability of these equations is reducible to 


Gé + Mos) (si + a) (of — 01) — 204 (85 — DCE en -— 








* Mathematische Annalen, Vol. LXII (1906), pp. 507, 520, 
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Moreover, it is readily shown that when this condition is satisfied, the function 
c, given by (71) is a solution of equation (1) The solution of our problem . 
depends therefore upon the determination of the surfaces © whose asymptotic 
lines satisfy the condition (51). As we have been unable to get the general 
solution of this problem,* we cannot determine the conditions under which 
S, and Sj, coincide. It should be remarked that from TmxonEx VII it follows 
that if the conditions of the problem were satisfied the surfaces S, Sj, and 8’ 
also would satisfy the condition (51). . ` 

The problem of the coincidence of & and Sg is similar to the preceding one, 
the difference being that equation (70) must be replaced by 


u“ us 
| up cd oe 
Having thus considered the possibilities of & conciding with other surfaces 


of the group (41), it is unnecessary to go any further. For, the only other type 
is S, and its polar reciprocal $$; is of the same type as S,. ; 


Parxomrox, April 20, 1909. 


* Mathematische Annalen, Vol. LXII (1906), pp. 584-586. Here we have shown that minimal surfaces 
and pseudospherical surfaces of revolution satisfy the condition (51). 
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On the Problem of the Spherical Representation and the 
Characteristic Equations of Certain Classes of Surfaces.* 


Bx ARCHER Everett Youna. 
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81. Introduction. 


If systems of lines on the Gauss sphere cutting at right angles are given, 
the determination of the most general class of surfaces having these as the 
spherical representation of their lines of curvature requires the integration of a 
Laplace equation. The problem of determining those systems of lines on the 
sphere for which the complete systems of surfaces corresponding can be obtained 
has been discussed by Darboux.f Treating the problem from a purely analytical 
standpoint, he reduces it to the determination of those Laplace equations having 


equal invariants which permit of particular solutions of modulus one, and which ` 


moreover can be integrated. T 

. Considering the equations of this class, for which the sequence formed 
according to the method of Laplace terminates, and employing the analytic 
theory developed by Moutard,§ Darboux shows that, from the solution of any 
one equation, can be obtained the solutions of all. the others by simple 
quadratures. || From a purely analytical point of view, this treatment of the 
problem is most direct. The results, however, are not in such a form as to be 
easily incorporated with the other results of differential geometry, since the 
tangential coordinates alone are found, and since none of the functions appearing 
in the three fundamental forms for a surface aré employed. Moreover, if one 
‘wishes to consider the isothermic surfaces which are solutions of the problem, 
it is impossible to do so from his treatment. 








* Read before the Amer. Math. Bociety, Chicago Section, April 18, 1908. 

+ Théorie des Surfaces, Vol. IV, p. 169. 

1 Loc. cit., p. 178. 

8 Loc. eit., p. 181. 

[| Zoe. oit., p. 184. 

T Darboux realizes this fact, for he is obliged to use an entirely different treatment in determining the 
isothermic surfaces having one set of their lines of curvature plane. (See Vol. IV, Chapter X.) 
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We have considered the same problem in this paper from more of a geometric 
standpoint, taking as our point of departure the Gause and Codazzi equations 
written in a form first used by Bonnet.* The functions involved are those 
which appear in the first and third form for a surface, together with two others 
which are closely related to them. Particular cases can be treated with great 
facility, and the characteristic forms for the linear elements may be written out 
immediately. The systems of isothermic surfaces which are solutions of the 

. problem, following this method, are easily treated by themselves. 

We begin in $2 by explaining the meaning of the expression “characteristic 
equation" as used in this paper. In $3, we consider analytically the general 
class of surfaces which are solutions of the problem of the spherical represen- 
tation. We have made use of the general theory as developed by Darboux il 
in order to show the relation between the systems of surfaces SE to 
-particular solutions of the general characterizing equation. 

In $4, we have called attention to a large class of surfaces belonging to the 
problem of the spherical representation which have their linear elements in a 
particular form. 

The isothermic surfaces have been treated in §5, ie it is shown that 
the general class may be obtained by simple algebraic processes combined with 
the integration of equations which are linear in a function of u and a function 
of v. In particular, we have pointed out that all isothermic surfaces having 
one set of their lines of curvature spherical can be obtained in this way from 
isothermic surfaces having one set of their lines of curvature plane. 

In $6 and $7, we have considered the surfaces characterized respectively 
by two equations which play an important róle in the general discussion. 
Among these, are the general class having one set of their lines of curvature 
plane or spherical. An important fact which we have noted in the first of these 
two articles — namely, that all isothermic surfaces, having one set of their lines 
of curvature plane, must have the same spherical representation of their lines of 
curvature as the Bonnet surfaces — makes unnecessary the discussion of these 
surfaces, to which Darboux has devoted the tenth chapter of volume four of the 
Théorie des Surfaces. | 





* See reference to Bonnet’s work given below. 
+See $6 and $7. 
1 Bee previous references. 
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§ 2. Characteristic Equations of Certain Classes of Surfaces. 


The Gauss and Codazzi equations for a surface referred to lines of curvature 
may be written as follows: 


OM ON u 
Ru 72 =% 
OP. | . 
aa MQ = 0, (1)* 
9Q = 
Ju NP = 0, 
where 
1 WE 1 WG 
dum o ag RADO E (2) 
and where the first and third forms for the surfaces are respectively | 
de = Edw + Gte, | (1) 
do? = P*du? + Qe. . (IH) 


In the system (1) are three equations involving four functions. If a fourth 
equation involving one or more of these functions is added, a certain system of 
lines on the Gauss sphere, in general, will be determined. We shall say that 
the equation added defines the lines on the sphere, and moreover, since only certain 
surfaces may have these as the spherical representation of their lines of curvature, 
we shall say that it is characteristic of these surfaces. - 


1°. For example, let us take with the system (1) the equation 
M = 0. (3) 
The linear element on the Gauss sphere takes the form 
do? = dw? + $ (u, v) de’, | 
where the form of the function @ is easily determined. Hence the lines 


v= const. are geodesics or great circles. We say that equation (3) defines 
on the sphere all systems composed of great circles and thetr orthogonal trajectories. 


Moreover, the first form for the corresponding surfaces may be written 
de? = du? + 4 (u, v) de’, 


* Bonnet’s form for these equations. Darboux sometimes uses them In this form, but not In the problem 
of the spherical representation. 
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where 4 has a certain form. Hence the’ lines v = const. on these are geodesics. 

We say therefore that (3) is characteristic of those surfaces which have one set of their 

lines of curvature geodesics. Geodesic lines of curvature are of course plane lines. 
2°. If the equation 

M+N=0 (4) 

is used with the system (1), & very general system of lines is defined on the 


Gauss sphere. The first and third forms for the surfaces characterized by this 
equation may be written thus:* 


de = IÈ aut + P ay, — 
Tat = ae + SE de un) 


where $ and ẹ are functions of u and v which must be chosen so as to satisfy 
.the Gauss and Codazzi equations. 


Belonging to this very general class of rd we ibus in a later article, 
$4, call attention to a large system which is a solution of the problem of the 
spherical representation. 


3°. The equation 
j Em + E = 0, = (5) 
used with (1), defines upon the Gauss sphere those systems of lines which permit 
of tsothermic surfaces having them as the spherical representation of their lines of 
curvature, For the linear element of any isothermic surface, if the parameters 
be properly chosen, may be written thus: 
ds? = à (du? + dv’), 


and from (2) it appears then that (5) is satisfied. The equation (5) plays an 
important réle in the discussion of the isothermic surfaces which are solutions 
of the problem of the spherical representation. + 








* For 97 = 98. | + Bee $5. 
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§3. The Problem of the Spherical Representation. 


| Of the defining equations noted in the preceding article, only the first, 
M — 0, enables one to obtain the general solution of the systems of equations 
(1) and (2). There’ are, however, infinitely many equations which permit of 
. this, as we may see as follows. : 

Combining the last two equations of (1) and solving the second for Q, we 
have, in the place of this system, ` 


oM ON 
ne ou von 
ŒP dlogMaP 


U 


duo Zu y + MAT —9, (6) 
3P | 
_ ov 
— M 


The system (2), likewise, may be replaced by 


OVE Slog MOVE ua. 

un = u de + MNA E, 

ONE | (7) 
v * 


VG = — H 





The second equation in (8) is a Laplace equation in P. If M and N have such 
values that this equation can be solved, the corresponding solution of the system, 
as we shall see, can be obtained. Such a solution determines the lines on the 
Gauss sphere, and the linear element of the general class of surfaces having these 
as the spherical representation of their‘lines of curvature, can be obtained at 
once from (7).* 

The whole problem then hinges upon the solution of a Laplace equation, 
the general solution of which, excluding a few particular cages, can be obtained 
when, and only when, one or both of the sequences, formed for it according to 
the method of Laplace, terminates; that is, leads to an equation for which one 
of the invariants vanishes. T . 


t 





* The Laplace equations in (6) and (7) are of course the same, but the solution of (6) is conditioned by the 
Gauss equation, whereas that of (7) is unconditioned. . , 
+ Darboux, loo. eit., Vol. IT, p. 28. 
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Calling the invariants of the Laplace equation in (6) A and E, * we have: 


h = — MN, A 
© log M 
ME" ui 
_ log (Mk 
y= TE 
t, = — log (MER) — kh, 
= Qu dv 


CCC à 9 9 o o c 9 » à t 4d à t 9 ^ 


9? log (Mk.... ki) 


u av — kh, 


ky = — 
where &, is the principal invariant for the corresponding equation of the sequence 
formed for the original equation in the one way. 

The equation obtained by equating to zero any one of these E 
taken with (6), defines a system of lines on the Gauss sphere, and characterizes the 
general class of surfaces having these as the spherical representation of thetr lines of 
. curvature, + 

Suppose we take as the desig equation 

; Ay, =0, . (8) 
where ¢ is arbitrarily large. Assuming that M and N have such values that (8) 
is satisfied, we can obtain P and Q from the last two equations of (6) at once 
in terms of Mand N and arbitrary functions of integration. 

Substituting in the first of (6), we have an equation in M and N which, 
used with (8), will determine them. 

The välues of E and @, which may now be found directly from (7), make 
known the linear element of the general class of surfaces. It is quite clear, 
however, that the actual determination of the surfaces in this way for any large 
value of + would be a very difficult, if not impossible problem. We shall point 
out, therefore, a method for determining the general class of surfaces defined by (8) 
from those characterized by M = 0. 1 





* Darboux, loc. cit., Vol. II, p. 80. ` = 


t The problem of the spherical representation as we have considered it in this paper has to do with such 
surfaces only. a 


+ Similar to Darboux’s resulta as geometrically interpreted by him (see loc. eit., Vol. Ar p. 181). 
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It is clear that the lines on the sphere defined by M= 0* are included 
as a particular case in the class defined by & — 0, and that those defined by the 
latter are included as a particular case in the class defined by k,==0. In general, 
then, the lines defined by k,=0 are a part of the class defined by k,,1 — 0, and hence 
the surfaces characterized by the former are included in the class characterized by the 
latter equation. | 

It follows from Darboux's work T that the lines defined by k,,,= 0, which are 
not included in the class defined by k, — 0, are the spherical representation of the lines 
of curvature of the inverse with regard to a sphere of certain surfaces defined by the 
latter equation. Hence the surfaces characterized by k, = 0, which are not 
included among those characterized by k, = 0, are the inverse of certain of these, - 
or surfaces which have the same spherical representation of their lines of curvature 
as these surfaces obtained by inversion. To obtain, therefore, the general class of 
surfaces characterized by (8) we proceed as follows. 

Taking the inverse of the general class defined by M=0, we obtain by 
algebraic methods} & new set of values for P and Q, and hence of M and N 
by (2). This new set of values is the general solution of (6) and &,— 0.8 
The linear element of the most general class of surfaces characterized by k= 0 
is obtained directly by the integration of (7). Since the direction cosines of the 
normal to the surfaces (that is, the Cartesian coordinates X, Y, Z of a point on 
the Gauss sphere) are known, and since the principal radii of curvature 7, re 
can be obtained by division, the Cartesian coordinates for the surfaces characterized 
by k=0 are given by the integration of the following equations: 

DNE WE C Se 

Bu cb su mommy etc. | 
Taking the inverse of the surfaces thus found and repeating the operation, we 
obtain the Cartesian coordinates of the general class characterized by k, = 0. 
Repetition, finally, leads to the surfaces characterized by (8) for any value of i. 





* The equation A= 0 may be replaced by M = 0 without geometrical limitation, evidently. 
+ Bee previous references, and in particular Vol. IV, p. 181. 


t We are assuming that the Oartesian coordinates of the surfaces characterized by M — 0 have been 
obtalned. Bee also Darboux, loc, oit., Vol. II, p. 247. 


§ Muat be, according to Darboux’s work. See references above. 
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§ 4. Em of the Problem of the Spherical Representation Oharacterized 
by M+N=0. 


Ta the preceding article we assumed that the Laplace equation in (6) was 
such that the sequence formed in the one way was finite.. Had we assumed that 
both sequences were finite (that is, that M and N had such values that, for some 
"value of i, À, = k, = 0), we would have found that the ratio of M to N must be 
a function of u over a function of v, or choosing parameters properly, 

M+N=0. 
Hence, writing — M in place of N in (6), we have as the defining equation 
to be used with it 2 Mb... 
x s 0 
EHER A) Paco (8^) 
where, k%,....%, are defined as in $3. 

We gave in $2 the general form which the linear element of the surfaces - 
characterized by (8" takes. The surfaces obtained by inversion from a given 
class of these do not in general belong to the general class defined by (8, but 
to the more general class characterized by (8). We can easily determine the 
necessary form * of the expression for the linear element of'isothermic surfaces 
included here. For from $2 it appears that 





M 


29 
wf) 
Oe 79)’ 
Qv 


and hence, by a change of parameters, 


T = FQ) oy (22 m. 


$85. Jsothermic Surfaces. 


We found in § 2 that if the lines on the Gauss sphere are to permit of 
isothermic surfaces, then for a proper choice of parameters M and N must 
satisfy the equation (5). The tsothermic surfaces belonging to the problem of the 





el 


* This form is not characteristic of these surfaces. The linear element for the quadrics comes under the 
same form. The quadrics, however, might be considered a solution of the problem, since the linear element 
for the general class of surfaces having the same spherical representation of their lines of ourvature can be 
obtained, as the Laplace equation can be integrated, though not by the method of Laplace. 


M 
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spherical representation can be determined easily by algebraic operations and simple 
‘integration from those characterized by M —0. To prove this, let us note first that 
all isothermic surfaces belonging to the class characterized by kıyı — 0, which do not 
at the same time belong to the class of surfaces characterized by k, —0, must have 
the same spherical representation of their lines of curvature as the inverse of some 
tsothermic surface* belonging to k, — 0. For all lines defined by 4,,,—0, which 
do not also belong to 4 = 0, are the spherical representation of the lines of 
curvature of some surface belonging to the class characterized by the latter; 
and for any surface other than an isothermic surface this would require that a 
function 0 already uniquely determined as follows: 


o= [ao + u8} te 
where x, y,z and a, 8, y are respectively the coordinates of a point on the 


surface which is to be inverted, and of the pole of inversion, should necessarily 
be a solution of the equation t 


2 ( 6 Cr) 2 ( 6 Co) | (9) 
Ov WE Ou a VG av = ` 


where E and G are the functions in the expression for the linear element of the 
original surfaces.T 

Hence, to obtain the isothermic surfaces included in the class characterized 
by kı =0, we begin with the isothermic surfaces included in the general class 
of surfaces M — 0. "These are surfaces of revolution and certain developable 
surfaces. ; 

Taking their inverse with er to a sphere, we have the “Bonnet sur- 
faces” ‚8 which of course belong to the class characterized by 4=0: If we let 
the linear element of all other isothermic surfaces belonging to this class be 
written in the form 











*The inverse of an isothermic surface is of course an isothermio surface, and hence the corresponding 
lines on the sphere are defined by (5) and permit of such. 

{See equation (5) and latter part of $32. 

+ Of course it 1s possible that such a relation does exist in a very particular case; but it is easily shown 
that it does not exist for any known surfaces, and it 1s quite probable that there is no exception to the rule. 
If E= G, as is the case for isothermic surfaces, then (9) vanishes identically, irrespective of the values of the 
functions. 

§ A name given to these surfaces because they were first determined by Bonnet. (Journal de l'École Poly- 
technique, Vol. ALU, pp. 182-151.) 
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CE EE 


diss À is a function of u and v to be A it follows that 
y=. |Z Aleve y= NIE CE LAN 
U ð 3 
where M and N are formed for the Bonnet surfaces a ins are known. The 
condition for integrability gives 


& ONT) + SON T)-» | (10) 


an equation which is linear in U and F, and hence can in general be integrated.* 
The values of these functions being thus determined, the function A is obtained 
immediately by quadrature. 

As the direction cosines of the normal for the Bonnet surfaces are known, 
and as the principal radii of curvature r, and r, are obtained by division hon 
the functions found, it follows that the Cartesian coordinates for the isothermic 
surfaces characterized by k — 0 are given at once by quadrature.[ Beginning 
with the class of surfaces just determined and proceeding exactly as before, we 
obtain the isothermic surfaces] characterized by 4, — 0, and from these those 
characterized by 4, — 0, and so on, till finally we come to those characterized 
by k= 0 whatever the value of 4. po 

This general method for determining the isothermic surfaces connected with 
the problem of the spherical representation has not, I believe, been pointed out 
before, The only difficulty to be met with is in the integration of (10) for the 
different values of M and N. An immediate application of the theory § would 
be in the determination of all isothermic surfaces which have one set of their 
lines of curvature spherical. These, as is easily shown (see §6 and §7), have 
the same spherical representation of their lines of curvature as the inverse of the ` 
isothermic surfaces having one set of their lines of curvature plane. 








* We have already determined these surfaces by this method in a paper ‘On a Certain Class of Isothermic 
Surfaces” (Transactions of the Amer. Math. Socisty, Vol. X, pp. 79-9). 

+ Bee latter part of 83. 

f These include as & particular case all isothermic surfaces having one set of their Unes of curvature 
spherical, 

$ This theory will apply whether the isothermic surfaces are connected with the problem of the spherical 
representation proper or not. For suppose we have given any class of isothermic surfaces. The integration 

' of (10) will give all isothermic surfaces having the same spherical representation, and inversion gives a new 

class with new lines on the sphere. The integration of (10) again applied to the new class would in general 
lead to a still more general class, ete. 
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86. Surfaces Characterized by k = 0. 


As we have already pointed out, all surfaces characterized by the equation ` 


Press + MA 0 | (11) 


have the same spherical representation of their lines of curvature as the surfaces 
characterized by .M — 0, and the inverse of these. Integrating, we find, from (6) 
and (7),* that the first and third forms for these surfaces may be written thus: 


æ =| f ÉD +9 o dé jp ZG eee © 


z*-an[ UP y] d + an s t HN] dé, | (III) 





where in (I) M, and hence the lines on the sphere, are entirely independent of 
the arbitrary functions of integration f(u) and $(v), but in (III) M is a 
solution of an equation (the Gauss equation) in which the functions U and V 
appear. 

The lines v = const. on the surfaces M=0 (see $2) are plane lines, and the 
system of planes in which the lines lie cuts the surfaces at right angles.[ The 
lines v = const. on the inverse of these surfaces, therefore, will be, in general, 
spherical lines, and, moreover, lines which have constant geodesic curvature, 
since the systems of planes will invert into systems of spheres cutting the 
surfaces at the original angle; that is, at right angles. 

The necessary and sufficient condition that the lines on the surfaces corresponding 
to (1) shall have constant geodesic curvature along the lines v — const. is, that the func- 
tion f (u) shall vanish.§ The value of this function, however, does not affect the lines 
on the sphere, as we have already noted;|| and hence, as we would expect 
. from the general theory, all the surfaces characterized by (11) have the same 
epherical representation of their lines of curvature as those having constant geodesic 
curvature along the lines v = const. - 





* Assuming that M and N satisfy (11). 

t These are the functions appearing 1n the general integral of the Laplace equation In (7). 

1 A line of curvature having constant geodesic curvature, not zero, ia the intersection of the surface and 
, & sphere n at right angles.’ If the curvature 1s zero, the line is a Br line and the sphere is a plane, 


$ For Jy must equal a function of s. (Bee Bianchi, Vol. T, p. 210.) 


|| See second note to $8. This is merely an arbitrary function of the integral of the Laplace equation 
in (7). 
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It does not follow by any means that all the surfaces having constant 
geodesic curvature along the lines v — const. are obtained by inversion from 
those characterized by M=0, but merely that they all have the same spherical 
representation of their lines of curvature as these, 

Now, it is easily shown * that all surfaces having one set of the lines of 
curvature plane are included in the class (11); and since the lines on the sphere 
which are the spherical representation of the lines of curvature must also be 
plane, it appears that in (III), for this particular class, U must vanish,+ and 
hence the form (I), as written, and (III), with U'— 0, are characteristic of these 
surfaces. 

We can now state the theorem, that all tsothermic surfaces having one set of 
their lines of curvature plane must have the same spherical representation of their 
lines of curvature as the Bonnet surfaces. We have already proved this theorem, 
as we showed above that all isothermic surfaces characterized by (11) have the 
same spherical representation of their lines of curvature as the Bonnet surfaces, T 
and as we have now just pointed out that all surfaces having one set of the lines 
of curvature plane are included in the system (11). This theorem reduces to 
one of a very elementary nature, the problem of determining all isothermic surfaces 
having one set of the lines of curvature plane, a problem which was solved in its 
most general form by Darboux,$ a particular case being solved later by P. Adam. || 
As we shall show ($7) that all isothermic surfaces having one set of their lines 
of curvature spherical can be obtained from the isothermie surfaces having one 
set plane, the determination of these latter surfaces has been made a Somewhat 
easier problem. 


* Expressing the fact that the lines on the Gauss sphere must have constant geodesic curvature, we find 
that M and JV must satisfy (11). 
M 
+ For 5 
y 


1 We might prove this directly as follows. Differentiating the equation formed by expressing the fact 
that the expression (I) corresponds to isothermie surfaces and holding count of the fact at the same time that 
Jf, and hence the lines on the sphere, must be Independent of the function f(u), we find that, choosing 


parameters properly, zum Vem 2 oh and N= uus using (11) But the only lines on the 
sphere corresponding to these values of M and N are those which are the spherical representation of the lines 
of curvature of the Bonnet surfaces (See Bonnet, Foo. ett., p. 182.) 

$ Loc. oit., Vol. IV, Ohapter X. 

I Annales scientifiques de l'École Normale supérieure, 8° série, t. X, p. 819, 1898. ~ 

* This follows almost directly from the relation shown between surfaces having plane and spherlcal lines 
and from the work of §5. 


` 


must equal a function of v, 
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Before closing this article, let us note that the only surfaces having one set 
of their lines of curvature spherical, belonging to (11), are those which have 
constant geodesic curvature along them. 


$7. Surfaces Characterized by k, = 0. 


. The surfaces characterized by (11) may be divided into three classes as 
follows: | 
. 1°. Those having one set of their lines of curvature plane (corresponding 
to (11), when U= 0). | 
. 9? Those having constant geodesic curvature along one set of the lines of 
curvature (corresponding to (11), when /(u) — 0 and U Æ 0). 

3?. Surfaces having the same spherical representation of their lines of 
curvature as those in 2° (corresponding to (11), when f(u) #0 and VÆ 0). 

We shall now consider the surfaces obtained by inversion from these tbree 
classes, and the other surfaces which have the same spherical representation of, 
their lines of curvature as these. As a whole, they would be characterized by 
the equation £,— 0, or- 





nn 4- b — 0, (12) 
_ Plog M 
where k = — dp — MN. Their first and. third forms by (6) and (7), 


holding account of (12), may be written thus: 
de? = af (baee) o] dé 
eae ara) o 
Te = Mel fr CS i + Vs) au + | du 
"HT [^ (f Ee vi) au ANE | Qm 


where, as before, M and also Æ are independent of the functions appearing in (I), 

but dependent upon those appearing in (IIT), since the latter appear in an equation 

which M and k must satisfy. The surfaces obtained by inversion from the class 1? 

will, in general, have the lines v. = const. spherical These belong to the class 
7 
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characterized by (12),* when &=£0. The surfaces which are the inverse of 2° 
all belong to the class characterized by (11), for either they must have the lines 
v == const. plane and hence belong to the class (11) or else they have constant 
geodesic curvature and belong to the same. 

It appears, therefore, that the only surfaces characterized by (12), when k #0, 
which have one set of their lines of curvature spherical are the inverse of 1°, together 
‚with certain surfaces having the same spherical representation of their lines of 
- eurvature.t ` We can easily show to what form (I) and (III) reduce for surfaces 
having one set of their lines of curvature spherical. For Bianchi? has shown 
that the necessary and sufficient condition that the lines v = const. shall be 
spherical is that the principal radius of curvature r, shall be defined as follows: 

| ERAS fo e 

where a and are functions of v. Applying this condition to the expression 
for r3$ obtained from (I) and (III), we can easily show by differentiation that 
both the functions f(u) and U must vanish. Hence (III), with U= 0, corre- 
` sponds to lines on the sphere which permit of surfaces having the lines 
v — const. spherical. Moreover, this is the linear element on thé sphere for all 
surfaces having one set of their lines of curvature spherical, since the equation ka = 0 
characterizes no surfaces having spherical lines (unless k = 0). 

It follows, therefore, that all surfaces having one set of their lines of curvature 
spherical have the-same spherical representation of their lines of curvature as the 
inverse of the general class having one set of their lines of curvature plane. This is 
a theorem which has been proved before in an entirely different way. || 

Collecting results, we see that the surfaces characterized by (12) and corre- 
sponding to (I) and (III) may be classified as follows: 

1°. Surfaces having the lines v = const. spherical (corresponding to the 
case where f(u) = U=0). | 








* Having spherical lines, they would not belong to (11), for they could not have constant geodesic curva- 
ture along them, since the spheres into which the planes invert would cut the surfaces at the original angle, 
which could not be 90? unless M = 0. 

+ Darboux has discussed surfaces having one set of their lines of curvature spherical (loc. cit., Vol. IV, 
Ohapter XI), following his general treatment of the problem of the spherical representation. Our results, 
so far as they can be compared, are in full agreement with his. 


$ Ts = po 
f| Darboux, loe. oit., Vol. IV, p. 352. 
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2°. Surfaces having the-same spherical representation of their lines of 
curvature as those of the preceding class (corresponding to the case U — 0 and 
f (v) # 0). i 
3?. . Surfaces which are the inverse of the third class characterized by (11), 
.and the others which have the same spherical representation of their lines of 
curvature as these (corresponding to the general case where /(u) £ 0, UP). 
The inverse of class 1? would give no new surfaces, but the inverse of 2°, 
and of 3? in part, would lead to other surfaces characterized by £,—0. The 
general class of surfaces characterized by this equation is composed of these, 
of course, and the others having the same spherical representation of their lines 
of curvature. | | 
In closing this paper, -we will call attention to the ease with which the 
question as to whether any known surfaces are solutions of the problem of the 
spherical representation can be settled. If either the first or third forms are 
known, the functions M and N can be formed immediately, and substitution in 
the equation %,,,==0 settles the question. From Darboux’s treatment of the 
problem such a question could be answered only after the greatest difficulty. 


Miami Univarerrr. 


The General Circulation of the Atmosphere. 


By FRANCIS R. SHARPE. 


$1. Introduction. 


The difference in temperature between the equator and the poles of the 
earth tends to produce a movement of the atmosphere from the poles towards 
the equator at the earth’s surface, and thus set up a steady circulation. The 
problem has been investigated by Ferrel* and Oberbeck.T The former did not 
attempt to make a complete analytical solution. The latter assumed that the 
atmosphere was incompressible but that it satisfied Boyle's law for a perfect gas, 
and he surrounded the atmosphere with a spherical boundary of undetérmined 
height. In the present paper the known hydrodynamical equations for a viscous 
gas are first determined, using polar coordinates, by considering the flow of 
matter and momentum through a small volume. By finding the flow of energy 
another equation is obtained, which is used instead of the ordinary adiabatic 
assumption. This equation: is equivalent to the equation of energy in the 
kinetic theory of gases but is here obtained independently of that theory. 
Making use of the fact that the height of the atmosphere is small compared with 
the earth’s radius, an approximation to the motion is found for a non-rotating 
earth. The effect of the earth’s rotation on the east and west motion is next 
considered, and then the resulting modification of the pressure gradient. Finally 
the solution which is obtained is compared with the observed facts. 


$2. Coordinates and Variables. 


In discussing the general circulation of the atmosphere on a spherical earth, ` 
it is convenient to use polar coordinates; namely: 7, the distance of any point 
of the atmosphere from the earth’s center; 0, the colatitude; and ¢, the longi- 
tude.. The variables which.we wish to determine as functions of r, 6, ®, and t, 
the time, are: p, p,¢, the pressure, density, and absolute temperature; and 
u, v, w, the components of the velocity. 





` * Ferrel: Recent Advances in Meteorology. 
+ Oberbeck: Papers on the Mechanics of the Earth's Atmosphere, translated by Cleveland Abbé. 


# 
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The atmosphere is supposed to be & perfect gas, so that s 
; p = Ep, ® 
where À is a constant. Five other equations are necessary to determine the six 
variables p, p, 7, u, v, w. They are derived in the next three sections by con- 
sidering the flow of matter, of momentum, and of energy. 


§ 3. The Flow of Matter. 


Consider the flow of matter through the six faces of a small volume 
dr .rdü . r sin dp bounded by the spheres r, r + dr, the cones 6, 0 + dó, and 
the — P + dp. The rate of increase of the matter i in this volume is 


[4 


2 dr. rad. a, rd. r sin dd$) dr 


— 3 9 (po. r sin oda. dr) (pr. dr. rd8) dp. - 
Dividing n dh rd. 7 sin Od, we have the continuity AN 





. Ó 
3 as aa Un) + r x 606 (ep sin 6) + r sin 00$ pus (2) 
$ 4. The Flow of Momentum. 


Consider the flow of momentum through the same small volume. Momen- 
tum being a vector quantity it is necessary to take account of the changes in the 
direction of the components of the velocity as we consider the different faces of _ 
the polar element of volume. Thus u turns through the angle dô on the plane $ 
and through sinÜd@ on ‘the cone 6, while v and v+ dv meet at the angle 
cos fdo on the earth’s axis. 

The normal stresses on the faces P, g: B, the tangential atresses S, T, U, 
and the external force F also generate momentum; moreover the stresses 
change their directions as we consider different faces. The rate of increase of 
momentum in the direction of r is therefore 


À (pu) dr .rdd .r sin 6d = 


Qs ee P)r sin dap rad} dr — D iv u + U)r sin 6d. dr} dà 


Alu u+ T)rd$dr| d + (po. v + Q)r sin 69 dr. dà 


+ (pw. w+ R)rdô dr sinb dp + p F, dr .rdó. r sin 0 dÿ. 


t i 
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Hence we have the equation of motion: l 


ar (P i leu t+ P) + (po . u +- U) sin 6} 


r sin nen in 90 


RN. pro + Q + pw.u+R = 
Trango hee + T)— B ur et —pF,=0. (8) 


Similarly, | 
E DE oa w.o + U)r*| T ME UT v.o + Q) sin 6} 
or ror rain 6 06 P 


iP a po.u + U—(pw.w+ E) coté 
NITE P . 


and | 





sen (4) 


ð ; 
TOER ik + Fan 026 ^: w + S) sin 6} 


PE Ho nt po 6 


e 
rsinddp 
ð | RR A 
If x is eliminated by means of (2), these equations can easily be identified 
with the ordinary form of the equations of motion i in polar coordinates. 
In Stokes’ theory of viscosity the. stresses P,Q, k, S, T, U are Dia 
functions of the strains e, f, g, a, b, c; namely: 
P= p+ łu’ — 2ue, 
Q=pt+tus— 2uf, 
E-—pdiu-— 2ug, 
S = — ua, 
T = — ub, 
U= — no; 


(6) 


where the dilatation =e + f+ g; the three extensions are: 





f= roo Lee | (7) 
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and the three shears : 








= Ov Ow w 
e $4925. . r 00 Ac | 
E Ou Ow: w l 
m rsinÜOp | Or r’ (8) 
_ du Ov v 
Gait r E E 


Or T 
On substituting the values of the stresses in: the equations of motion we 


could obtain them in the form which is generally used, but it is more convenient 
for our purpose to leave them in their present form. 


$5. The Flow of Energy. 


By considering the flow of matter and momentum we have obtained the 
equations of continuity and motion. In an exactly similar way the kinetic 
energy per unit of volume is 4p(u? + v? + w^), and like p it is a scalar quantity. 
The energy in the form of heat is Opt, where C is the capacity of the atmos- 
phere for heat. The rate of conduction of heat is —x grad v, where x is the 
conductivity. The stresses P, Q, E, S, T, U, and the external force F also 
do work and thus contribute energy. Taking account of all these different forms 
of energy, we find for the rate of increase of energy in a small polar element 
of volume: 


2 [ipeo + of + at) + Cpr} dr .r dé. r sin 0 dẹ = 
|} (u? +o? + w}u + Cpru + Pu + Uv + To — 2S" kr dOr sin 89 | dr 
Or P Or 


EXIT pro + Uu + Qu + So — DT. | r sin 6 do dr | dd 


a 2 NEC 2 
spl {to + vw) w + Corw + Tu + So + Rw * andas] ddr oo 
+ g (Fu + Fov + F, w) dr r dôr sin Ode. 


Using (2) to eliminate ee, substituting for the three components of F' from (3), 
(4) and (5), and using (7) and (8), we find 
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Cp - Pet Qf + Bg + Sat Tb+ Te 
= / a0 | 
met "Or a CS rob” inf) — Fri vinta) = 
On substituting the values of the stresses from (6) this equation becomes 


GE + pd + > Z us? — Sp (ê +f? + gf) — Be ee) 








— 2" Are roð pia ri) = + vas) = 


This result agrees with the equation of energy in the kinetic theory of gases, 
but is here derived independently. 

Replacing p and 6 by the use of (1), Q and m we obtain the more 
convenient form 


de d, ; 
(or — Re + Su — 9a (8 + —— o) 
Q. O7 ð Or. 
ee EA =0. (9 
ae) ra (555 0 ) (9) 
The conductivity and viscosity of the atmosphere are both small; hence, 
if the motion is so slow that we may neglect squares of velocities, (9) becomes 


m 9 (p 2T 
rsinÜOQ * rsinóOQ 


dr dp 
Co — — RZ = 0. 
Pd d 
Integrating, we find that 
| Ta p? 
which gives, from (1),'' 
E+0 
pepe, 


the adiabatic law. 
Since R is about .40, we have 
p= mpi, . (10) 
where m is a constant. | | : | 
§6. Adiabatic Equilibrium. 


When the temperature is a function of r only, the equations of motion 
become 
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or, from (10), 
1.4 mp* a + gp = 0. 
' Integrating, we have . 
ise Se "p 4+ gr = constant ; 
that ïs, 
1.4 
T Rv + gr = constant. 


At the surface of the earth r is a and v is 7,; therefore 


LÁ R(v—«) + g(r — a) =0. 
Hence + is 0 when 


r=a+: f Rr | (11) 





Substituting numerical values, we find that the height of the atmosphere is 


35g 5 which will be denoted by ah, where À = 


550" 

If we now put r—a(14-h—«), so that ax is the distance from the top 
of the atmosphere, then v is a linear function of + which vanishes when «= 0 
and has the value +, when x= A. 


Hence, we have 


send) | | (12) 
and therefore, from (1) and (10), | | 
p = Po ey M | (13) 
and à i 
p= (2). (14) 
' A relation between the constants is famished by (1) and (11); namely, 
g= rd Pu 
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$7. Circulation on a Non- Rotating Earth. 


Assume that the temperature of the atmosphere decreases symmetrically 
from the equator to the poles and diminishes uniformly from the surface upwards. 
Then, instead of (11), we have | 


= cos? 0), (16) 
where 2 is small. 
To - 


To satisfy (1), and from the form of the equations of motion, we therefore . 
take instead of (13) and (14): : 


P= Py (2)! + ps 0420, 


SHORT G 
"where. . . | 
à OA = À, — 5, 18) 
AG) D" E 


Equilibrium is no longer possible, because, from (6) and ( 17), 
dQ 
=- F 0 
00 m 
and (4) is therefore not satisfied. 
$8. Solution of the Continuity Equation. 
When the motion is steady and symmetrical, the continuity equation takes 
the form 


Er à M em 
FEY (pru) + r sin 0 dû (pv sin 6) = 0, 


or approximately, from (14), je oi 


Gy ES + NE (v sin 6) |. — ai) 7 = 0. 


Hence 
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The solution of this equation, which corresponds to (17), is 


u = U (1 — 8 cos? 0), } 

v = V sin ô cos 6, (19) 
where U and Y are functions of + which satisfy 

dU Badii ol we 

uw oe M. (20) 


$9. Approximate Form of the Equations of Motion. 


Since x is a small ratio which lies between 0 and A (that is, between 0 and 
ziv), we see from (20) that U is small compared with V. Therefore, if we 
retain in the equations of motion only the most important terms, we find 


à 
2 + gp = 0, (21) 
ap _ (v2 7) = = 0. (22) 
r 06 E 
From (18), (17) and (19) these equations become 
Ps _ T Do ps 
Gran | (25) 
and o 3 
IR Or 
fn le) 


Since the viscosity varies as the .76 power of the absolute temperature, the latter 
equation may be written in the form 


un (N. (a 


$10. Solution of the Equations of Motion. 


Finding first p from (18) and (21), next V from (24), and then U from (20), 
we have 
U= Anti + Bar + Ont log z + Dat + Ex, (25) 
where A, B, D and E are arbitrary constants, but C must be 80 chosen that (18) 
is satisfied. 


N 
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$11. The Boundary Conditions. 


At the top of the atmosphere (where x is zero) it is assumed that u is zero 


and that the tangential stress u? is is zero; hence À and D are zero. 


At the surface of the earth u and v are both zero; hence 


U= B (Pat log 5 —a't + Mta). (26) 


Substituting this value of U in (18), we find | 








896 a Po Ty ` 
= a* log © — ot + A — 8 cos? 9 
aree ea "PT T 2) (1 cos? 0), (27) 
896a pot, ‘627 © 7. 7 ; 
x kí oP + he 9 
orne aie MES i^ + LIP) sin 0 cos 6, ( 8) 
pi | 
p= = po( + > [i+ G be s send! PT (29) 
21 
p= AE {1 + -Grs X E SE zd cos* 0]. (80) 


$12. Æast and West Motion on a Rotating Earth. 


When the rotation of the earth is taken into account, it is convenient to 
denote by w the east and west velocity relative to the earth so that the actual 
velocity is w + er sin 0, e being the earth's angular velocity about its axis. 
Substituting this value in (5) and retaining only the. most.important terms, 
we have 


0 = —Bepusind — 2epo 0060 + À $m 


hence, using (19), 
À (4 90) — 2 8f rr uin g(i—3 cost) + V sin 0 cos? 6]. 


OzN Ox uy At 





The term containing U is small, compared with the term containing V, except 


near the equator, where cos@ is small. Substituting from (27) and (28)' for U 
and V, integrating twice and remembering that at the top of the atmosphere 
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(where x is zero) the tangential stress Ps is zero and that at the surface of the 
earth (where x = A) w is zero, we find 


= tee papes | 2 log 596 


8 
2 v 596 oy B ju, 
107217 hin Lat” CER 19.90” Tin 


5588: ; 
— m um 3 2 
TEE 35^ l sino (1 3 cos? 0) p (82) 
19 . 861 | 
— {et log? ee 25 a + i ME gà — Des WF | sin cos o]. 


$13. Pressure Gradient Due to the East and West Motion. 


When the rotation of the earth is taken into account, the equations of 
motion (21) and (22) become 











= gp + 2epu sint (33) 
sn a7 9a 
0 = — E+ 2epw cos 0 + 5; ur x). (34) 
We. must therefore replace (17) by 
f 
p= Po (+) + ps cos? 0 + p, cos“ 6, 
| ; (35) 
p = fs (2) + p, cos*6 + p, cos*0, 
in which, from the law of gases, as in (18), 
Pe M. | (38) 
EN: a \t 
mG) eG) 0 
Again, (19) must be altered to 
| u = U(1— 3 cos? 0) + U,(3 cos* 0 — 5 cos‘ 0), 
v = V sin 0 cos0 + V, sin 0 cos*0, 
where (from the continuity equation) 
QU, , 86 G ; . 
dx T 2z 0 "s eu 
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From (34) we see that p, is of the same order as pw in x, while V, is of 
order two higher in x; and therefore; from (37), U; i is of order three higher in x. 
Hence (33) becomes 


E er Pe 
= ad 


Using (36) and (15) we therefore find, on integration, 
p, = Pai, 


where P is an arbitrary constant which will be subsequently. determined so that 


the boundary conditions are satisfied. 
Substituting in (34), we have 


0 = 4Pri sin 0 cos* 0 + 2aepw cos 0 + EICH: sin 0 cos? 0. 


Substituting the value of w from (32) and retaining only the second term 
in that equation, we have 


3684 at e pygi T, (19 n 53 i 861 
RER A » Xs 
107217 Kulm, (ue 1085 — ggg t ^ ie iss, P i} 


+ TC. a SU). b 


Integrating with the oe condition that, when x is zero, the tangential 


0 = 4Pxi— 


stress d is zero, we find 


8 d (18 ` 1595 w 16 
= È pri — 22ta ais _ 1590 _ 1 gn 
GP re (408 108 4 388.280 Vase 
722 QY, : | 
ai A A 
— 80345 ^*^ t+ J HA oz 


Dividing by xt and integrating with the boundary condition that, when z^ 


ish, V, is zero, we have 





3584 at popi Te ( 19 98569 
= —— P(at — Kê) — op ef 
D Dar )— dora at ub i555 7 log TITA 


32 2888 1 ; 87,822, 265 
he ht 21028, 265. EN 
+ 4525 4525 ot 466176" 52200.17°.49 JE Ve. 


Substituting the value of V, in (37), multiplying by æt, integrating with the 
boundary condition that U, is zero when x is zero, and, finally, putting x equal 
to À, we have, as the condition that U, is zero, the equation to determine P: 
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Pre AC Dr 3584 at & py pi Te (. 19 4? 93559 4 
= 88 ^ 107217 Hude, {- 4998 63? 72.17.49 63 
432 12888 4 87,822,905 2 

6525 11 455175 29 62200.17". 49? 7 





pe. 
Hence 

__ 140.7 at ? py gi v, hi 

^. 307217 dr, 





. and therefore 


Taf T 3 140.7 at py pit hi 5 
p= =p% MEES AC log? + cos* 0 + 107217 ida, cos‘ @}. (58) 








$14. Discussion of the Resulis Obtained. 


The vertical velocity u, has a maximum value 
383 a Po Te hë 
i 107217 Mo To 
when a is about .55 A. T" 
The southerly velocity v, has a maximum value 
1023ap, 7, ? 
when « is about .886 A; and it changes to northerly sen vis .73h. 

- It is seen from (32) that the velocity is easterly except near the equator, 
where, on account of the smallness of cos0, the second term is important and 
the velocity is westerly. 

The pressure p, has its maximum positive value, 

119 Pos 

99 + ’ 
when x ish. It vanishes when x is..71/ and has its greatest negative value 
when x is .58 A. 


$15. The Observed Facts in the Atmosphere. 


It is known that* the temperature at the surface of the earth is 


| 8.5 — 20.95 cos?0, 
or, in our notation, 


# Ferrel: Recent Advances in Meteorology, p. 452. 
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v — 303 — 42 cos?0, 
= To — Ty COS? 0 ; 


t 


80 that = is not very small. It is also known that*. 
0 B 1 


p = 758 + 31 cos? 0 — 61 cos*0. 
Putting æ =A in (38), the value obtained was 

BR 119 PoTs » 140.7 af & p, go Ta hi 

D MER one oe des 107217 uiv; 
hence our value for p, appears to be too large, although its value decreases 
very rapidly as we ascend vertically. As regards p,, if we substitute numerical 
values we find too large a value. The explanation is probably that, on account 
of the large amount of eddying motion in the atmosphere, the ordinary ex- 
perimental value for u is smaller than its effective value in the atmosphere. 


cos‘ 0; 





Moreover the motion we are considering is unstable except for small values of 


2 and large values of u. There appears then to be only a qualitative and not 
= g u |! PP yaq 
0 ; x 


a quantitative confirmation of the solution obtained. 

As regards the velocities, it is agreed t that the velocity at the equator is 
westerly, and in the middle latitude easterly, and increasing with the altitude 
but there is no evidence of a northerly motion in the upper atmosphere as theory 
would lead us to expect. T ovd 


CORNHLL UNIVERSITY, July, 1908. 








- *Qverbeck: loc. cit. 
t Hildebrandson: Brit, Assoc. Report, 1908. | 
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Generalizations of the. Tetrahedral and Octahedral 
Groups. 


Br G. A. Muss, 


$1. Introduction. 

A generalization of these groups is included in an article entitled ‘‘General- 
ization of the Groups of Genus Zero.” * In the present paper many of the results 
of this article are greatly extended, and hence this paper may be regarded to be, 
in part, a generalization of a generalization of the tetrahedral and the octahedral 
groups. ‘The fundamental importance of the groups of genus zero adds interest 
to these extensions, and the simple character of these extensions seems to justify 
the hope that they may find extensive applications. The present paper has close 
contact with a recent paper entitled “Finite Groups Which may be Defined by 
Two Operators Satisfying Two Conditions." t 

In what follows, it is frequently necessary to à of a group of order 24 
which does not include any subgroup of order 12. As there is only one such 
group, it is completely determined by stating its order and the fact that it does 
not involve a subgroup of order 12. To secure greater brevity we shall here- 
after refer to this group as the non-twelve Gy, or the non-twelve group of 
order 24, In accord with this notation, the tetrahedral group may be character- 
ized as the non-six G, and the icosahedral group could be distinguished by the 
fact that it is the non-invariant-five group of order 60, since the icosahedral 
group is the only group of order 60 which involves more than one subgroup 
of order 6. While this method of notation frequently leads to brevity of 
statement without any material loss in clearness, it is not to be inferred that 
it solves all the difficulties connected with distinguishing the different groups 
of the same order. 





* Transactions of the American Mathematical Society, Vol. VIII (1907), p. 1. 
+ AMBRIOAN JOURNAL OF MATHHMATIOS, Vol. XXXI (1909), p. 167. 
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§ 2. Generalizations of the Tetrahedral Group. 
It is well known that the tetrahedral group may be defined by each of the 
following sets of three equations: . 
s = 1, del, (49) 1; 5-1, 8s 1,. (518) 1. 
Instead of the first of these sets, we shall consider the more general but closely 
related set of two equations: 


sj = 6, (48) = (es 8). 


By equating the second to unity there results a set of equations which were 


considered in the generalization mentioned above, while defining relations of 
the tetrahedral group are obtained when each of these two equations is made 
‚equal to unity. Hénce these equations may. be regarded as a double general- 
ization of defining relations of the tetrahedral group. 
From the equation (s 8)? = (58,) it is easy to derive the following four: 
(81 85)" = (8 81)" es r^ ^s (as si)" = (818) tes, 
(8 83)" = (55 8,)°" s, 83" 515, (si 8)” = (ess ^ 8, ar^ eg. 
These equations are useful to simplify some of the relations given below. The 
group 15, &} = G, generated by s, s,, involves ej and (s,s,)° invariantly, since 
each of these operators is commutative with both s, and &. As #8 and 8,5; 


have a common square, the product of one of these operators into the inverse of 


the other is transformed into its inverse by each of them.* This property will 
be used to find an upper limit for the orders of some of the Ms in G, 
as follows: 
81 88. 8] 185 — 81 81.85 64.88 — 81° (81 be)” 857 8, 8 = 81° (6185). 875.8155 .85, 
(8; 887" 837)? = 87” (8; 8)* 85" (8, 8) 8 = 8j? (818). 
As 8; ? (8,8) is both invariant under 8,8, and is also transformed into ita inverse 
by this operator, its order is either 2 or 1. 


. Having found an upper limit for the order of sj? (s, a,)*, it is easy to prove 
flint the order of 


Q = {87° (5, 59)" sg". 8: =, ei (es), 97° (meg) 
divides 8 and that Q is invariant under G. The three given generators of Q 


form a complete set of conjugates under s,, and hence Q is invariant under &,. 
These generators have a common square, since the square of one is invariant 





* Archiv der Mathematik und Physik, Vol. IX (1905), p. 6. 
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under G. The product of the last into the inverse of the second has been proved 
to be equal to the first. As it has also been proved that the order of the first 
divides 4, it results that the order of Q must divide 8. As the last two given 
generators of Q are transformed among themselves by sı, Q is invariant 
under s, as well as under s,; that is, Q is invariant under G. Moreover, 
Q involves the commutator subgroup of @, since it includes 
81° (8 81)”. 8] (5155) ^ = 8,8, 85187". 

Hence every subgroup of @ which involves Q is invariant under G. 

When 54,5, are commutative, the second relation (5,5,)* = (s,5,)? does not 
give any additional information, and hence @ is any abelian group which may 
be generated by two operators having a common cube. That is, Œ may be any 
cyclic group, or the direct product of such a group and the group of order 3, 
whenever sı, 8 are commutative. This disposes of the case when 8, 5, are 
commutative, and we shall therefore assume that these operators are non- 
commutative during the rest of the discussion relating to the equations 

ré, (81 8)” = (88). 

As 8, 5, are non-commutative, the order of Q cannot be less than 4, and 
hence Q is either the quaternion group or the four group as the order of 
sy? (8,8) is 2 or 1. Since (s,4,)e;? is of order 3, it results from the above 
that { Q, (s; 5)‘ 85%l is the non-twelve group of order 24 or the tetrahedral 
group as the order of sī” (s,s)? is 2 or 1. It is also evident that Q is actually 
the commutator subgroup of G. This proves the theorem: Jf two non-commu- 
tative operators satisfy the two conditions À = 8, (8,8) = (8351), they generate 
a group whose commutator subgroup is either the tetrahedral group or the non- 
twelve group of order 24. | 

The abelian group 1sj, (s,8,)*} and the commutator subgroup of @ clearly 
generate G, and these two groups have only the identity in common when the 
commutator subgroup is the tetrahedral group, since this involves no invariant 
operator besides the identity. That is, when the commutator subgroup of @ is 
the tetrahedral group, @ is the direct product of 183, (s,s,)| and-{ Q, (8, 6) sr}. 
When the commutator subgroup of @ is the non-twelve group of order 24, it has 
exactly two operators in common with js}, (s, 8)"}. 

Although the conditions sj = s$, (8,8) = (8,8) are not sufficient to limit 
the order of Œ, they restrict G to a very elementary category of solvable groups. 
All of these groups are isomorphic to the tetrahedral group with respect to an 
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abelian invariant subgroup; viz., {s, (8,8,)}. In other words, the quotient 
group of G with respect to’ this abelian subereur is the tetrahedral group. 
By assigning a finite value either for the order of sj or for the order of (s, 8)", 
-there results a finite number of possible groups. The possible groups for one 
such case, viz. when the order of (8,3)? is 1, were considered in the article 
mentioned above with the heading, “Generalization of the Groups of Genus 
Zero.” By employing the results given above, it would be an easy matter to 
determine all the possible groups in other cases. 

The second generalization of the tetrahedral group may he represented by 


the two equations 
81 = 82, (ns) = (& a). 


Defining relations of the tetrahedral group may evidently be obtained by making 
each member of these equations equal to unity. To obtain an upper limit for the 
orders of some of the operators in G we may proceed as follows: 


1 -8 m —] Dn 
8,, 8518,85, 87° 818 = 8381 8g 


are three operators of G, and they have a common square since &? is invariant 
under G. From 
8518185. 8581 155! — (85581 08 = (4, 8,) ^ 8i 
it results that (s,5,) 9s)? is both invariant under s;1s,s, and is also transformed 
into its inverse by this operator. Hence (s,6,) ^8) is of order 2 or 1. ' 
The group : 
ea)", (159) ag eisg, (8182) "es ees) | = Q 
is invariant under s, since it is generated by a complete set of conjugates under 
8,, and it is also transformed into itself by s, because it is transformed into itself 
by each of the three operators (6,8) 35], (8,8), sf. The last two of these 
operators are evidently invariant under G. As (s,54,) sf is transformed into its 
inverse by s;18,s,, it must also be transformed into its inverse by (8,8) 355! sje. 
Moreover, the three given generators of Q have & common square, and it has 
been proved that the product of the second into the inverse of the third is equal 
to the first. Hence it results that Q is the quaternion group or the four group: 
as the order of (s,5,) a] is 2 or 1. It is also easy to see that Q is the commu- 
tator subgroup of @, since it includes 


(81 8)" 87". (8189) P ag 8] 8a == u 6p 81 8g = (6155) 8g 81 87° 
Since @ is generated by Q, &, (a &)°, it is isomorphic with the tetrahedral 
group with respect to the abelian subgroup {st, (s,5,)]. From what precedes 
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there resglts the following theorem: If two non-commutative operators satisfy 
the conditions sj = sb, (818) = (s,8,), they generate a group G whose commutator 
subgroup is either the quaternion group or the four group and whose central is 
lei, (8, 8)*}. The quotient group of G with respect to iis central is the tetrahedral 
group. 

In the case considered above when s? == sj, (8,8) = (88), it was possible 
to prove that @ involves a non-invariant operator of order 3 and hence such 
a G includes the tetrahedral group or the non-twelve group of order 24, In the 
present case it is not possible to prove the existence of such subgroups. In fact, 
it is not difficult to see that s,, s&s may be so selected that the order of every 
non-invariant operator whose order is a power of 3 exceeds any finite number. 
If s,, & are any two operators which are commutative with ¢ and satisfy the 
relations s? = 6%, (s18)? = (s,4,)°, the operators £*s,, ts, will also satisfy these 
relations, provided ??=1t?*. By selecting ¢ in such a way that its order is an 
arbitrary odd number divisible by 3, the given relations may be satisfied, and 
hence it is possible to select ¢ so as to make the order of every operator of G 
which is not in the group generated by its central and its commutator subgroup 
exceed any finite number. 

Puppa that the order of s,s, is 3m, m being prime to 3. Since 
(5,5,)? = s, the order of s, must be prime to 3. As s must be of even order 
when @ is non-abelian, we may assume that the order of s, is 2% and hence 
the order of s, is 3k. Hence sj is a non-invariant operator of order 3 and 
{sk Q} is either the tetrahedral group or the non-twelve group of order 24. 
This group is invariant under 'G, as it involves the commutator subgroup of G. 
It is evident that @ is generated by the two groups Is, (s,8,)° and isf, Q}, 
and that these groups have at most two common operators. If (s,&)* is of odd 
order, the former of these groups must be of odd order, and hence G is the 
direct product of these groups. Hence the theorem: Jf two non-commutative 
operators satisfy the relations sj = sj, (8,8) = (8,81)? and if (8, 85)’ is of an odd order 
prime to 3, then these operators generate a group which is the direct product of the 
cyclic group generated by sj and either the tetrahedral group or the non-twelve group 
of order 24 as the order of.(s:8) ^s? is 1 or 2. This includes the known theorem 
as diu the groups generated by two operators satisfying the relations 
sj = 83, (ns) = t ur 
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In what precedes, it was assumed that s,, & are not commutative. If they 
are commutative, the relation (s; &) = (8,8)° does not imply any further re- ` 
striction and hence G is cyclic, being generated by two commutative operators 
which satisfy the relation st = sf, where a and £ are relatively prime. That is, 
if two commutative operators satisfy the relations ej = 62, (818)? = (8,8), they 
generate a cyclic group and every cyclic group may be generated by two such 
operators. | 


. $3 Generalizations of the Octahedral Group. 
By assuming that each member of the equations 
8 = 8h, (aa) = (8 8)" 
is equal to the identity, we arrive at well-known defining relations of the octa- 
hedral group. Hence these relations may be regarded as a double generalization 
of the octahedral group, and it is our first object to study the fundamental | 
properties of the system of groups which may be’ generated by two non- 
commutative operators satisfying these general relations. As in the cases 
considered in the preceding section, we shall first find an upper limit for the 
orders of some operators contained in such a group G. 


The three operators 
-i -1 -1 
8, 8561 8618, 81828 


constitute a complete set of conjugates under 8,8. As they have a common 
square, any two of them generate the generalized dihedral group. The product 
of the third into the inverse of the second is 


1 91 gl p—2 Tc -3 0-1 = -8 1 
8182681 87 87 87818 — 8, 83 (8281) ^ 6516185 = (8183) ^6, 888183 818g 


= (n8) * (n d = (ma) "oh. 


As (8:83) 8 is both invariant under G and also transformed into its inverse 
by s,8%8;1, its order is 2 or 1, and (8,8,)4 = e. 
The group | ` 
1(& 8,) 9s, 83 8118818 (8165) 5, 8, 85° sy | (585) ^] = Q 
is invariant under s,5,, since it is generated by a complete set of conjugates 
under this operator. It is also invariant under &,, since s, transforms the first 
and last of its generators among themselves and these two operators generate Q, 


as the first has been proved equal to the product of the third into the inverse of 
the second. From the last fact it results also that Q is the quaternion group 
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or the four group as the order of (8,8) ?s® is 2 or 1. As Q is invariant under 
both s,s, and s,, it is invariant under G. : 
From the fact that the non-invariant operator 


83 (8881)? 


is of order 3, it results that |Q, s@ (s,5,)-*] is either the tetrahedral group or the 
non-twelve group of order 24. We proceed to prove that this is the commutator 
subgroup of G.. In fact, this results from the following product of operators 
contained in { Q, 83 (8,81) *} : 


83° (881) 9 85. (88) — 35° (8) = 831 ay! 8g 8. 


As 1Q, s#(8,8,)~*} is the commutator subgroup of G, it results that every other 
subgroup of G which involves this subgroup is invariant under G. In particular, 
the commutator subgroup and sj(s5,)? generate an invariant subgroup of G 
whose order is twice the order of this commutator subgroup. This invariant 
subgroup is the symmetric group of order 24 if (8,6,)-"6® is the identity. If 
this operator is of order 2, it is a known group of order 48 involving the non- 
twelve group of order 24. The central of @ is evidently !s?, (s,s,)®| and G is 
generated by its central and the group {Q, s3 (s5:) ^, $$(5,5,) ?]. Hence the 
theorem: If two non-commutative operators satisfy the conditions & = si, (8 8)? = 
(88), they generate a group whose commutator subgroup is either the tetrahedral 
group or the non-twelve group of order 24, and whose central is generated by &, 
(8,85). The quotient group with respect to this central is the symmetric group of 
order 24, and the entire group ts generated by its central and a group whose order 
divides 48. 

As G is evidently generated by the abelian group 1s, (s,8,)*} and the group 
1Q, & (88) £, 83 (88) °} whose order divides 48, it results that G is the direct 
product of these groups whenever s, 3, is of odd order. In this case |5f, (e 5,)*} 
is the cyclic group generated by &?, and hence it is easy to determine all the 
possible groups in which (6,5, has for its order a given odd number. The 
particular ease when this order is unity has been considered, and the results 
constitute a special case of what has just been proved.* 

A second generalization of the octahedral group is given by the T 


si = 8, : (8; 8) = (6, 4)*. 
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In this case we shall consider the transforms of (5 8)? with ea to &. The 
complete set of these. transforms is ` i 


(8 51)’, (n a), (s! a 8). | 

The product of the second into the inverse of the third is 

| 81828183 81 851 By) 8g = 5,8581 (8381) "5$ = (84 55) 46185 51.695) - 8 

= (8; 8)~* 8, 68 8; 8363 — (8 8) "81. | | 

Since (s,8,)~¥ 6? is both invariant under @ and also transformed into its inverse 
by (8 8,)*, its order is 2 or 1. 

It will now be proved that the group 

(0 iG n) 9, (ne) st, Gus) 


is invariant under G. and that it is either the four group or the quaternion group. 
From the equations given above, it results directly that the product of the 
second generator of Q and the inverse of the third is the first, and hence Q is 
generated by any two ofthe given set. Since the first of these generators is 
transformed into its inverse by the second and since they have a common square, 
it results that Q is the quaternion group or the four group as (5,5,) #4 is of 
order 20r 1. As'@ is generated by a complete set of conjugates under s, it is 
invariant under this operator. It is also invariant under s,, since s, transforms 
the first two generators among themselves. This completes the proofs of the 
facts that Q is invariant under G and that it is either the quaternion group or 
' the four group. 
. The operator (8 8,)~ ag is a non-invariant operator of order 3, and hence 
1Q, (5) *s} is the tetrahedral group or the non-twelve group of order 24 
as (s,5,) sf is of order 10r 2. This is also the commutator subgroup (C) of G, 
since it includes i 
l (81 89) 85° . (81 8) 8 = (81 8) 85° = 81 8g 81 85! 

and C can clearly not be a subgroup of {Q, (8,8,)-°s}. Having proved that 

= 1Q, (8 8) 67}, it results directly that this group is invariant under G. 
The quotient group of @ with respect to its central {s7,.(s,6)*| is the symmetric 
group of order 24. In the preceding generalization of the octahedral group it 
was possible to prove that @ involves a group of order 24 or of order 48, which 
has an (a,1) isomorphism with this quotient group. In the present generali- 
zation, on the contrary, it is not possible to prove the existence of any finite 
group in @ having a (8, 1) isomorphism with the quotient group with respect to 
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the central, since there is no limit to the highest power of 2 that may occur in 
the order of every operator of G not contained in the group generated by its 
central and its commutator subgroup. 

lt is evident that {sf, (8), (8281) £68} = {s?, s,], and that this is the group 
generated by the central and the commutator subgroup of G. If it. is assumed 
that sj is of odd order, it results that s?* = sf), k being an odd number, and hence : 
8t (818) © is an operator of order 2 which is not contained in {s?, sẹ}. By ad- 
joining sf (818) 7 to 1Q, (s381) *s2 |. there results.a group which has an (a, 1) 
isomorphism with the octahedral group, where a = 2 or 1. In this case the 
abelian group {s{, (8; 8)°} is clearly of odd order, and @ is the direct product of 
this abelian group and the group 1 Q, (51)? 5, sf (5,8) ©}. Hence the theorem: 
. If two non-commutative operators satisfy the equations s% = s$, (8; 85)‘ = (8,8), they 
generate a group whose commutator subgroup is either the tetrahedral group or the 
non-twelve group of order 24. If à is of odd order, the group 15, 8} is the direct 
product of an abelian group of odd order and a group whose order divides 48. 

The third generalization of the octahedral group is given by the equations 


ai = 8, (818) = (881). 
In the preceding section we deduced four useful formulas directly from the latter 
of these equations. These formulas will be used in what follows. Just as in 
the preceding two cases, we shall prove that the commutator subgroup of @ 


is either the tetrahedral group or the non-twelve group of order 24. The steps 
towards this proof may be taken as follows: 


—9 gB — 9-8 Big d bg g-Borla — er 8 gol 92 
85^. 81° 858] — 65^ (85 81)” 81 = 8° (8183) 8g 81” 8518; — Sy? (81 8)” 87 82781. 


Hence (s5? s;* 6% 85) = 5,7 (s,8,)". As this operator is both invariant under G 
and also transformed into its inverse by &, its order is 2 or 1. 
The group 


Q = leg ? (e 8) 81 a, 85° (as) ss 817, 877 (8,6) 85^] 


is generated by a complete set of conjugates under s,, and the product of the 
third generator and the inverse of the second has been proved equal to the first, 
since 8,857587! = s;?55? 8). It is also evident that the second and the third of 
these generators transform the first into its inverse and that these three generators 
have & common square. Hence Q is the quaternion group or the four group as 
85” (88)? is of order 2 or 1. Since Q is invariant under s, and also under ss), 
it must be invariant under G. 
10 


- 
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As sj (s, 8,)° is a non-invariant operator of order 8, the group { Q, ej (e &)°} 
is either the tetrahedral group or the non-twelve group ei order 24. It is also 
the commutator subgroup of G, since it includes 


8j (81 8p)” -83° (8, 65) = 61? (8183) 53° = er eg 8 85" 


and cannot be larger than the commutator subgroup. The central of G 
15, (8:8)} and this commutator subgroup clearly generate {s,, s?]. As in the 
preceding case it is impossible to assign an upper limit for the minimum order 
of an operator of @ which is not contained in this subgroup, since the condition 
ef = e$ implies that such an order may be divisible by an arbitrary power of 2. 
If we assumed that (sra)? is of odd order, it results that (s,s,)** = (81 8)”, 
k being an odd number. Hence 85% (s, 5)" is an operator of order 2 which is not 
found in 1&,, &}. The group |Q, sr“ (s, 45)°, 85” (s, &)*} is invariant, and its order ' 


‘is twice that of the commutator subgroup of G. This group and the abelian group 


of odd order 4s$, (s,5;)] must generate G; and as the latter is composed of 


‘operators of odd order, @ is the direct product of these two groups. Hence 


the theorem: Jf two non-commutative operators satisfy the equations s? = si, 

(28) = (88), and if the order of (s,s,f is odd, the group generated by these 

operators $e the direct product of an abelian group of odd order i81, (ss, | and | 
a group whose order divides 48. The latter has an (a, 1) isomorphism with the 

octahedral group, where a = lor 2. Only a finite number of groupe is possible 

whenever the order of one of the operators 5,, 83, 818, 18 given. 

In what precedes, it was assumed that s,, & are non-commutative. If these 
operators are commutative, each of these three cases becomes very simple since 
the second equations do not imply any further restriction. Hence it results that 
two commutative on which satisfy separately the three pairs of equations 


s = 6, (8ı 8g) = = (881); = &, (n) = (6 &); 6] = 8§, (8 89)? = (8281)? 
generate in the first case either any cyclic group or the direct product of such a 


group and the group of order 2, while in each of the other two cases they can 
generate only cyclic groups. 


The Theory of Degenerate Algebraical Curves and 
Surfaces. 


By O. E. GLENN. 


Chasles* arrived by geometrical intuition at the fundamentals of the theory 
of characteristics of plane curves. | 

An important principle at the basis of this theory is the fact that a system 
of curves defined by definite conditions will in general contain degenerate curves 
which, though degenerate, still satisfy all of the defining conditions of the system. 
It was this fact that led Cayley} to emphasize the importance of the general 
question of the degeneracy of curves as an object of investigation. This he did in 
an article “Sur les courbes aplaites” in volume 74 of the Comptes Rendus, and 
subsequently in a few notes to be found in his Works. The subject has never- 
theless never been exhaustively investigated. A few important contributions 
have been published, and the question has been studied more or less incidentally 
in a number of places, but it would seem that much yet remains to be done. 

As an application of some of his researches on symmetric functions, Junker} 
studied in 1894 the decomposition of forms into linear factors. Hotevar§ has 
treated the linear and quadratic factors of forms, and his work has been extended 
recently by O. Dorner.|| Other references to work in this field are the following: 

H. M. Taylor: “On the Decomposition of a Cubic Curve," Proceedings 
London Mathematical Society, Vol. XXVIII. 

Meyer: “Zur Theorie der reduciblen ganzen Functionen von n Variablen,” 
Math. Annalen, Bd. XXX. 

Gordan: “Das Zerfallen der Ourven in gerade Linien," Math. Annalen, 
Bd. XLV. 





# Chasles: Comptes Rendus, t, 64, pp. 799, 1079, 

+ Cayley: Comptes Rendus, t. 74, p. 708. 

t Junker: Math. Annalen, Bd. XLV, B. 1-84. 

$ Hočevar: Wiener Bitsungsöeriähte, 1904 and 1007. 

I Dornan "Ueber Teller von Formen," Progr; XÜnigiborg, 1908, 
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Brill: “Ueber die Zerfallung der Ternärformen in linearen Factoren," 
Math. Annalen, Bd. L. ` 

Hadamard: “Sur les conditions de decomposition d'une forme ternaire," 
Bordeaux, Proces- Verbaux, 1897. 

Most of the published articles treat the formal side of the question only. 
. I have* in this paper sought to develop methods which would throw light on 
the geometrical phases of the theory, and to interpret various algebraical con- 
ditions which cause degeneracy. T'he analytical theory forming the first part of 
the paper is essentially a generalization of certain results of Junker in his 
memoir, previously quoted, on symmetric functions of several groups of 
variables. . 

Cayley introduced the name “penultimate curve" for the locus whose 
equation contains certain infinitesimal coefficients the vanishing of which renders 
the equation factorable into an ultimate form 

PD can. = 0," 

We shall also use the term “penultimate surface” for the locus of a degen- 
erating quaternary form. 


PART I. 


Tue Asvuproric Forms or A Grven Foru. 


$1. À Clase of Symmetric Functions. 
Let the m roots of 
J (a) = a + a a7 + aya? uuu. + dy, = 0 

be 2, 25, ...., &m. Let the totality-of the sums of the roots taken in pairs, 
and of.the products of the roots in pairs be respectively 

&, n [5J =.1, 2, +» $m(m — 1)]. 
The elementary symmetric functions of the & and of the my can be evaluated 
in terms of the coefficients a of f(x). For 


Zh... = Que = de (Xi, Ta, sess, m), . (1) 
Inn. R= = |, (ai, Xp, nr, Km) (5 — 1, 2, e, m). (2) 


where I and J are symmetric in the zs. 








* The reviewer who may wish & summary of the principal results of the paper may read those parts 
which have been printed in italics. 
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For illustration, if f(x) has rational coefficients and is resolvable into quadratic 

factors in the absolute field, it can be resolved by factoring $m) and am, trying 

the factors, as £, n, in &*— £x — n and retaining those quadratics which are 

found to divide f(a). Any equation can be tested for this resolvability by a 

finite number of trials.* 
Generalization. 


Let the totality of sums of the roots of f(x) taken » in a sum, of the sums 
of products two at a time of the roots of each of these sums, of the sums of 
products three at a time of the roots of each of these original sums, and so on, 
be respectively represented by 


Euy Eos Esk cs [5, J, f vico ts 3 Mr OR], 
Then we have 
Z En E eee Ein = Din (Ma, Les eos Lm) = Pin (a), 
Z En Eon hee bon = Jen (91, Las RT Lm) = Poy (a), 
E be) Eee En = Ian (a, Ge, os Lm) = Pan (4) [^ — 1,2, ...., C7], 


eses sesa eo 9 à o» WoW 9 os om Fs e s» h O9 9o. aon ho» » 8 Pos 9$ 9 9 o» 9 i * 


where Jj, ‘is symmetric in the xs, and hence $,,(a) rational in the a’s. 
In order that | 


a% = g e 3 ND 
g=1 
may be a divisor of f(x), E, must be a root of 
DE EW A Qu E77 + Que ETT + Door (6) 
and conversely. For example, when m = b, v —4, h=1, ' 


u = 4a, 

dy = 6 ai + a, 

dis = 4a} + 8a,a,— ag, 

Pu = aj + 3a1a, — 24 ag + a, 


Pis = af ay — af ag + Q4 Q4 — dj. 





* Let f(s) e z*-F2zi--z-9-0. Then F divides aja, a, —a?G,—ai1 = —1; £—-1, while y divides a, = 2; 
qz kl, +2 By trial we retain the paira (£, 7) == (—1, —1), (1, —2); ie, f(x) = (22x 1) (27 —2+2). 
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. §3. Quadratic Factors of Forms. 


The decomposition of forms into linear factors has been studied by Junker, 
who gave a method of determining the component forms, and discovered relations 
which exist among the coefficients of the form when it is degenerate. Let us 

consider forms which are decomposable into quadratic factors. 
| Let the ternary form s 


Jam (x, y, 1) = Amy" + Am-ı ya -+ DEAS + Ang 27 + Gom -1 Nu 


+- 4g y + Guo + ao 
equal the product of the 4m quadratic forms l | E 


=P + heyt umy Honet wyr (¢=1,2,...., 4m). 


Then we have 
3 81 8 LE 8g = Amo, 
28 85405 = Am y à ped 2 
prr ME 85-195 F X 8488 .... 85-805 1lg + ce = du go, 


Ce O9 8 9 à 9 9 8 9 93 a 9 9 9 wo € 8 9 €» 9 9 «o $ 9 4 voc 9 9 9o» 9 mm ses 


Sum. Uy Wy Am  .[g- dm], 
from which we get the following differential relations: 


Ye ee a avis (e basso py (6) 


Without affecting the generality of Jam, we take u; = aom = 1, and write 


Jom = y^ + È (amr a" + OG im-r gl + ee + Aom—r) y", 5 
9, — y? + (ar + wi) y + (na + va + r) 
‘Hence by $2 


DEN ar = 0, De) = 0, 
wherein the usual coefficients a, have been replaced by 


Gen + Game + am (rm 1,2,...., m). 

It follows that the coefficients t, and s, are respectively roots of the equations 
DEY = EM — Gy L971 p QE — + (— 1) im = 0, (7) 
Qu = a0 EI NR, (8) 


f 
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in which the usual coefficients a, (see $2) are now replaced by a@,,,.. Moreover 
the coefficients $, 4j are rational in the elementary symmetric functions a of the 
groups of quantities 
85, Us Uy VY, Wy T (i — 1, 2, ed). 

When these symmetric functions a are expressed in terms of the s, 4, ----, 
' and s, t are replaced by &,, ¢, respectively, for any value of 7, o, and P, 
vanish identically. When so expressed, we write them I(&, ....), J(&, ....) 
respectively. Hence 

€ (a, t) = I (&, stain ug 5-50, 

V (a, 5) = J(&, ....; 8) 0. 
Now in I let s,, t, be replaced respectively by s, + Av, 4 + Aw (t by t + Av). 
Then expand by Taylor's theorem 








I(s- Au, & + AU, ....; t + A) 
and by coefficients we get 
NS ONCE DE D 
But 
ant Laem Lione re) 
= re Am (from (6)). 

Therefore we have for the determination of w; (J = 1,2, ...., 9) 

ut + Ah as cas = 0. (9) 
By & similar expansion of J (a, s) we get for the determination of v 

v; oe ES >. 99, EET = 0. (10) 


Thus the factors a, of fin are completely determined from (7), (8), (9), (10). 
Next let the quaternary form 


m r 
Sine, 9 2 1) = y" + E[Z (temers w + Ü,—1m—rr—s P ER + na + Gomorra) 2°] yn 


is the product of the quadratic forms 


=yt+ GER (n o? + gio + rie + en 


G=1,2,....,9=4m]. 
11 
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Then we have, as in (6), 


ð a, mM—rr—8 ð Asm—rr—s ð Ü o m—rr—s,, — 
Y One d + D ^ Qo + 2, à = 4 mrs (8 > 0), 


$ Q 8m—r*r—s ð sm—rr—3 Q em—rr—s — i 
D +> = + > es v = ann (r<m), } (11) 


0 
O dsm—rr—s QU mane | ð Qs m—rr—s — E 
2 da T 2-2. 4 T D BE m lamera (s « ), 


and also as in (7), (8) that the coefficients o, and n, are roots of the respective 
equations 
din) = 0 NEMO, (12 
pe — qim y, 0971 E n7... + (— 1) hg = 0. (13) 
In these the usual coefficients a, [§ 2] are replaced by ann [r— 1,2, ...., m]. 


Now when the coefficients a,» ,, in these functions (12), (13) are expressed as 
elementary symmetric functions of the groups of variables ' 


Nis 9, Pry Gi» ^, dis Éi, , Ui, Wy f= 1,2,...., g], 
we write them as | 
Tin; 06. 355 0), J (ny, 9, ...., t; n) 
respectively. From the expansion of 
In, tat, a F Ati, Pi, qH Av, Ti, ce, WS OFAN), 


we get 


v OZ ol 
2:24 UD mt Dat age 
Ian Oa, aio. 1 NI OA. 0o. 
"Lan e [x5 moa aa 


— X429 anro + Pa (from (11). 


= k0 





Hence we have for the determination of u, 


we + Era amiko = 0. (14) 


Similarly from the expansion of 


J (n, 4- At, 9, t A14, Pi, Jit ary, Ts ess, wi; n + At) 
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and the first equation of (11) there results 


LE tmc cm 2 SENT Am-k180 = O- | (15) 


OO ae 
Again the BER r, are roots of the equation 
P = r ap OMA ap aby m7 — fe (— 1) om = 0, (16) 
wherein the usual a, [82] are replaced by aos... [r — 1, ...., m] Hence, 
from the third equation of (11) we have, by expanding 


V (a) = J (ni, 91; D qut At, T, HAN, 8 H A4, UP eet, Wij r + Av), 
er F > ora o mk ki = 9, (17) 
kk 


a formula for the determination of v. 


Next let us write the form fim as a quantic in the three variables x, y, w, 
taking z — 1. That is, let 


g 
Jim (& Y, 1, w) = In, y, 1, w). (18) 
Then we have 


Fam a 3 1, %) =y" + Ê [È (csi &* J- a as 2 ee om—rs) wr] y" 
v, — 9 + (o, + s wo 4-8) gj + (na? + timo + ww? + quo + vu + ri) 


ei 
It follows that the u, determined by (14) satisfy the equation 
om = yr _. $i ul + pe UT — — (— 1y dm = 0, (19) 
wherein the usual a, [8 2] are replaced by aom-ro [r = 1, --+-, m], and that we 


again get equation (13) for the determination of the n,. Also, on account of the 
relation (18), we have, as in (6) and (11), 


ð ð ð = = 0,1,...., 
Ga + Dyu” + Dar”) Ag mr 7 Usem—r1 be Ld cn zb 
(Xia LER. 8 + X4) mr = limi (8 > 0). 


Hence, by applying Taylor's expansion as above we obtain for the determination 
of 8, q; respectively 


„2 = 0, = T 
"Qu T D Aom—#0 fin-ki = 0 ex 
EM + Don. P-n arami = 0. | (21) 


Oa, nho 
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The coefficient w, satisfies an equation analogous to (13). Hence equations (12), 
(13), (14), (16), (16), (17), (20), (21) completely determine the component factors + 
of Sam g 
$5. Cubic Factors. 

Ifthe ternary form 
can be split into g — $ m cubic factors 


pio qu + (e HY + (oo? + ax + 0) y + (nua + rat + uum +u) 
| (621, ..-., 9), 
its coefficients are connected with the coefficients of these cubics by the relations 


ð . à ð 
(Xann* sat 535, 4) tre = nce 
Q Q Q 
(3 I, + > op T 25a 4) Imrr = Amr ris (22) 


Q ð Q = 
(Lan T DIE RL T Xn) mr — Um: 
Also the coefficients p, o, n satisfy the following equations respectively: 


DA, = p^: — PP... + (—1)* po = 0, (23) 
dj , OF — Gy 00771 - s 0977? — .... E (— 1) prop = 0, (24) 
PE, = nF — dy nF + dy n? — .... E (— 1) $5 o» = 0, (25) 
wherein the coefficient a, of $2 are now replaced by a,,, , [r —1,2,...., m]. 
Hence by Taylor's theorem and the first equation of (22) we get 
Qd -p 0d, —p. 
UMEN. : — 
ly 35, + Dans. 9 zx (28) 
0 Pa, 0 OD, o PAREM 
ga + 2 da Um kik = 0, (27) 
De 1 Da oo 


_ Again writing Jom a8 a homogeneous form in æ, y, z and then taking x — 1, 
we see that v, and w, satisfy the respective equations 


p, =0 =, — (29) 
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wherein the a, of $2 are replaced by a», [r = 1, 2, ‚m]. Hence by 
Taylor’s theorem and the third Saison of (22) we get for he determination 
of the remaining coefficients u; 


Os, v 
a 000 09 
The cubic factors of fom are completely determined by formulas (23). . . . (30). 


§6. Asymptotic Forms of a Given Form. 
Using a well-known notation let us write . 


Fam (2, Ys 2) = Um + Uma F Unes À + ee + uz" = Xu. 
Let the expressions | 
| Vins Us» ctn) Dos, (E, = m) 
be any set of real factors of u, which are algebraically prime to each other. 


Let u, ,/u, be resolved into partial fractions, and suppose that the numerators 
corresponding respectively to the above denominators are 


Un; Yan) fett $,,—: 


Then | | | 
Som = Gin Cam ort ee F P Mme m Ts + Pss, (81) 


where i ; 

Cin = Vin He + nad, 

the (z, — 2)-ic E being arbitrary. The forms {,,, will be called asymptotic forms 
of fm: The (m— 2)-ic u,_, will be called the satellite form of foime Both ur. 
and the satellite forms © are affected as to form by the choice of Rin- 
(i= 1,2, ...., v). 

Now if the »,, are the real factors of u,, of lowest degree prime to each 
other, assuming for the present that there are no repeated quadratic factors and 
no linear factor of multiplicity exceeding two, we have +, —=10r 2. We first 
show that if by small variations of its coefficients a form fan decomposes into a form 
of degree (m — k) and a factor of degree k (— 1, 2), then this factor ts identical with 
one of fa, 8 asymptotic forms Gi. 

Take Rin- = 0, and place g= 1 in (31). Then we have 


IL Ss "| — Um + Un T Gm—2 = hem (x, y, 1). 


This form Ag, is thus degenerate and formulas (7), (8), (9), (10), $3,* apply for 
the determination of its factors &,,. And since these formulas involve only the 





* To these add Junker's formulas for the determination of linear factors, Afathem. Annalen, Bd. 45, S. 39. 
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coefficients of um, Um, which are common to hem and Jom, it follows that the 
asymptotic forms of fm are formally identical with its component forms o, when 
it is degenerate, which proves the statement. * 

Let us investigate the analogous properties of quaternary forms. Let [§ 4] 


m 
Jim (2, Y, % ©) = X Uni wi. 
Assume that the ternary form u, may be decomposed into linear factors 
Um = Il (e + my + 8, 2). 


Then it is not difficult to show that the necessary and sufficient condition that it 
be possible to resolve #,,_,/t,, into the partial fractions À 


m 


Um — Oe 


Um ecd rey + 52 


is the vanishing of each determinant of the matrix 





^ 


Gm 10 Amin: Aom-10 3, Im mmi: e om- > > + 09m r 
1 1 1 1 1 1 
Zo Xu Am: Zor An Viso cedo A cy 
2 3 2 
X00 Lio n Kt Ao Xu er Umea Kom 


eom or e n t o? a s oos v d. n t o. «ot o oy m ov t oo n t n 


À À À à 
Lo Xo Km, Xa A Km mei 

D m m 9T gu m m m 
Xo X10 Xm, Xu Ku tttm: ot Kom. 





* An interesting theorem on partial fractions results from the fact that the £4 r, may be determined both 
by the partial fraction method and the differential formulas of the preceding sections: 








Let £ 
m—i 
m-—1- 44 
Um — = mr = — Um] . 
Um DT 1er DHL (z— ry) Ul + Bey + my) 
j-0 


When this is reduced to partial fractions, the numerator of that fraction which has z! + F, xy + my" for a 
denominator may be obtained by differentiation. Itis 


Boo) sum 
Then) * — sai Y Uk 
3 om y yo 22 
‚end d ie the Aronhold operator 


ə 

where A == 
. dx 
` Ò = an ne + as T Fe 
? Qa, n T ns Odom 
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where y}, is the ane symmetric function of the m —1 groups of variables 
P, (r,, &) [k = 1, 3, ,A—13, X 4-1, ...., m], each term of which involves 
"ars and v #8.* Ifi in this matrix ihe two groups P,(r,, s), P, (T1, &) are 
interchanged, tlie only effect will be to interchange the xth and Ath rows of 
the matrix. Consequently: Every determinant of the matrix MX" is an alternating 
function of the variables r,s. More generally, the condition that wu, ,/u, be 
resolvable as OHNE | 





= Da i 
Yo + Te 8,8 + e yoy + uy! + voz + w,yg tar) 


j=1 
` is the etd of a determinate matrix Mj. This is a matrix of 4m(m— 1) 
columns and 4 (3m-—£ +2) rows, the elements being functions of the coefficients ` 
of Um and of the factors of ten- 

When w,, can be thus resolved into % linear and /— 4 (m — k) quadratic 
factors, and Mj? = 0, then fim can be thrown into the form 


Jim = Gin rt, | (33) 


in = Vin tyr + Bw’, 
the v,,, being the factors of um, while v, „~ is the numerator of the partial fraction 
having »,,, for a denominator. As before, E is arbitrary. We now have, placing | 
E, 470, £0 — 1, | 


T 


where 


m bn = Um + Un—1 + Im = hen (x, y, 2, 1). 
Hence [§ 4, (12) to (21)], to summarize these results: The necessary and sufficient 
conditions that a quaternary form = Um, W may possess a set of asymptotic forms 
N 4=0 
of degree v (= 1, 2) are that u, may be factorable into linear and quadratic factors, 
and that Mj? — 0. As the form is altered by small variations of its coefficients, 
the necessary condition that it degenerate into k linear and l quadratic factors is 
MiP =0. And in its degenerat form the component factors coincide with the 


asymptotic forms ¢. 
§7. Summary of Geometrical Results. 


The effect of the differential formulas of $3, when applied to any form /, 
is to put in evidence the asymptotic forms of that form. That is, by these 





* Thus if m=8, yt c 7,4, + rs, (seo Junker, loc. oti., p. 4). Also yay = 1 [À 231,2, ...., mj]. 
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formulas we reduce the given form to the type (31) or (33). If the form proves 
to be degenerate, um- vanishes identically, so that our formulas determine the 
component factors. The necessary and sufficient conditions that the form f 
represent a penultimate curve (surface), penultimate to a set of lines and conics 
(planes and conicoids), are that the coefficients of the terms of the satellite be 
all infinitesimal. 7f by small variations of its coefficients the locus f = 0 degenerates 
into a set of lines and conics (planes and conicoids), these lines and conics (planes 
and conicoids) are the curves (surfaces) which the asymptotic curves (surfaces) of f, 
$e = 0 [i = 1,2, ...., v], approach as limiting curves (surfaces) during that 
variation. The functional member of the equation of any penultimate curve 
(surface) can be expressed as the sum of a product of a set of asymptotic forms 
and a satellite function having infinitesimal coefficients. 


PART II. 
ON PENULTIMATE CURVES: AND SURFAOES. 
$1. Conditions for Degeneracy. 


It has been proved that the coefficients of a degenerate ternary form fs» 
are connected by exactly 
8s = 4 (m@— Er) 
independent relations, rj, 73, +--+ being the respective orders of the component 
factors. If r,— 1,&8-— $m(m-—1). Hence, since the number of coefficients in the 
satellite Un. is precisely 4 m (m — 1), these equated to zero are the necessary and 
sufficient conditions that fs, degenerate into m straight lines. We proceed to deter- 
mine the satellite um, for this case r, — 1, of the forms fa, fa- 
Let . | 
Sa, 25, 1) = a + b3 e, + d, 
d — d, 
Cy = C93 + 0125, 
Bi; = by aj + by mp my + baak, 
d$ = ag Wy + aio Te + Oy x a + Aya 
= (a1 — 7,23) (X1 — Ta Cp) (a — rem) [a = 1]. 
By the method of $5 we get the linear satellite of fs, 


Du, = [S05 6%, (ry — 71) (ro— 79) — co Da + [S95, BF, (ra — 11) (re — ra) rs— e: D] 2s 


— [95 0,9, + dy) D] = 0 = Hat Has + Hs (say), (34) 
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where D is the discriminant of the form a3, and the summation S includes the 
terms obtained from the given term by the permutations of the cyclic group 
S = {1, (717375), (ris 73). The coefficients H, are symmetric in the roots 
Tis Ta, 79, and so we can express them in terms of the coefficients a, [7 = 1, 2, 3]. 
When this is done, the satellite Du, takes the form given on the following page. 
The three independent conditions that fs degenerate into three straight lines are 
accordingly ——— = 
H=0, H,—0, H,—0. 





3 Y D vi E 





and 


By the same methods we derive the satellite conic of fy. Let : 


12 











Hc —H, — Hy 
4 a dy d; % a$ as by aj 

— a3 b — $a, a3 bi + Ay ds b, bi 

— 9 a5 5) + aj as b + af by BS 

+ 3 aya, bj — 30 bi — 2 ag by Be 

— aibi + ay bs — Gy ag 06 bi 

+ 3a 05 — 4a,a, b + a} bi bs 

— ab + 9.4565 — 2a, ag bi b, 

+ 6a,a5b)b, | + 9450.2, + 3a55 b, 5, 

— 2a$b,b, — 43450601 | — a, as bo b b, 

+ a, a by by” + 2aiagbyb, | — ab 

+ 3a, ag by b, — 6 dy dg bg b — a, 5,85 

| — 4a} ds by b, + 4ajb b, + as bi by 

+ Gy Ay by de — 3a, a,b, b, + 8 

— 9a, 5, b, — ajay by by . + ai aid, 

— di A Cy +aaa | + 18a, a} as dọ 

— 18443050 | + I8 ajaz agc, | — 4434 

+ 403% — 4aje — 4 ai as ds 

+ 4a} as Co —4ajmo | —27a4 . 

+- 27 a8 ey —. 27 abe, > 


fu (m; £a, 1) = ++ d - Ed, +e (a) = 1), 


at = (2 — r a) (me) (m — P'a a) (21 — 7.23). 
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Then we get 
= [S 55, 8, (ru — ro) (ri — 74) (ra — Ts) (rs — 74) (ro — 74)” + o D] ei 
+ [5,85 85, (rar) (11-14) (T2—75)( 72-14) (T— 74) (72+ M4) + a D 12525 
+ DS: 85 55, (ri — 15) (71 — ra) (a — 78) (rà — 74) (rs — n rs 7, + e D] 
+ [S 2 br, m (n— 7) (ru — 79) (ra — 7) + dy D] z, (35) 
+ [8,5058 (re — r1) (ra — re) (r, — ra) ri + d, D] as 
FI-GBE-RaD)-0 —- 
= de t har t hat la + ym. 4-0. 
Hach summation 8, includes the six terms obtained from the given leading term 
by operating the three powers of the permutation (r, 7,75), and these same three 
powers preceded by the transposition (r,7,). Each summation S, includes all 
terms obtained from the given leading term by the permutations of the cyclic | 
group S, = (1, (ru rara 4), (rire) (rari), (riraron:)}. The coefficients Z are 
symmetric in the 7s. Expressing them in terms of the coefficients of at we 
have the satellite* conic. The six independent conditions that fu degenerate into 
four straight lines are I, = 0 [j = 1, 2,8, 4, 5,6]. 
It is now evident that the degree (in the coefficients of /5,,) of the satellite 
Du. of the form fom is just one greater than the degree of the discriminant of 
ag = (1, my, -y Am La, 23)". | 
Hence the- degree t of each of the 4 m (m — 1) conditions that the general ternary 
m-ic fen = 0 degenerate into m straight lines is exactly 2m — 1. 
-We derive next the conditions that = 0 degenerate into a straight line 
. and a conic. 


Let aim (nora) [d tala (rb ad 
where r is real For the satellite line we get, after multiplying by 


(37 + 2a,r + a,)*f, 
J, = (bor? + bir + by) [25,7? + (20, b)— bi) r + (as bo —b3)] 
— (ey — Ry) (37° + 2a, + ay)’, 


Ji = (b + bir + ba) [b17 + (05, — 2b.) r + (ai — a b, — a3b0)] 
—(¢ + 7 Ro) (87 + 20,7 + ay), 


J= (81! + 2ayr + a) (bo? + b, v + 5) E — (37* + 2a47 + ay) do]. 


* The satellite of the ternary quartic u, has also been computed. The six coefficients I; are each about 
. equal in size to the eighth-degree invariant (J,) of the quintie. These will be published later. ~ 

+ An important application Is the result that a pencil of curves fi, + Ag contains at most 2m — 1 
degenerate members consisting of m straight lines. This maximum can be reached. Cf. Hadamurd,. loc. cit. 


1 This cannot vanish, since a, has no multiple roots, by hypothesis. 





J 
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Elimination of Ry from J| [i = 1, 2, 3] gives the two conditions for the 
degeneracy of fm into a straight line and a conic. There are four cases, corre- 
sponding to the four ways in which Jj — 0 can be satisfied. 

Case 1. b =b? + br +b =0, &=0, EQ-—0. The conditions are 
c,— 0, — 0, and the vanishing of the resultant of 0%, az. This is 


by b, b, 0 
J "E 0 bo ' bi b, — 0. 
: a,by—b, a,by—b, agbo 0 


0 A, by—b, bb ay by 
Case 2. d= 0, R= «. ‚Here b = 0, ¢,=0, so that the desired con- 
ditions are J, = 0, bed — biG co + 5, c = 0. 
Case 3. dy--0, R,— 0, 20. The two conditions are the vanishing 
of the resultants of a? and the two equations (in r) Jj = 0, J = 0, viz.: 


^ 1 a d, ds 0 
j 0 1 a ds ds 
l aibb — 2ajbjb, Ag by By 0 0 
— b |— 2abj — sbo b: 
+ —925b5 —HW 


—a,Dj  +9ac + 30,050 
+ 340 — Mageo — — aco 


— aic 
0 a, bob, 2a,b9b, pbob 0 
= — b — Das  — agbo bı = 0; 
+ bobs —9bb — b 
— a, by + 9456 + 38,056, 
+3,05 — Mao  — 40 
— acy 
0 0 a, bob, 2 a, b, b, Ag by be 
— bi — 2mb  — asbob: 
+ bib —2b5 —B 
— dy Bj + 956 + 34,446 
+ 3430 ` — aago — $C 
an 


19* 


92  GLENN: The Theory of Degenerate Algebraical Curves and Surfaces. 


1 ‘a ag | as 0 

0 1 ay Ay dg 

a, by bg, 2 dy b, b; a3 by b, 0- 0 
— ab —2aghb, — a,b 
— by by — 25 — a 


Aa +90;  -F3aac 
+340 — das + asbh 


— abi 
0 ay by b, 2 dy b, be Ay b, b, 0 
J = — Ag bf — 245600 — a,b = 0, 
— bb, — 2b — ac 
— aie: +9ac + 34,856 
T3a0  —2a45 abb, 
20a . 
0 .0 a, by b, 2a5 b, by ds b 5, 
l — agb — 2a,b,b, — a b3 
— b b, — 25 — aj 
— aie + 9250 T 34,850 
+ 396 — GC, + dgbyd, 


— a,b} 


Case 4. dys 0. By a simple real translation of the y-axis this case is 


reduced back to one of the first three cases. . 
We consider next the algebraical conditions for degenerate surfaces. Let 


Jim = OF + EGREGIE 


where 


ee . . 
ay = X (omy? + Ai mg Cf Ty + ecc o) mg 053. 7) ad (dom = 1), 
Ke . 


1 
by = (bomi + Di ma ap my. + Omit m5 ag) a, 


BERN a a a ERE Io 8 EA en ee m UE o ig] T. TR 


Suppose that Jm is degenerate, the component forms being x linear and 


A= 4(m—x) quadratic forms. Then the n, conditions for the decomposition of ` 


the form a? into x linear and A quadratic ternary forms must be fulfilled, each 


—À 
prs 
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Lg = by (dis ads + 18 d4 dg Agg — 4 d$ — 4 ty Aga — 27 Qo)! + Die (12 dyg Aq, — 3 Ge 
— 4 i Ogg + 4 45 Ao 55 — 4 Aig ao) + 1573 5, (— 14 afg ao + 14 afs ao 1 Gig Qs op 
+ 52 ais Qo ag — 14 Gig aig + 11 aly ahs + 4 d Gog Oey Gig + 14 aig An — 28 Aig Age os 
— 18 ays aig Ag — 44 a3; Qj — 4 Ogg Aig + 12 ao Aye Ag + 42 yy Qor Agg + 22 Ao Agg Ay 
+ 42 dig Aye Ogg + 52 Aig gg Ay — 33 afa — 36 aps An) + bo (dia a — 2 aig Aog Agg Coe 
+ 3 ats ais — 2 ais Ao, Arg + 2 AY Aog Ga pg — 2 Arg le og Agg — 2 0g Cs Agg + 8 yg Aog oi re 
— 2 Aig 4 dg + 2055 04; dag + 2 55 055 ds — 14 gy ag — 4 D T] 73.85)! + boe (ap aie + Aisch, 
— dig Gig — 2 Ajg Agg Aig Apg — 2 do Qs Aye Ag — 2 do, dés + 2 ig Ao dg Agg — 2 afg Ayı Ag 
+ 2 aig dos 445 Agg — 2 yp (i Agg Agg — 2 043 Aig Agg + 8 is Agg Ay s — 2 is Ayy Agg + 2 Ces An Agg 
+ 205,05 à — 4 X rj 75 81 8) = 0. \ 

The determinant Z, is given by operating upon L, the substitution 
s 8-4 bn Oe bis id X 

Q4 3-4 O12 Oog M1 Ogg 

Lio = bu (1 20g Ag, — 3 aia — 4 do Agg + 4 Gg Aog 015 — 4 afs Ao)? + 16 * bu (— 64 ais ay, 
+ 64 aj digg 45 — 64 ah ao + 25 2 Ge Apg Ay, — 49 035 03, — 26 Ajg Aor Aog Qip + 11 ab, a 
+ 4 aig Oy, — 68 ais o Age + 132 a5 Ag Ag — 44 03 Ay — 4 aa ais + 12 do aig Ay 
— 408 di ag Ags + 22 ao 055 05, + 102 aig 0,5 05 — 33a + 82 ays Agg An — 36 agg An) 
+ 15 Dis (— 14 ai a + 14 a ag Go — 14 ag ais oy + 52 ah ao ss — 14 dis Gis 
HF 4 ao ag ay 03s + 11 Gig ah + 14 ai am — 28 Gi Ag An — 18 do Aig am — 44 0 Aag 

— 4 dy dis + 12 Gi das Ay + 42 do anan + 22 dy ay Au + 42 Ay Ay An — 33 a 

` + 62 Go an Ge — 36 do Age) + 1673 by (— 64 afe aog + 64 ab Qs di — 64 af Afs ao 
+ 252 die Ao dy — 49 dia Big — 26 ao dig Qy Ag + 11 afg Ah, + dam Age — 68 Ais 035 Ay 
+ 132 ag aig doy — 44 ai Aag — 4 ao aiz + 12 055 Aig Ao — 408 Oey Aag doo F 22 aig Aor An ` 
+ 102 ao ag du —33 ait 8 2 aoao pq — 36 apa)? + 157 bo (— 14 tg Aq + 14 afs ao ag 
— 14 afs fy as + 52 als Gas oi — 14 dis die + 4 aig ao Agg + 11 die Aa + 14 ah ay 
— 28 aig Qog Ar — 18 dig Aie Agg — 44 05 Ao — 4 Agg Qis T 12 ao Aye dis + 42 Aig Ao aas 
+ 22 dos dog 055 + 42 015 die 55 — 33 a + 52 035 Aog An — 36 Aag a) + 9 1 Dey (— 36 X 74 85 85 
— 365 ri 786$ — 36 I 11136383 + (— 4 aja Am + 4 045 ao 045 — 4 diz Agg — Aig + 10 Aa ao 
— 203504 — 2 ao aS) + 3 bor ((— Gis Gor T s s (4s — (0e Fag — Aia + 4 yg Aq, + Aig 1 
+ os aag)” — 36 (Ao Azz Mog + Con Goz Mp Agg — 3 oo Ge Aga F Gui Ai Ass) = O. 


82. Degenerate and Penultimate Loci. 


The coefficients of the satellite function m-s in 
f= Cin + Um- =0 
are rational functions of the coefficients of f, and linear functions of the 
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Hr, — 1l) arbitrary coefficients Æ of Z,,. The set of equations obtained by 
equating u, identically to zero can sometimes be satisfied in only a finite 


number of ways, in which event the curve (surface) /—0 has only a finite number .. 


of degenerate forms. 
For example, the cubic 
(x— ay) (y— 82) (s—y2) + (e—as)(y— 82)(«— y y) =0 
reduced to the form (31) is 


[y(a—1)2-Fa (y—1)]D/(8 —1)9--B (y —1)] [»(8—1)«-F5(a— Vy +B] 
—| R- —y exe -9] [By (a—1)(y —1)2 d- «y (— 1) (y —1)y] 
—aB(y —1* [y (8—1)e - y (a—1)y + R] = 0. ' 


Hence, there are two degenerate forms of the curve corresponding to the two cases 


(a) R (—28—a8y) ED E v. — Y enr » 


b) R=0, o (8 — 1 — Bla — 1 = Eg. 
They are a 


az als en tz) = 


(Get E RE ey ana +9) =o 
When the general cubic curve fom = O is treated in this manner, we find six. 
degenerate forms, three consisting of triads of lines, and three of a line and 
a conic. 

It is to be observed that each degenerate (ultimate) form of & curve or 
suface has corresponding to it a large number of penultimate forms. That is, 
‘a locus can pass over into any degenerate form in a number of different ways; 
and it is possible to enumerate all the penultimate curves which correspond to 
any determined degenerate form of a curve. Thus the penultimate quartic curve 


i Ga Ča ča + Pu = 0 (e = 0) 
crosses its asymptotes /, at those points in which the latter are cut by the 


satellite conic. u, = 0, and in no other points. Let this conic be chosen such that 
it encloses all six vertices of the quadrilateral formed by the asymptotes. Then 


by = — P ult bas. 


* Of. Taylor, loc. ott. 
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Hence, for points of the curve approximating to the segment ab, “a, Ča, &, are 
negative, u positive; so that the curve is on the side of ab opposite from the 
origin. In this manner the curve may be traced completely. 


Its shape in the 
vicinity of the vertex ¢ should be noted particularly. 








Fra, 1. 


Now let the satellite conic vary in position, its perimeter approaching c 
and crossing it, while the relative positions of the conic, the origin and the other 





Fre. 2. 


five vertices remain unaltered. When u,—0 crosses c, the latter will be a double 
point of the penultimate curve ; and when c becomes exterior to the curve u5— 0, 
the shape of the quartic near c is as shown in Fig. 2. Thus, by variation of the 
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` position of the satellite conic three distinct cases are produced at each vertex, 
making 3° ways of drawing curves penultimate to four straight lines. Not all of 
these types are distinct as types. Also Plücker's laws must be satisfied. It is 
found, for example, that the number of distinct types of penultimate quartics 


- with four rectilinear asymptotes, and having no point singularities at infinity, 
is 343. 


Consider also quartics having two asymptotic ellipses intersecting in four 


real points 

Ina — Pu = 0 (e= 0). | 
If the conic u, —0 encloses all of these points, the quartic is the four-ovaled type 
(Fig. 3). If the satellite encloses none of the points, the penultimate curve is the 
type having one nested oval. One of these types may be made to pass into the 


other by continuous variation, by small variations of the coefficients of the 
satellite u, = 0. 





Fira. 8. 


Analogously, along a line of intersection of a pair of asymptotic planes of 


.any penultimate surface there are three possible cases of the relative positions ' 


of surface and planes. Consider the penultimate cubic surfaces having three 
asymptotic planes L, M, N intersecting in the point C and lines CA, CB, OD. 
Let the satellite plane intersect OA, OB, OD respectively in the points A, B, D 
Let the origin O be on the side of the satellite plane ABD opposite from C and 
inside the trihedral angle 48D — C. Then along the line CA from infinity up 
to A the cubic surface is in the dihedral angle which contains the origin, and its 


vertical. But from A to C the surface lies in the other pair of vertical dihedral - 


angles. Similarly the surface may be traced along the other asymptotic planes. 
It hangs together at the points A, B, D and at no other points. By shifting the 
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satellite plane into all typical positions with reference to the origin and the 
asymptotic planes, we get all the possible types of cubic surface penultimate to 
three planes. 

§3. Penultimate Class Loci. 


The case where, in /g,, a? has equal roots, excluded in most of the previous 
discussion, is best treated from the standpoint of the line equation. This subject 
we may introduce by the following quotation from Cayley:* “The system of 
tangents from an arbitrary point to the penultimate curve reduces (when the 
curve approaches degeneracy) to 1) the tangents to the several component curves; 
2) the lines through the singular points of these same curves respectively; 
3) the lines through the points of intersection of each two of the component 
curves; these points, each reckoned the proper number of times, are called 
‘fixed summits’; 4) the lines from the arbitrary point to certain determinate 
points called ‘free summits’ on the several component curves . . . . Thus a 
degenerate form of the n-ic curve .... may be regarded as consisting of the 
component curves, each its proper number of times, and the foregoing points 
called summits, and is consequently only inadequately represented by the ulti- 
mate form of the equation (4. Gen e-e Gre, = 0)? 

The line equation of /j, == 0, say Ps, = 0, can, by the methods of Part I, 
be thrown into the form ; 

Pan = Mp, Yap iit Nupu + by» = 0. 

Keeping the restriction +, = 1 or 2, we have p= 1 or 2. Then the „,,=0 
(p;==2) are the line equations of the asymptotic conics of the penultimate fm = 0. 
But the linear forms y can represent only points on the linear constituents of 
the penultimate fj, — 0. These points are in fact the before-mentioned 
“summits” of the curve. Thus the cubic 

fa = A + pay + vas = (2 + as) (Xi — mom + +R) 

+ (p— B)a + (v — E) ty = buon + i = 0 
degenerates when R = p — v into line and ellipse ču 5; — 0. The class equation 
of čuče — 0 is a 
“3 48 2 

on = vh nhs nm = (1a — t "n Xu) (4 — u —4] Sw) 

(Aou + 4vuj-F 40% uy + 31$) = 0, 





* Cayley, loc. cit. 
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and ng =0 is the class equation of %,,==0, whereas 7}, = 0, vj — 0 are.the points 
_ of intersection of 4, — 0 and ¢,,==0, the fixed summits, each counting double. 
Conditions similar to the above hold hen à 


It is well-known that the class equation of a curve f= 0 can be ducea 


fi 
to the form * Pipe- Pn faa! py,» — 0, 


where the pr are the foci of the curve and o, a are the circular points at infinity. 


` When the non-linear factors of the degenerate Pon are each put in this form, 


h 
Dé Pan = "uiua Pa Pa Pl ple + Ou Wy = 0. 


Hence, when by small variations of tts coefficients the class locus &,= 0 degenerates, 
tt degenerates into those curves which its asymptotes approach as limiting curves, 
together with those points which its foci approach as limiting pointe, during the 
variation, the foci of the non-linear constituents being excepted. 


Whenever a penultimate. curve. fj, = 0 possesses a proper class equation . . 


$54 = 0, the latter’s linear constituents represent only fixed summits (and double 
points). The function sn vanishes identically only in case the penultimate fs, 
has a multiple asymptote. Therefore /ree summits can exist only upon penultimate 
curves having multiple asymptotes. Since in this case the class equation is 
evanescent and the degree equation gives no evidence of the positions of the 
sunimits, the analytical determination of the free summits depends upon special 
methods. Cayley and Zeuthen have published tentative methods of finding the 
number of these summits. By using symbolical methods, the details of which are 
too long for the-scope of this paper, I have developed a method of finding the 
multiplicities of the fixed summits. If n, (t= 1, 2,....) represents the number 
of fixed. summits of species 1, 2,.... and m, the multiplicity of m, also if q 
is the number of free summits and the classes of the non-linear (and non- 
singular, say) EL of Psn are respectively 7,, 7,,...., we have of course 


a relation q=n— Emn — Try. 


‘Zeuthen has in certain special problems determined the equation of a curve 
which intersects the multiple asymptotes in the free summits, thus determining 
geometrically the positions of the latter. It should be noted that, in general, 
the intersections of the satellite u,, , — 0 with the multiple asymptotes f the penulti- 
mate curve fin = = 0 are all free summits of the latter c curve. 








* C. A, Scott, Modern Analytic Geometry, $ 270. 
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The Reduction of Families of Bilinear Forms. 


By H. E. Hawkes. 


Introduction 


The problem of determining the necessary and sufficient conditions that two 
families of non-singular bilinear forms are equivalent was first solved by 
Weierstrass in 1868. Since that time the subject has received considerable 
attention from various investigators, notably Frobenius, Kronecker, Weyr and 
Bromwich, but until recently a connected and clear account of this theory bas 
been lacking. The work of Bromwich, and in greater measure Böcher’s Intro- 
duction to Higher Algebra, have served to supply the deficiency, so that the 
theory cannot now be called inaccessible. 

The present paper gives a direct and practically self-contained derivation of 
the necessary and sufficient condition that two non-singular families of bilinear 
forms are equivalent by a method that is not only simpler of application than the 
classical methods, but well adapted for purposes of exposition. The simplicity 
of the demonstration rests in referring the general question of equivalence of 
families back to that of the similarity of numerical matrices. The question of 
similarity is settled by the derivation of a normal form in which a complete 
system of invariants of a class of matrices is displayed. 


§ 1. 
Two families of bilinear forms in 2n variables, 
XA + A'B = Say + pra (1) 
(i, j = 1, 2,... nn) 
NA+ A! B'z (Mat + N'bixi y, (2) 


are equivalent when and only when linear transformations, 
| v, = Ehu |ha| #0, 


Y= Xy Ez 
14 = 
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` exist that will transform (1) into (2). In these families, the parameters A/ and A”, 
“and the coefficients, are assumed to be real or complex numbers. This trans- 
formation may be expressed as follows in the notation of matrices: na 
| h(Xa + AD) — Ya + vb, - (8) 
where h, a, etc. symbolize the matrices whose determinants are |hg|, |ay|, etc. 
The necessary and sufficient conditions for the validity of (3) are that 


hak =a’; hbk-b. (4) 


The sufficiency of these conditions follows immediately from the application 


of the distributive law in operations with matrices; their necessity, from the 
fact that (3) is valid for all values of A’ and A". 


We proceed to find a method of determining the conditions under which : 


hand k exist; that is, simple means of determining whether (1) and (2) are 
equivalent, De us first consider the exceptional case when |a| ={}b| =0; 
while [A/a + A"b(=|c| #0. For a certain pair of values of X and 2" for which 
the determinant |c] does not vanish, let X'a'-+ A"b'zc c. Then if € and cd’ are 
equivalent, . 

hk=c; and hak = a. 


k-c!h^?c, and a’=har’hd, 


Consequently 


or 


a= h(ac?)h?; | E . (8) 


thus if € and ¢ are equivalent, the matrix a'g is similar* to the matrix ac 
The converse is also true. For from (5), letting k — €? he, we obtain 
immediately. —hak; ¢= hek. 


This criterion also holds in the unexceptional case where at least « one of the 
determinants |a| and |b|, say |b|, does not vanish. In this case the condition 
(5) is replaced by the condition - 
| a'b = (abhi. (6) 

The case where |aa + a”b]=0, which Kronecker has-completely dis- 
cussed, will not be considered in this paper. 

The problem of determining the equivalence of families of bilinear forms 
(1) and (2) is, then, reduced to the problem of determining the similarity of the 
matrices a'C^ and ac^!. It should be observed that the determinant of these 
matrices may be zero. | 





* Frobenius defines the matrices a and b, to be Ma {&hnlich) when a matrix | oxista such that 
. &cIbl?. See Oreille, 84, p. 21. ; 


P 
o 


+ 
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§ 2. 

We may, if we choose, think of all the matrices that are similar to each 
other as forming a class of matrices. If we can determine a complete system 
of invariants for a class of matrices, we shall be in a position to settle the ques- 
tion of the equivalence of bilinear forms that was stated in the last section. As 
a matter of fact, we shall prove that the following constitute such a system for 
a class of matrices under the transformations of similarity: 

I. The rank of any matrix, a, of the class. 
II. The characteristic equation of a. 

III. The degrees of the elementary divisors of the matrix A—a. . 

The proof of the first two parts of this statement is very simple and familiar, 
but will be given for the sake of completeness. 

Invariant I. Given a matrix a of order n and rank k. Let b = hah. 
Then since the rank of the product of determinants cannot exceed the lowest 
rank of the factors, the rank of b cannot be greater than that of a. Similarly, 
since a = h ‘bh, and the rank of a cannot exceed that of b. Hence the rank is 
invariant. 

Invariant II. By the characteristic equation of a matrix 


Ay, Ayg 048 -- + -Qin 











Any Ang Ange Ann | 
is meant the equation of the nth degree in A that one obtains by developing the 
determinant in the equation 


A— an ds ge ERAN Ain 
Ag; A — Gas dog anses. Gon 

(A) z= an Ogg A — Aggy... sees Ag, | = 0 
An Ong Ang. ++ À — Onn 


Suppose this equation has the form . 

(A) = A^ + AM! HA... 43-04 — 0. 
The theorem is well-known that the matrix a satisfies this equation identically, 
that is, @(a)=0. From this it follows that the characteristic equation is an 
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invariant of the class of similar matrices. For it is only necessary to show tbat 
the equation $(A) = 0 is satisfied identicslly: when hah is substituted for A 
This fact appears immediately, for. 
(hah) = (hah ?)"4- a (hah) + bota + An 
= ha"h* + ahah + .... +o, = hp(a)h = 0.* 


Invariant III. We now proceed to define the elementary divisors of the 
a-matrix 7—a. As we have seen, the determinant of this matrix is a rational 
integral equation in A, and is consequently factorable into n linear factors, 
(A — A'(A — Aa — 2,)5.... (A — A)r, where 4-545. 
Suppose that (A — 2,)" is the highest power of À — A, that is contained in all the 
first minors of the determinant |A—a|, that X’ is the highest exponent of this same 
factor that is found in all the second minors, and that, continuing in the same 
way, [5 is the highest exponent of A—A, that is found in all the «th minors of the 
determinant. Similarly, we may obtain sets of exponents bearing the same 
relation to the other factors of the original determinant, such as 


B. Dos ppt HL, ees s 
Now the first differences of these exponents, ' 
t, — le, li Mey, I Wr, Lost limes 
are called the exponents of the elementary divisors of the matrix. The expres- 
sions (A—A,)", (A—A4)%, ...., (&— à)” are called the elementary divisors of the 
matrix À — a, corresponding to the factor 4 — 2. We can obtain the complete 


set of elementary divisors of the matrix by considering the other factors of the 
characteristic equation. 


We shall, however, be interested chiefly in the exponents ej, &, €, ..... It 


appears that if the roots of the characteristic equation and these e’s, together 
with their distribution over the various factors, are known, we then know all the 
elementary divisors of the matrix. If, then, we prove that the elementary 
divisors are invariants of a class of A-matrices, the only actual addition to our 
two invariants I and II are these ¢’s and their distribution on the various factors 
of the characteristic equation. | 

The proof that the elementary divisors of a matrix are invariants of the 
matrix follows from the theorem that the rth minors of the product of two 








* Of course this same demonstration would show that any equation satisfied by a 1s an inyarient ot tne 
class of matrices. 


A 


hc uA 
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determinants are linear in each of the rth minors of the factors. Hence the 
elementary divisors of the matrix 4— a, and of any matrix equivalent to it, 
as S(& —a) t = A — b, are the same. | 

Now if a and b are similar, A—a and A—b are equivalent, and conversely. 

For suppose that a and b are similar. Then the matrices à — a and à — b 
are equivalent. For if b= hah^!, then evidently à — b= h(à —-a)h™, since 
hah =à. Conversely, if A—a and 24 — b are equivalent, then a and b are 
similar. For, suppose that (a — a)t = à — b. Since the distributive law holds 
in the operations with matrices, we have sAt— sat = à —b, or since this equa- 
tion is identically true, SA = À, that is, st = 1, or t— $71. Hence b = s-'as. 

Consequently in determining whether the matrices mentioned at the end 
of $1 are similar or not, it is only necessary to discuss the equivalence of the 
corresponding A-matrices. 


$3. 

This completes the demonstration that I, II and [IT are invariants of a class 
of matrices. lt is a more serious matter to show that they form a complete 
system of invariants. To do this, we shall show how to reduce the matrix a into 
& similar normal form which is completely characterized by the system of 
invariants I, II and III. 

Let the roots of |A — a| = 0 be Ay, Ay, 43,....,2,, of which suppose that 
the first r are distinct. Let the solutions of the r sets of n linear equations in 


n variables 
Daun = Ant (= 1, 2,....,N; hz, Bess.) 


be E(? EP E(?....E9. Build, now, a matrix of the nth order of which the first 
r columns are these £’s, and of which the other elements are all zero excepting those 
in the principal diagonal, which is made up of 1's in the places not filled with Es. 
Call this matrix t. Build also f”!, and carry out the multiplication tat. The 
result of this process by which we pass from a to a similar matrix changes the 
form of the matrix materially. In fact, in the new form we have all the ele- 
ments of the first r columns zero except the elements of the principal diagonal, 
which are Ay, 45, Agy- +++, Ape In the transformed matrix consider the (n — r)- 
rowed determinant that is common to the last n —r rows and columns. Proceed 
with this exactly as was done with the original matrix, only in the matrix that 
corresponds to f let the elements in the first r columns all be zero except those 
in the principal diagonal that fall in those columns, which we place equal to 1. 
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Continue this process till there are no non-zero elements below the principal 

diagonal, and the principal diagonal consists of the roots of the characteristic 

equation. - ; ' 
Numerical Example. Let us reduce to normal form the matrix 


of which the characteristic equation is 
at — 5AË + 9A? — TA + 2 — 0: 


By taking the derivative of this equation it append that 1 is a triple root, and 
that 2 is the other root. 
We will first simplify the matrix by hringing 2 to iiio leading place, and 1 
to the next place in the principal diagonal, making all the other elements of the 
first two columns zero. To this end we get as solutions of the equations 


2y —2y + z+ w= Rg, 
6x: — 8y- + 4wcy, 
162 — 3y — Ag + 8w = 22, 
232 + 4y — 132 + 10w = 2w 


the values z — 1, y = 2, g = 3, w= 1. We must also solve the equations that - 


we obtain from these by replacing the right-hand members, viz., 2x, 2y, 2z, 2w, 


by æ, y, z, w. The solution of these equations is œ= 0, y =— 1, z = — 1, 
w= — 1. Now compute the product t'at, where 
1 0 0 9 1 0 0 0 
.|23—1 0 0 LÍ 2-1 0:0 
SE er lea 1 of 
1—1 .0 1 | 1—1 0 1 
and we obtain 
2 0 1 1 
0 1 2—2 
a= 
0 0—5 3 
0 0—12 7 


4 
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Now solving the equations 


— 52+ 3y=2, 
— 12x + Ty =y, 
we find that z—1, y= 2. Now compute t;'at,, where 
1 0. 0 0 
pelo un 0 
17 lo 0 1 ol : 
lo 0 2 1 
and we obtain | 
2 0 1 i 
IM EZ 
| O0 cud cup 8 
0 0 0 1 











From the results that we shall obtain in the next paragraphs it appears that we 
may replace the last two elements in the first row, and the last element in the 
second row, by 0 without further transformation. The —2 and the 3 may be 
replaced by 1, and we have the result 


2 


0 
E 0 
Sem 1 
1 


OHH © 


0 
0 1 
0 0 
0 0 

Now if a non-zero element, say a, occurs in the intersection of the ith row, 
and the Ath column, and if the roots A, and A, are distinct, this element 
may be replaced by zero without otherwise disturbing the matrix, For 
build the matrices h and h each of which have all the elements in their 
principal diagonal equal to 1, and which have all the other elements equal to 
zero except that in the ith row and the kth column, where the values A and — A 

Qik 

As — Ay 
change the elements of any row above or below the ith, and only the element ay, 
in that row, which it replaces by 0. | 

Consequently, since we can always find a transformation that will replace 
such elements a4, (4; E à+) by zero without disturbing the rest of the matrix, 
there is no necessity of going through the transformation at all, but the elements 
may be replaced by zero as soon as the previous transformations are completed. 


respectively occur, where h= The transformation hah does not 
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We may now, by an interchange of rows and columns, which in the present 
form of matrix is equivalent to passing to a similar mgtrix, bring into juxta- 
position along the principal diagonal all the roots that are equal to each. other. 
We have then a matrix of the form 


a; 0 0....0 
0 a 0....0 

& —|. 0 O as 0, (7) 
0 0 0....8 








where a, represents a submatrix all of whose rocts are equal, and in which all | 
the elements below the principal diagonal are zero. 


§ 4. 
We may then for the further reduction of the matrix confine ourselves to 
the consideration of a matrix all of whose roots are equal, and which is in the 
form 








A Ap Ag (Lim 
0 À 0$ Am 
8 = 0 0 À pm |, 
0.0 0 À 
where à is taken to represent any one of the distinct roots 24, Ag, ....,2,. We 


now seek a method of further reducing matrices. of this type. To effect this 
reduction we may use transformations of three types. | 

First, we may effect an interchange of the subscripts i and j; that i is, we may . 
carry out the substitution (1j) on the subscripts by transforming a, by the matrix 
hin which Ay = hy = 1 = Ay, (kF i, jf), and all the other elements are zero. 
Since the transformation is known always to exist, of course the indices may be ` 
interchanged without actually going through the transformation. 

' Second, if ay 0, and at the same time aj ,, + 0, we may transform a, by 
h, where A, = 1 and all the other elements are zero excepting Ay_,, which has 
the value ag/a, ,. This transformation has the effect of replacing a, by zero, ' 
but not affecting the remainder of the matrix excepting certain elements in the 
first € — 1 rows. l ' 

Third, if aj £ 0, and at the same time ajy — 0, but aup 0, we may 
transform the matrix a, by a transformation of the first type so that a, falls in 
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the place that was occupied by ay,,, and is, as a consequence, directly over a 
zero element. Now transform the matrix by & transformation h such that 
Ay. = 1 and all the other elements are zero excepting h,,4:1, which has the 
value —@y4;/ay. The effect of this transformation is to replace a,,, by zero, 
and to leave all the other elements in the matrix unchanged with the exception 
. of certain elements that occur in the first $£ — 1 rows. 

By the use of these transformations we are able to start with the last row, 
and gradually replace all the elements by zero, excepting certain elements that 
we can always put in the place of the elements a,,,,, and which constitute what 
we will call the over-principal diagonal. By a simple transformation these 
elements may all be replaced by unity, so that our matrix a, assumes a form in. 
which every element is zero excepting the elements of the principal diagonal, 

which are all equal to A, and the elements of the over-principal diagonal, which . 
` are all either 1 or 0, This is the normal form for which we were seeking. It 
appears that any matrix can be brought to this form by properly chosen trans- 
formations, and consequently that every matrix is similar to some matrix which 
is in normal form. It is observed that the matrices that we have considered 
need not necessarily have the rank n, but the characteristic equation may have 
zero roots without affecting the method in the least, 

The transformation employed in obtaining the form (7) er that 
the characteristic equation had been solved. If this equation is irreducible 
in the domain of rational numbers, this process is an irrational one. Since the 
objection to the irrational process is partly a practical one, it is worth while to 
observe how serious these irrational operations are, practically. In the first 
place, if there are no multiple roots in the characteristic equation, the fact is 
determined rationally, and in such a case no reduction is ever necessary, as each 
of the subdeterminants a, in (7) reduces to a single element, and the equiva- 
lence hinges on the identity of the characteristic equations themselves, which 
is surely determined by a rational process. For the case n= 3 there can be no 
irrational multiple root. -In the case n = 4, the only possibility of having an 
irrational multiple root is when the characteristic equation is a perfect square; | 
that is, when there are two pairs of conjugate quadratic surd or complex roots. 
No irrationalities of the third order will be encountered in the reduction of any 
matrix of lower order than the ninth, and then only when the characteristic 
equation is a perfect cube; and a matrix of order twenty-five would be the first 
that would involve non-algebraic irrationalities. 

15 | 
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- The submatrices in the previous numerical example that correspond to equal 
roots of the characteristic equation are.so simple that it is worth while to give 
another numerical example of a rather more complicated character. In con- 
sidering the following matrix of order six, with six equal roots, it is to be noted 
that the value of A is assumed to be 1. 





1 11-3 5—7 
QUIE del: 55 
EL XN NETS 
&-—ío 0 0.1 1—1 
0.0 0 0 1 0 

0 0 0 0 0 1 








Transforming by h where all the elements of h are zero except those in the 
principal diagonal, and the element Ae, all of which have the value 1, we obtain 








] do Meet 
Oot eet ey 
lo 0 1 0 0—1 
&—/o o 0 1 0—1 
0 0 0 0 1-0 

0 0 0 0 0 1 





This is a transformation of the third type. 


Interchanging, now, the elements that should be moved when the HR | 


5 and 6 are interchanged. we have . 
—9 —7 —2 N 





111 
D À were 
|ò 0 1 0—1 0 | 
&—o0 o o 1—1 0 

0.0 0 0 1 0 
0 0 0.0 0 1 





Transforming this matrix by h where all the elements of h are zero except- 
ing those in the principal diagonal, and the element hy, all of which have the 
value 1, we obtain 


1 1 1-27 —2 

0 i 1 0 —5 —3 

| 190. 0 10 0 0 
&—/lo o o 1—1 0 
0 0 0 0 1 OQ 

0 0 0 0 0 1 








This and the following transformation are of the second type. 
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Transforming this matrix by h, where all the elements of h are zero ex- 
cepting those in the principal diagonal, which have the value 1, and hy which 
has the value 5, we obtain 








d. d $e een 

0: d 4 E 
lo 0 1 0 0 0 
=l o 0 1—1 0 
0.0 0 0 1 0 

0 0 0 0 0 1 





Interchanging the elements corresponding to an interchange of the sub- 
scripts 4 and 6, followed by the interchange of 5 and 6, we obtain 


qo wd wed ST 
0 1 1—3 0 0 
|: lo 0:1 0.0 0 
&—lo o o 1 0 0 
0 0 0 0 1—1 
0 0 0 0.0 1 








Transforming this matrix by h, where the principal diagonal consists of 1's 
and žus = 4, we get | 


Bougie 
0 1 0—3 0 0 
0 0 1 0 0 0 
&a=lo o 0 1 0 O0 
lo o o 0 1—1 
0 0 0 0 0 1 





This is a transformation of the third type. 

. From the nature of the transformations employed it is clear that we may 
get rid of elements without disturbing the rest of the matrix, so that the normal 
form of the matrix is finally 





i 1 0 0 0 0 
0:1 1 0 9 0 
0 0 1 0 0 0 
MD. o 0 1 0 0 
0 0 0 0 1 1 
0 0 000 1 


It is easy to see that the necessary and sufficient condition that two matrices 
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are similar is that they are reducible. to the same normal form. Furthermore, it 
appears that if we know the rank of a matrix and the roots of its characteristic 
equation, that is if we have the first two of the invariants mentioned in §2, we 
can fix exactly every feature of the normal form, of that matrix excepting the 
arrangement of the 1’s along the over-principal diagonal. If, then, we can show 
that the way these group themselves is determined by the values of the 
exponents of the elementary divisors, we shall be able to pronounce the set of 
three invariants a complete system for the class of matrices. 
Let the matrix a, have the following form:: 


AIN 
Na 


A0 


where zeros fill the places left blank, and where the e’s represent the number of 
consecutive 1’s in the various groups of 1’s in the over-principal diagonal. 
Suppose that the order of subscripts is so chosen that e; > e4 >....>e,. Then 


we can show that these es are precisely the exponents of the elementary . 


divisors that constitute one of the three invariants mentioned. 

Since the matrix À — a, only differs from the matrix a, in having the ele- 
ments A replaced by the elements A—A, all along the principal diagonal, we may 
observe the relation between the elementary divisors and the way the 1’s are 
arranged as well from the matrix a, that we have just written as from the 
matrix 4— 8. We wish to observe the highest common factor of the subdeter- 


minants of the various orders of a}. Consider the highest power of 4, — A, that. 


occurs in all the-nion-vanishing first minors of A—a,. Evidently the first minors 


with respect to the elements above the principal diagonal vanish, since all the 


elements below the principal diagonal of such a minor, and at least one element 
in the principal diagonal, are zero. The minor with respect to an element in the 


rt 
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principal diagonal has the value (A — %,)”-!, where m is the order of a. If in 
forming a first minor with respect to an element below the principal diagonal, 
one of the zeros that separate the sets of consecutive 1’s is inside the right angle 
formed by the row and column that are deleted to form the first minor in ques- 
tion, then that zero is introduced into the principal diagonal of the first minor, 
which, therefore, vanishes. Consequently, the only elements of a, whose minors 
do not vanish are those whose rows and columns contain only consecutive 1’s 
from the over-principal diagonal of a, inside the right angle formed by those 
rows and columns. Consequently the minimum degree of any non-vanishing first 
minor in 4—2, ism—e. Similarly the minimum degree of à — 2, in the 2nd, 
3rd, . . . . minors is m—(a+e), m—(e+e+e),..... Evidently the first difference 
of these numbers are e, 6, &,....; that is, the es are the exponents of the 
elementary divisors with respect to the root A. In a precisely similar manner 
we could find corresponding numbers for the other roots of the characteristic 
equation of. the original matrix a. The e’s of our normal form are, therefore, 
the exponents of the elementary divisors of the matrix. 

We have, as the result of the paper up to the present, the 

Tarorem. The necessary and sufficient condition that the two non-singular 
. families of pues forms 


XA + ANB, | (1) 
A À! + a B! E t ( 2) 
are equivalent, is that the matrices corresponding to the forms 
| fA 2 — AB- T 


— ABA c 


have, as their complete system of invariants under the similarity transformation, 

(I) their order, (II) the roots of their characteristic equations, (III) the expo- 
nents of their elementary divisors. 

| These three invariants may be included in one invariant; namely, the 

elementary divisors of the matrices of these forms. 


N | " 
We proceed to show that the necessary and sufficient condition that the two 
non-singular families AA + A"B and: aA’ + A'B' are equivalent is that their 
own elementary divisors are identical. The necessity of this condition is shown 
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in the same way as the invariance of the jemena divisors of a matrix was 
shown at the end of § 2, and will not be repeated here.* 

It also appears scmedistély that if the matrices ab^! and a/b’ have 
identical elementary divisors, then (1) and (2) also have identical elementary 
divisors. For then ab^ and a/b’ are similar, hence (1) and (2) are equivalent, 
and have the same elementary divisors. It-only remains to show that if (1) 
and (2) have equal elementary divisors, then ab and a/b’ also have. equal : 
elementary divisors. 

Let ab^ — n, and consider the family An + À. We assume that n is in 
normal form. This family is equivalent to (1) by the criterion derived in § 1. 

Now if the matrix of this family An + A, is written out, it is observed that 
the principal diagonal consists of elements of the form 242, -- 45, where the A, are 
roots of the characteristic equation of the matrix ab^, and the over-principal 
diagonal consists of unit elements or zeros, in the same order as they occur in 
the over-principal diagonal of the matrix n. That is to say, we have here a 
form of the matrix of the family of (1) that displays its elementary divisors in 
just the same way as the elementary divisors of ab! are displayed in m. It is, 
in fact, a normal form for (1), and it appears that the exponents of the elementary 
divisors for n are the same as those for (1). Consequently, when we find the 
normal form for ab-!, we are simultaneously finding the normal form (1), and if 
(1) is known to have certain elementary divisors, we can write down without 
further discussion the elementary divisors of ab^, for their exponents are 
identical. Consequently, if (1) and (2) have the same elementary divisors, ab-! 


. and a/b'7! also have the same elementary divisors, and (1) and (2) are therefore 
equivalent. This is Weierstrass's great theorem. 


Practically to determine whether two families of bilinear forms of the types 
(1) and (2) are equivalent, we must build the matrices ab^! and a'b'7!, and reduce 
both of these matrices to their normal form. If they have identical (I) rank, (II) 
characteristic equations, (III) exponents of their elementary divisors, then (1) 
and (2) are equivalent. It is to be observed: that if invariants (I) or (II) of 
the two matrices differ, the fact is always noticed before any reduction is made, 
and the fact of inequivalence is shown without the labor of reduction. 

' Yarm UmivsnsrrY, „December 11, 1908. 








* For a detailed proof of this fact see Bacher, Introduction to Higher Algebra. : 
a , . 


Basic Systems of Rational Norm-Curves. . 


Br J. R. CONNER. 


I. 
INTRODUCTORY. 


81. Basic Systems Defined. 


The base, or (n + 2)-point in a space of n dimensions, derives its importance 
from the fact that it is the figure of the greatest number of independent points 
that is projectively equivalent to any other such set. The assumption of two 
ordered bases in two separate or superposed spaces gives a collineation between 
these spaces. | 

. We shall use the symbol S, in referring to a flat space of n dimensions, and 
shall designate the rational norm-curve in n dimensions by the symbol R”. An 
R” has n?-- 2n —3 constants. It is n—1 conditions on a curve in n dimensions 
to pass through a given point, and hence R”’s on n+2 points have 


+ In—3—(n—1) (n+ 2)9n—1- 


degrees of freedom. We shall call a system of c" Rs on n +2 points in 
n dimensions a basic system of rational norm-curves, and individual curves of such 
a system, basic Rs. There is a unique R” on n + 3 points, in general, and 
hence through the general point of the S, under consideration passes one and 
only one basic R”. 


$2. Contact of Basic R"’s with Spreads in S,. 


The following theorem is one of which use will be made throughout this 
paper. It is inserted here as a matter of convenience. 


116 CONNER: Basic Systems of Rational Norm-Curves. 


. * Basio Rwsi in S, ae -point contact Yid an (n—1)uoy spread, 
Sa (ax)™= 0, : 
of order m, T at points of an (n—p)-way spread of order 
| m (m + 1) (m +2)... (m 4- p— D), 
. which is the complete intersection with a of (n jun, spreads of orders 
| m+1, m+2 ....,)m+p—1. 
Proof: Take as base the n +1 points of the reference figure and the unit 


point. An R” on these points and a point x is in En uniquely determined, 
and may be given parametrically by 


(i=1, er 


.,n+1). mu (1) 





— ^“ 
pos di 1 = xit 
r=} gives the points of reference, t = œ gives the unit point, and £—0 


gives ‘the point x. 
(1) may also be written 


or ' : 
OU, — À Lp CORR Hat a rl)? 85, 407], | (2) 


where s,, is the sum of products j at a time of all the x's but x. The R (2) 
meets (ax)®—0 in the mn points given by 


OP TN ee eE; (3) 
where 4 | 
| (ax) = aim + axs + - 

(axs) = 0475 8,1 + aoe or 














* Compare Humbert: «Bur un paren Esci: de Coniqués,” Journal de P École Polytechnique, l 
Oah. 64 (1894), p. 135. Humbert’s argument that basic B's ‘touch an nm-lo surface at points'of a curve of 
order 2»! and osculate in 6% points is obviously incorrect. His equations (6) should be 


ot 


of F of " of 
23 ITE ae taf 0, 
which is the form given further on. 


4 
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Expanding (3) and arranging in ascending powers oft, we have 
(ax)™ — m (a)? (a.a 8) t + (9) (a x)" 7? (axe) + m (a c) (axs) ] i” 
— [($) (aa) (axe) + 2 (2) (ax) (axs) (89) + m (ax) (ax 85) ] C 
HEC) Ga) (are) + 3 (F) (ax) (a 281)" (0s) + (2) (ax) (a 28a)? 
-]- 2 ($) (ax) (axe) (axs) + m(ax)™ Tl(axs)]ét— .... — 0. 
If x is a point of (aæ)"= 0, t is a factor of (4), and the remaining roots of (4) 
are the parameters of points of intersection of (2) with a. If we desire the 


basic Æ” on x to touch the spread a at x, à? must be a factor of (4) and we 
must have 


(4) 


(ax)™ = 0, 
(ax) (axs) = 0. 
If we desire p-point contact, ¢? must be a factor of (4); the coefficients of 
1, ¢, 05, ...., t3 in (4) must vanish. But these represent (n —1)-way spreads 
of orders 
m, m+1l, m+2, ...., m--p—1, 
respectively. Hence the theorem. 
The coefficients of (4) may be modified by the identities 
(a x 8) = (ax) o; — (ax), 
(ax) = (ax) 0 — (a x) 0, + (ax?) 
(a x 83) = (a x) eg — (a £) og + (a x*) o4 — (a xt), 
where the o’s are symmetric functions of all the x’s, and 
(a x?) = a, xf + a+... 
Using the identities (5), we have from (4): 
The conditions for p-point contact of a basic R” with (ax)"=0 at the point x are 
(a x)” = 0, | 
(az (aa?) = 0, 
(m — 1) (a 2)" (a)? + 2 (ax) (a a) = 0, 
(m — 1) (m — 2) (a w)" (aa) + 6 (m — 1) (a x)” (ax) (a 2) 
+ 6 (ax)™ (ax) = 0, 


Pe «s"s7"7z757l000k2)0:5:)151jbJ]g0 


(6) 


The forms (6) may beobtained more directly by substitution of the coórdinates 
of x as given by (1) in (ax)”, differentiating p—1 times as to t and putting £—0 
16 


E 
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in the resulting expressions.* The spreads (6) behave very much like the suc- 
cessive polar spreads of a, and the modifications of the theorem for the case 
where a has multiple spreads are obvious. A specially interesting case arises 
when basic R"’s cannot have p-point contact with a without lying entirely on it; 
we shall see several applications of the theorem in this connection. 

We have from (6): 

Basic R”’s have p-point contact with an S,_1, (a x) = 0, where 


(a2) = (aa) = (aa) = = (ax?) = 0. (7) 


IL. 
Basic Noru-Corves in Two DIMENSIONS. 


§3. Applications of the Theorem of Part I. 


The base in a plane is a set of four points. The basic system of norm-curves 
is here the pencil of conics on the four points. These conics define an involution 
on every line of the plane. The double points of this involution are the points 
of contact of the two basic conics that touch the line. The points of contact 
of basic conics with a given line, (ax) = 0, are cut out by 


(ax) = 0. 
Basic conics touch an mic curve —— | 
a zz (a x)" = (1) 
in the m (m + 1) points cut out by ' Ps 
(ax) (aaf) == 0. | (2) 


If (1) is on & base-point, (2) touches (1) there. If (1) is on a point of the diagonal 
triangle of the base, (2) passes through that point, but does not in general touch 


(4) there. More generally, if (1) has an i-fold point at a base-point, (2) has an 


t-fold point there, with the same tangents. If (1) has an t-fold point at a point 
of the diagonal triangle of the base, (2) has also an i-fold point there, but not 
with the same tangents in general.’ 

(2) vanishes if the conditions for a node of a are satisfied; that is, if 


(ax) a =0 (i= 1, 2, 8). 


Hence (2) passes through all the nodes of a, and two is to be deducted from the’ 


number of actual contacts for each of the nodes. 


e 








*Humbert, loc. ctt. | 


> 


Conner: Basic Systems of Rational Norm-Curves. 119 


If a have a cusp at x, we must have 


Oa da _ ða óc 
Om. Om, Om.’ 
and 


LIPE Stas tann geant 


is a perfect square. This last expression, if a perfect square, is the square of 


FALTEN d were 0, (3) 


_ the square roots being those definite roots determined by the conditions 


Oa 
N Bal Baja 4) 


(8) equated to zero is de ae tangent toa ata. Now the tangent > (2) at « is, 





dropping the terms in 5 ; 


AC EST at tants 
+ Ys (aseo. m TE | (8) 
+0 (eo + oos = +855 


(5), on account of the conditions (4), may be written 


(9 ARINEN 52) JONES CNE 3) =0. 


Hence (2) passes through all cusps of (1) and touches the ‘ousp-tangents at the 
cusps. We have, then, . 

If an mic curve, not related to the base, have à nodes and x cusps, the number 
of basic conics having proper contact with itis _ 


N=m(m 4-1) —28 — 3x. 


We can now find the order of the curve of contact of basic conics with a 
-pencil of m-ies. An m-ic of the pencil can meet the curve only at its points of 
contact with basic conics, since there is only one m-ic of the pencil on a general 
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point of the plane, and at the base-points of the pencil of m-ics. We have, 
then, as the number of intersections of an m-ic with the curve, oe 
| o, m + m(m+1)=m(2m 4 1). A 
This gives the theorem: | 
_.* The curve of contact of a pencil of conics and a pencil of m-ics is a curve of 
order 2m + 1. 
If we have a pencil of m-ics 


(a x)" + X(B x)" = 0, 


the contacts of basic conics with the curves of this pencil are cut out by the: 


corresponding curves of the pencil 
(a x)" (a a?) + A (8 a)i (8 a?) = 0. 
Eliminating A between these two equations, we have 
(agp s Bar” = 0 (6) 
(a x)" (ax) (BE (6 x?) 
as the equation of the curve of contact. If (ax)"* have a node at a point y, 
(aæx)"-l(aa) passes through y, and y is a simple point of (6). Similarly, if 
(«x)” have a p-fold point at y, y isa (p—1)-fold point of (6). (6) obviously 
passes through the base-points of the pencil of m-ics. It is also on the four 
points of the base, and the three points of their diagonal triangle. | 


$4 À Rational Sextic Associated with the Base. 


Certain curves that arise in connection with systems of basic conics in a 
plane are of importance in the discussion of higher dimensional cases. We 
. mention some of these here, though the discussion of the special cases of these 


curves that we shall meet later will be easier in the light of facts that have not - 


yet been brought out. | | 
A sextic curve, X, is determined by the basic conics and a general conic, Q, 
in the following manner: Through a point of intersection of a basic conic with C 


draw the tangent to C. The locus of the point where this tangent meets the basic i 


conic again is a rational sextic curve. 

For it obviously has nodes at each base-point, the double point being 
determined by the two basic conics on the two points of tangency of tangents 
from the base-point to C. Further, a basic conic, apart from intersections at 








* This is a special case of a more general theorem. Bee Pascal: ‘Rep. der Höheren Math.,” II, p. 482. 


E 
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the base-points, can meet the curve only in the four pointa determined by its 
intersections with C, since there is one and only one basic conic through a point 
of the curve, and this must be its defining conic. We see, then, that a basic 
conic has 4 + 2.4 — 12 intersections with X, and hence it is of order.6, being 
met by a conic in twelve points. X is in one-one correspondence with C and 
hence must be rational. It must touch C at the six points of contact of basic 
conics with C. For these basic conics obviously touch © there. 

Four of the ten nodes of X are at the base-points. Since there is only one 
basic conic on a given point of the plane other than a base-point, the only way 
in which additional nodes can arise is for the pole as to C of a common chord 
of C and a basic conic $ to be on d. If this happens for a given common chord 
of O and $ it will happen for the opposite common chord. Hence: 

Six nodes of X lie by twos on three basic conics. The other four nodes are at 
the base-points. l 

A rational sextic in a plane has seventeen constants. X, being determined 
by a conic and a base, has 5 + 8 = 13 constants. Three conditions on X are 
accounted for by the theorem as to the nodes. The additional condition seems 
to be the existence of a perspective conic, O.* 


85. A Point-Sextic and a Line-Quartic Determined by Two Bases. 


The base in a plane determines a quadratic Cremona involution x, y such 
that x and y are apolar to all basic conics. The polar lines of x with regard to 
basic conics are on y. « and y are the points of contact of basic conics with the 
line xy. The base-points are fixed points of this transformation and the three 
points of the diagonal triangle are singular points. A line is carried by the 
transformation into a conic on the singular points. A conic goes into a rational 
quartic with nodes at the singular points. 


There are four pairs of corresponding points on every conic of the plane, 





* Stahl: “Zur Erzeugung der ebenen rat. Curven," Math. Ann., XXXVIIL Two rational curves, one 
given in lines and the other in points, are in perspective position when they are in one-one correspondence and 
corresponding lines and points are incident. This requires, in general, that the two curves shall touch, or 
that the point-curve shall have a cusp, at every common corresponding point. For, let us say that the line- 
curve A meets the polnt-ourve L at a common corresponding point a. Consider L as generated by a point of 
a line of A, suitably fixed. This point approaches a as the point of tangency of the tangent to A approaches a. 
But a variable point on a tangent to a curve, at an ordinary point and In the neighborhood of the point of 
tangency, cannot cross the curve. Hence our statement. It is an easy inference from Stahl’s theory that a 
point-curve and a line-curve In perspective position must, in general, have m + 5 — 2 common corresponding 
points, ni and n being the order and class respectively of the two curves. 
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namely, the' eight points in which the conic meets its correspondent quartic. 
Assuming the basic conics as given, a pencil of conics P determines a curve of 
points x whose correspondent, y, as to the basic conics, lies'on the same conic ® 
with a x is subject to the condition that the points x, y, determined by the 
basic conics, shall be apolar to the points +!, y/, the points of contact of conics D 
with the line zy. The locus of x, S say, is evidently on the base-points of ®, 
since the involution +, y! is parabolic at these base-points. If z is a base-point 
of D, thé point y determined by x will, then, satisfy the condition of apolarity 
to dy. A conie D meets S in 8+4=12 points. Hence: | 

The locus of a point, x, whose correspondent, y, in the Cremona, involution 


determined by the basic conics, lies on a conte with x and four Taa points of the 


plane, is a sextic curve S. 

This sextic is invariant under the quadratic involution, corresponding 
points on it being interchanged. It follows that it must have nodes at the 
diagonal points of the base. 

These facts may by reached analytically. - Let us assume as base the points 


(1, +1, +1) with the reference points as diagonal points. The Cremona 


_ involution determined by basic conics is now simply 


° 1 
| PY— ER (7) 
Suppose the pencil of conics, D, to be 
= (ax) + 2(6 a} = = 0. mE (8) 


The points x whose "mcd points lie on the same conic ® with z must 
satiety in addition, accordiug to (7), . 


(a/s) + 2 (le? = |. (9) 


(a/x) = ay/ 2, + as] a + 0/2. 
Eliminating 4 between (8) and (9), we have 


where 


s=| CF (Ga |o, | (10) 


(a/s) (B/x) 
as the equation of our sextic. (a/z) and (B/xŸ are rational quartics with nodes 
at the.diagonal points of the base. The form of (10) gives us with regard to the 
sextic S: E 
1) 8 is invariant under the involution (7). 
2) © has nodes at the diagonal points of the base. 
3) S is on the base-points of both pencils of conics. 
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The locus of points of contact of basic conics with the lines of a pencil is a 
curve of order 2.1 + 1—3, as is otherwise known. This cubic is on the four 
base-points and the three diagonal points. It is evidently invariant under (7), 
points of contact on each line being interchanged. Every point of the plune 
determines a cubic of this sort; there are œ? of them and they form a linear 
system. A cubic determined in this way by a point a meets S in 18—3,2—4=8 
points, apart from the seven. This says that through any point a of the plane 
there are four lines joining pairs of corresponding points on the sextic S. 
. Hence: 

Lines joining corresponding pointe of the sextic S touch a curve of class four. 

The equation of this quartic may be written down at once by means of the 
Clebsch translation-principle. Given two pencils of binary quadratics 


(aa)? + A (Ba) = 0, 
(vay + u (92) = 0, 
the apolarity-condition of the Jacobians of the two pencils is 
la| [yòl [lay] 189] + jad] 18 y|] = 0, 
layl’ 1881 — [ad /* 8y|* =o, ET 
laß| Iyöl=layl 183] — ladl 1871. 
The equation of our quartic is, from (11), | ` 
lay El |B SE|*— ade)? By El? = 0, /— (2 
this being the equation of tbe quartic determined by the two pencils of conics 
+ (ax) +A(Bx}= 0, 
Ga) + ala? = 0. 
If (y x + u (ôx) is the pencil of conics on the base (1, +1, +1), we have 


or 


gince 


yg = y = E yu = XM = 0, 
and (12) becomes, 
E (ae Bss — drs Boe) Ef + 2 X (au Bes — an Bu) Es bs (3 — 5) 
+ X [on (Bis — Bre) — Bu (es — as) ] & Ei jon 
+ 2Z [ass (Pss — Bar) — Bas (ass — ae) + 2 (ans Bin — Bis 05) ] ET Es Es = 0. 
The terms not given may be obtained by cyclic permutation of the subscripts. 
The equation (13) shows that the quartic touches the six lines (1, +1, 0), 
(1, 0, #1), (0, 1, +1), the six lines joining the base-points two and two. By 
symmetry we infer that it also touches the six lines joining the base-point of ®. 
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It will be observed that two sextics are determined by the basic conics and 
the pencil D, one, S, whose equation we have found above, and another, S', the 
locus of pairs of corresponding points z/, y which lie on basic conics. The 
: equation of S’ may be obtained as we found that of S. It is, in determinant form, 


Ld | 
SZ | xi, e$, a | = 0, (14) 
yi, Vi, ys 
where 


n= ye leaB|(@a)(x), (15). 


(15) being the Cremona involution determined by the conics d. The quartic 
(13) is symmetrically related to both pencils of conics and to both sextics. Its 
lines meet the two sextics in harmonic pairs. 


; III. 
Basıo Nonu-Cunvzs IN Tares DIMENSIONS. 
86. Introductory. 


The base in three dimensions is a set of five points. There is a system of 
&? norm-curves (A's) on the five points, since an R? has twelve coórdinates, 
and it-is ten conditions on a curve in poes to pass through five given points. 
In addition we have a linear system of c * quadric surfaces on the five base- 
points, which we shall call basic quadrics. In our discussion of the BUS we 
shall make use of the following known theorems: 


a) Basic quadrics meet any plane a in conics apolar to a definite conic C, in a.* 
b) Basic R?’s meet a in sets of three points apolar to C,. 


These sets of three points are very important in the consideration of the 
apparatus determined by basic R®’s on a plane. We shall use the symbol (f? in 
referring to such a set of points. In general, we shall use the symbol (("? in 
referring to a set of r points of a basic R” on any flat under consideration. 

c) Basic Rs tangent to a touch at points of C. t 


* Compare Loris, Æ. Istituto Lombardo, April, 1884. 
t Reye: “Geometrie der. Lage,” Part IT, pp. 228, ff. 
t Reye: lec. cit. 
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d) Six basic R®’s osculate a, the points of osculation being on C,.* 

e) Basic R®’s tangent to a meet a again in points of a rational sextic curve 
with nodes at the ten points of the Desargues configuration (configuration B) deter- 
mined on a by the five base-points.* 

f) Basic elliptic quartics (E*'&) meet a in sets of four points orthie to C,.+ 

By a set of four points orthic to C, we mean four points such that any conic 
on them taken in points is apolar to C, taken in lines. Dualistically we have 
sets of four lines orthic to ©. 

C, may be defined as the conic with regard to which the configuration B 
determined on a by the base is self-polar. We name the points of the base 
1, 2, 8, 4, b, the ten lines joining two of these five points 12, ete., and the ten 
planes joining three of them 128, etc., and name the points and lines of the 
configuration B on a after the lines and planes of the base by which they are 
determined. 


§7. The Point-Sets i. 


Consider the whole set of basic Rs as projected from a base-point, say 5. 
This gives us a pencil of quadric cones with vertex at 5 and on the four lines 
15, 25, 35, 45. On each of these cones there is a single infinity of basic R*’s, 
one E? through every point of the cone. A basic E? through a point a of one of 
these cones must lie entirely on the cone, since it has seven points in common 
with it, four at 1, 2,3, 4, two at 5, and one at a. 

This pencil of quadric, cones meets a in a pencil of conics on 15, 25, 35, 45, 
all of which are apolar to C, by theorem a). 15,25, 85, 45 are an orthic 4-point 
as to C,. A defining characteristic of such a set of points is that the pole of the 
join of any two is on the opposite line of the complete 4-point. A conie of this 
pencil, being apolar to C,, must contain a single infinity of 3-points apolar to C;. 
Since one point not a base-point and not on a base-line is sufficient to determine 
uniquely a basic R®, and since one point of a conie of the pencil is sufficient to 
determine uniquely a 3-point apolar to C,, we have the theorem: 

8-points (P on a are 3-points inscribed in conics of the pencil 15, 25, 35, 45, 
and apolar to C,, and conversely. 





* Storm, Orelle's Journal, Vol. LXXIX, p. 99. There are many points of contact between this paper of 
Sturm and the paper of Humbert cited earlier, on the one hand, and the present section of this paper on the 
other, but the point of view is somewhat different. 

+ This in an easy consequence of theorem a). 


17 
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In the configuration B there are five orthic 4-points, namely: 


15 2 85 46° (5) 
14 24 84 64, > (4) 
13 23 48 58. (3) 
12 32 42 852 (2) 
21 831 Al l (1) 


These may be called the sets 5, 4, 3, 2, 1 respectively. Two sets $ and 7 have 
one point and only one in common —the point £j. $-conics and j-conics can, then, 
meet in only three variable points, and these sets ‘of points are always ı’s. 
We have the theorem: | 

The three points of a set :Ÿ are on a conic with any orthic 4-point of B. 

A set of points . may be constructed when one of the three points is given 
by drawing the conic on 15, 25, 35, 45, and the given point. The other two 
points are the intersections with this conic of the polar line of the given point 
as to C. This gives us at once theorem c) above, and the following: 

Basic Rs osculate a at the six points of contact with C, of conics on 
15, 25, 35, 46. 

Conics of all orthic pencils of B touch C, at the same six points. * 

The sextic of theorem e) is the locus of the point in which the tangent to C,, ata 
point of a conic of a given orthic pencil of B, meets this latter conic again. 


§8. The Sextic of Theorem e). 


Let us examine this sextic a little more closely. We saw in Part II that 
a sextic generated in this way has nodes at the base-points of the generating 
pencil, and touches C, at the six points of contact of conics of that pencil. Since 
the pole of each line of an orthic 4-point is on the opposite line, and a line taken 
with its opposite line is a degenerate conic of the pencil, the six remaining nodes 
of the sextic are at the poles of the lines of our orthic 4-point, and we have 
theorem e). B l 

Considering 15, 25, 35, 45 as a base in a, the equation of this sextic may be 
obtained by demanding that the polar line of a point x as to C, touch the basic 











* This may be regarded as a geometrical determination of the five quartic involutions associated with a 
given sextic as Jacobian. Cf. Meyer, ‘‘Apolaritét,” pp. 805, ff. B is unique when the sextic is given. 
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conic on x. Choosing as reference points 15, 25,.35, with 45 as unit point, 
a basic conic may be written: 
IM Xy Lo + Mg Tg + Mg T t = 0, (1) 
with the condition | 
m, + mg + m, = 0. - (2) 
C, must be of the form 
a, E + as £5 + asta + 22 (5 Es + EG + Ei Ea) = 0, (3) 
the apolarity-condition of (1) and (3) being merely 
a (m; F ma + Ms), 


which vanishes by (2). The point-equation of (3) is- 


(ca) = (aya, — 33) d "203 — Aaa m +... = O. (4) 
The basic conic on « is, parametrically, 
ya; (=). | (6) 


The polar line of æ as to (c 2s Q is 

nog thi + Mon = 0, (6) 
‘Substituting (5) in (6), we have the quadratic in f, 

x all — zt) (1— at) = 0, 


which, arranged in powers oft, is 


—Ó - +52)t+20=0, (7): 


since 


The condition that (6) touch (5): is the discriminant of (7). The equation 
of the rational sextic is, then, 


3 
Bem ESO do [ann +30) = 0 
This is of the form 
8 2,25 y.L C — f$ = 0, (8) 


where / is a cubic, and Z is the polar line of the unit point (45) as to C., 
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a configuration line. (8) obviously touches C, at its intersections with Ja- 
Hence /, is a cubic on the six points of osculation of basic 9s with a. 

The four points 16, 25, 35, 45, and the conic C, are sufficient to determine ` 
the configuration Bona. The points of B are the four base-points and the 
poles as to O, of the six lines joining them. The lines of B are these six lines 
and the polar lines of the base-points. The codrdinates of the points of B are: 

15 (1,0,0), 14 (4,2, 2), 23 [0, a, — A, — (as —À)], 
25 (0, 1, 0), 24 (A, as, À), 31 [— (a — 2), 0, a4— 2], 
35 (0, 0, 1), 34 (A, A, ag), 12 La — à, x (a— à), 0], 
45 (1, 1, 1). 
We give in this table the names of ds points in two-figure symbols. 
(8) shows that the cubic /, meets the lines 2 a, xs L at nodes of the sextic. 
This gives the theorem: 

. The six points of contact of basic conics with C, or the six points of osculation 

of basic R®’s with a, and the six points 15, 25, 35, 12, 28, 31 are on a cubic curve. 


Ja is, in full, 


j LA ZE (a— A) sias + [6 A?— 22 (a + as + a )] m mmy = 0. (10) 
(10) is, in terms of the cubic, 


(9) 


(ca) (e2) = 0, 
which, as we have found, cuts out the contacts of basic conics with C,, 


LA (m + ae + m) 0 — (ev) (e). (11) 
The above theorem is immediately evident from (10) and (11) by actual sub- 
stitution of the coördinates of the six points as given in the table (9). These 
six points are the vertices of the 4-line of B, 235, 135, 125, 123. This is the polar . 
reciprocal as to C, of the orthic 4-point 4, and is an orthic 4-line as to C,. 

There can be but one sextic with nodes at the ten points of a configuration 
B; two would have forty points of intersection. Although our method of 
generation is unsymmetrical, the sextic is symmetrical with regard to the con- 
figuration and may equally well be generated by any one.of the other four orthic 
pencils of B. Again, the whole figure is self-dual, and any theorem referring to 
the configuration carries with it its reciprocal theorem; polar reciprocation in C, 
is a sufficient proof for this statement. We have then: 

The six vertices of any orthic 4-line of B and the six points of contact with C. | 
of conics of the range touching these lines, lie on a curve of order 3. 
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We have in this way five cubics. Any two of these cubics intersect only in 
the six points on C, and in the three points of a configuration line. Also: 

The six lines of any orthic 4-point of B and the six lines of contact with C, of 
conics on the 4 points, touch a curve of class 3.* 

A metrically special, but projectively general, rational sextic with nodes at 
the ten points of a configuration B may easily be constructed by choosing 15, 25, ` 
as the circular points in the plane; 35, 45, are then inverse points in the director 
circle of C,, and the pencil of conics on 15, 26, 36, 45 is then a pencil of circles 
on two points. T 


$9. Applications of the ‘Theorem of Part I. 


From Part I we have, the four reference points and the unit point being 
taken as base: 
Basic R*’s touch the surface 


|^ (ax)* = 0 
at points of the curve of order m (m + 1) cut out of (ax)™ by the surface 
(a 2)" (a a?) = 0, (12) 
and osculate (ax) in the m(m+1)(m+4-2) points of intersection of the three surfaces 
(o. a)" = 0, 
(a x) (a a) = 0, (13) 


(m — 1) (as)? (ad)? + 2 (a a)" (a x) = 0. 

(12) is on all nodes of (ax)”. Hence: 

The locus of points of contact of basic Rs with an m-ic surface passes twice 
through all nodes of the m-ic. In particular, if the m-ic have-a double curve, this 
curve factors twice out of the curve of contact. A cuspidal curve of the m-ic factors 
three times out of the curve of contact. | 

The following is easily verified: 

If (ax)" passes through a base-point, (12) touches (ax)” there, and the curve of 
contact has a node at the base-point. i 


$10. The Basic R? Bisecant to a Given Line. 


The known theorem that there is one and only one basic R? which meets 
a given line x of space twice, is an immediate consequence of theorem b). If 








* This cubic may bo regarded as the locus of the lines of tho complete 4-point of a set of one of the 
involutions of quartics on Ca. i 
+ Salmon, t‘Conie Sections,” p. 341, Ex. 2. 
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we choose any plane «+28 of the pencil of planes containing x, the E? on the 
base-points and the pole of x as to the conic C,,,, in this plane must meet x 
twice, since the set of points |? determined by this pole on a+ AB is apolar to 
Orig. ‚The locus of this pole, as «+28 turns around x, may be shown 
independently to be.a basic R®; we shall do this later. We shall call this 
` basic R® the bisecant basic R? to x. | : 


$11. Cubic Surface Determined by a Line. 


As the plane a 4- 8 turns around x the conic €C,,,, generates a cubic 
surface on the five base-points, and containing x. Ifa plane is on a base-point, 
the configuration B on that plane is merely a complete 4-line taken with the 
six lines projecting its six points from the base-point, and the conic C, is in this 
‚case the lines £, & through the base-point which are partners in the Cremona 
line-involution determined by the range of conics on the four lines. It follows 
that the planes joining x to each of the base-points are triple tangent planes of 
the cubic surface. The degenerate conics C,,,, on these planes form the ten . 
lines of the surface that meet x. The conic C, on a plane a is cut out of the 
plane by the quadric 


(a a") = 0.* 
The conic C,,,, on a plane of the pencil | 
(ae) +a(Bz)=0 2 o (14) 
is cut out of the plane by the corresponding quadrie | 
(a2) + A (B a?) = 0. — (5) 


Eliminating A from (14) and (15) we have as the locus of C,,,, the cubic surface 


(ax), (82?) 
(ax), (Bx) 


the cubic surface determined by the line 








E D yty a (y, — x) = 0, | (16) 


My = a4 By — ay D, 


Ü 


and the base. 





* Humbert (loc, cit.) gives this form of O,. It may also be inferred from Reye, "Geometrie der Lage," 
IL, p. 320. ` 


ConnER: Basic Systems of Rational Norm-Curves. 131 


The combinations 2,2; (z, — z;) in (16) are significant. The basic R? on œ is 


— _% 
Ww ica 
whence | 
e a 
am 


¿= 0 giving the point x. It follows that the basic R? on x passes He © 
with the tangent 

Py = GT — 23). | (17) 
(16), then, appears as the condition that the tangent at x to the basic R? on a 
shall meet the line x. Hence: | 

The cubic surface (16) is the locus ud x such that the tangent at x to the 
basic R? on x meets a given line m. 

If x is a tangent to a basic E, the sb surface (16) has a node at the point 
of tangency, and the six lines through the node are the line x and the lines to 
the five base-points. Since an E? is projected from any point on it by a quadric 
cone, we have Cremona’s theorem: 

The six lines through the node of a nodal cubic surface are generators of a 
quadric cone. l 

812. Degeneration of Basic R?’s. 

.It is of importance to point out the way in which basic E?'s may degenerate, 
Any base-line 12 taken with a conic on 3, 4, 5, and the point where 12 meets 345, 
is a degenerate basic R®. A basic R? cannot meet 345, except at the points 
3, 4, 5, without degenerating in this way. The section of the cubic surface (16) 
by 345 must, then, be the cubic curve of contact of conics of this pencil with 
lines of the pencil on the point where x meets 345. 


8.13. A Ruled Cubic, and Its Connection with (16). 
. If a point x of a basic R? run along a line p, the tangent at x to the variable R? 
generates a ruled cubic surface containing the line p as directriz. 

For the ruled surface thus generated is met by any plane a on the line in 
the line itself and in the two tangents to basic 2°’s at the points where the line 
meets the conie C,. We indicate this ruled cubic gonane arene by a line p 
by the symbol [p]. 

The cubic surface (16) is general and contains UM seven lines. We 
have mentioned eleven of them, the line x and the ten lines meeting it. 
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Consider any one of.the other sixteen, p say. All tangents to basic R°’s 
at points Œ of p meet a. x must therefore be contained in the ruled cubic 
. surface [p]. Consider a section of [p] by any plane a on x. The line x and 
the tangent to the basic R? on the point where p meets a are the only lines 
that can be included in this section. Hence the line x must count doubly. 
Again, a ruled cubic surface cannot contain more than two lines meeting all 
generators, and one of these must be the doubleline. If three skew lines meet 
all generators of a ruled surface the surface is a quadric. We have, therefore, - 
` the theorem: 

The line n determining the cubic surface ( 16) ts the double line of any ruled 
cubic surface, [p], determined by any line, p, of the surface skew to n. . 


$14. Complex of Tangents to Basic Ra. 


We see from (17) that the tangents to all basic R®’s depend on the variation 
of four homogeneous parameters; that is, they lie in a complex. We proceed 
to determine its order. Suppose the py to be the homogeneous codrdinates of a 
point in five dimensions. The lines of space are represented by points of the 
quadric spread ' 

Q = Pu Pa + bs Pe + Pu Pa = 0. 

(17), considered as a locus of points in five dimensions, is evidently a 3- -way 
spread contained entirely in Q. The four planes z, and the six z,—2; are the 
ten planes joining the base-points. py is the product of three planes on an edge 
of the tetrahedron of reference. All the p’s, considered as cubic surfaces, contain 
the five base-points and the ten points in which a base-line meets the opposite 
plane. Hence 
2 ay py = 0 (18) 
is a cubic surface on these fifteen points. Now the order of a 3-way spread in 
five dimensions is the number of points in. which it is met by an arbitrary plane, 
which may be represented analytically by three equations of the form (18). 
Three of the cubic surfaces (18) meet in 27 — 15 — 12 variable points. Hence 
our complex is represented by a 3-way spread of order 12, and the complex 
must be of order 6. We have then: 

The totality of tangents to basic Rs are in a sextic complex. = 

(18) is a system of surfaces on fifteen points, but it is a 5-fold system, as we 
should expect. The fifteen points have the property that any cubic surface on 





* Sturm, loc. cit. 
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fourteen of them must be on the fifteenth, a fact easily verified by actually 
building up the equation of the cubic surface on fourteen of the points. (18) is. 
merely the locus of points of tangency of basic R®’s with lines of the complex 
of tangents that lie in a given linear complex. (16) is obviously a special case, 
the linear complex being there the lines that meet a given line x. 

The equation of the complex of tangents to basic R®’s may be obtained by 
elimination of the xs from (17), but it is more easily found indirectly. The 
form of equation (15) shows that x, the axis of the pencil of planes a +48, 
is cut by C,,,, in pairs of an involution. This fact is also contained in theorem 
b), which shows that points of C,,,,0n x are apolar to the two points of inter- 
section with x of its bisecant basic Æ’; hence the bisecant R? meets x in the 
double points of this involution. If the bisecant basic R? touches x, the two 
double points of the involution on coincide, and the equation of the complex 
of tangents to basic R®?’s may therefore be obtained by imposing the condition 
that this involution be parabolic. Represent the pencil of planes on x by 
a + 28, and the range of points by a+wub. The involution of points where 
the conics C,,,, meet x is cut out by 


(aa) + A (B a?) = 0. 
The double points of this involution are given by the Jacobian of the quadratics 
in u, = 
(ax) = (B a?) = 0, 
when a+ ub is substituted for v. The discriminant of this Jacobian is 
[(a a?) (8 8°) — (a b°) (Bat)? | 
— 4 [(a a?) (B ab) — (B a) (a ab)] [(a ab)(8 87) — (B ab)(a B)] = 0, 
and writing in this 
Ty = aD, — ajbi = pu, Py = 0,5; — at, 
we have, as the equation of the.complex, 


6 . 12 8 
X pis pu — 22 ph Pis Pu Pas + 2 Ph Pa (Pu Poo + Pie Pas) = 0. (19) 
$15. A Theorem of Sturm and Its Use. 


There being a double infinity of basic Rs, if a single condition is imposed 
on a basic E? the R? will lie on a surface. A theorem of Sturm is important 
in this connection: * 


* Sturm, loc. cit. 
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Two loci of basic R*’s can meet only in basic R®’s and in parts of degenerate 
. basic R®’s (in general, base-lines). 

We give Sturm’s proof of this, since it applies almost without change to 
higher cases. If a is a point of intersection of the two surfaces, the basic R? 
on x must lie on both surfaces, since this E? is uniquely determined by x, and 
since, each surface being a locus of basic E?'s, there must be a basic E? in each 
surface through the point x. 

As an illustration of the practical application of this theorem, we prove 
that there are five basic R’s meeting two lines x and c» —& fact which Sturm 
reached in another way. Basic E?'s meeting a line x lie on a surface whose 
order is obviously the number of basic R®’s meeting two lines. Now the surface 
determined by x contains each of the ten base-lines singly; the basic R? of 
which 12 is a part is 12 taken with the conie on 3, 4,5 and the points where 12 
and x meet 345. Assume now that the two surfaces x and 7 meet in n basic 
Rs. We have, then, that the total curve of intersection is a curve of order n?, 
n being the order of each surface. In this intersection are the ten base- lines 
and n basic R®s. This gives the equation 


n? mop du or n= 5. 


T The Locus of Basic R*’s Meeting a Line. 


We have, then, that basic R°s which meet a given line x lie on a quintic 
surface. The bisecant basic E? to x is obviously a double curve of this surface. 
The surface contains the ten base-lines and has triple points at the five base-points. 
It may bé pointed out in passing that the surface is rational, and may be 
considered as mapped from a plane by quartic curves on the ten points.of inter- ` 
section of five lines and on an eleventh point K.* The point X maps into the | 
line x. The five lines in the plane map into the base-points, and their ten points 
of intersection into the ten base-lines. The two tangents from Æ to the conic 
on the five lines map into the basic E? bisecant to x, points of these two lines 
which map into the same point of the surface being determined by tangents to 
the conic. 

This quintic surface is met by a general plane in a quintic curve with 
3 nodes. It is met by a plane a + 48 on x in the line x and a quartic curve 
with a node at the pole, M, of x as to C,,,,. It is clear from theorem b) that 





* Compare Clebsch, Math. Ann., I. 
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the joins of corresponding points on this quartic (points lying on the same basic 
RP) are polar lines of points of x as to O,,,, and hence must pass through M. 
Since an A? is projected from any point of it by a quadric cone, we have: 

This quartic is the locus of points on a + AB from which the five base-points 
and the point M are projected by sia lines of a quadric cone. 

It is the section by a + AB of the Weddle quartic surface with nodes at the 

six points 1, 2, 3, 4, 5, M, the section of a Weddle quartic by a plane through 
a node. It meets x in the two points of O,,,, and in the two points of inter- 
section with x of its bisecant basic R°, these four points forming harmonic pairs. 
Any point P of space determines with regard to an R? a point P! such that P 
and P' are apolar to all quadrics on the R®. PP! is a bisecant line of the R? 
and P and P' are apolar to the points of intersection of the E? with P P'. 
Since x may be considered as any bisecant line to the E? on 1, 2, 8, 4, 5, M, 
we see from the above that the transformation PP! set up by the E? on its six 
nodes leaves a Weddle surface unaltered.* ` ! 
. The six points of tangency of tangents to the quartic in a+2 are on 
Cire. These are the six tangents through M to the complex curve of (19) on 
a+4 8. The curve of this complex on any plane a is the polar reciprocal of 
the sextic of theorem e) in the conic C,. The cone of rays of the complex 
through any point M is the enveloping cone from M to the Weddle surface 
determined by the five base-points and M. The points of contact of basic R®’s 
are points of contact with the surface. 

We have made the statement that the loeus of the pole of a line x as to the 
conic C,,,, on a plane a + A8 containing x, is a basic E? meeting x twice. 
Thé order of the curve may be found by considering its points of intersection 
with a plane «+28. These points are the pole of x as to C, ,,,, and such 
points of the curve as may fall on x. Fora point of the locus to be on x, 
zt must touch a conic C, ,,,. But this happens twice, since these conics meet x 
in pairs of an involution. Hence the locus is an E? meeting x twice. Itisa 
basic R®, since the pole as to the degenerate conic on the plane joining x to 
a base-point is the node of this conic — the base-point itself. 


$17. Ourves Determined on Surfaces by Basic Rs. - 
We have seen that basic As touch an m-ic surface at points of a curve, F, 
of order m(m + 1), cut out of the m-ic surface by an (m + 1)-io surface. We 





* Schoute, New Archief, (2), 4, (1899), p. 97. 
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ask for the order of the locus, G, of points in which basic R*’s tangent to an 
| m-ic surface meet this surface again. This may be determined by finding in how 
many points G' meets a base-plane.. All points of intersection of G with a base- 
plane are determined by degenerate basic R*’s, since a basic R? cannot meet a 
base-plane except at a base-point without degenerating. Every base-plane meets 
the m-ic surface in an m-ic curve, and every base-line meets it in m points. 
There being m (m + 1) conics of a pencil that touch an m-ic curve we have m 
m (m + 1)-fold points of G on every base-line, and since there are three base-lines 
on every base-plane, this gives 8m*(m-+ 1) intersections with G. In addition 
we have on a base-plane the points in which conics of the pencil which are 
tangent to the m-ic curve meet this curve again. There are (2m — 2) ri (m + 1) 
of these points. Hence the order of G is 

8 m? (m + 1) + (2m — 2) m (m + 1) = m (m + 1) (5 m — 2). 

We have: 

Basic R®’s that touch a general m-ic surface meet the surface again in points 
of a curve, G, of order m (m + 1) (Bm — 2). G has 10m m (m + 1)-fold points 
at the 10m points in which the base-lines meet the surface. 

The sextic of theorem e) is a special case of this theorem. 

G can meet F, or the (m + 1)-ic surface cutting out F, in only two ways: 

1) At a point of contact of a basic R°? osculating the m-ic surface; 

2) At a point of contact of a basic E? bitangent to the surface. 

It touches Fin the first case; merely intersects in the second. The number 
of points of intersection of the m kind is | 
| m(m4- 1j (5 m— 9) — 2 m (m + 1)(m + 2) = m (m — 1) (m u 

Hence: 

There are 4 m (m* — 1) (b m — 1) basic R*’s bitangent to a paid mic 
surface. 

The order of G may be obtained in another way. The locus of basic R®’s. 
that meet a given line is a quintic surface containing the base-lines singly. 
We see from what we have said above that the base-lines are m (m + 1)-fold 
‚lines on the locus of basic A's tangent to an m-ic surface. These two loci can 
meet only in basic Rs and in base-lines. We have, then, if œ is the order of 
the locus of tangent basic R*’s, 

bæ—10m(m+1)=3x or «— 6 m(m + 1). 
Therefore: . I 

Basic Rs tangent to an m-ic surface lie on a surface of order 5 m (m + 1). 
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This surface touches the m-ic along F and cüts out the curve G. Hence 
the order of G is : 


6 m* (m + 1) 2m (m + 1) = m (m + DOn a) 


§ 18. Ruled Surface Determined by a Curve, 


If a point x of a variable basic E? run along an m-ic curve, the tangent to 
this E? at x generates a ruled surface. The order of this surface is the number 
of generators met by an arbitrary line, x. Now the line x determines a cubic 
surface (16) which meets the m-ic curve in 3m points. The tangent at z to the 
R? on a point x of this surface meets x. Hence: 

The locus of the tangent at x to the basic R° on a point x ofan mi ue isa 
ruled, surface of order 3m. | j 

Since the curve of contact of basic Rs with an m-ic surface is of order 
m(m + 1), it follows that: | i 

The tangents to basic R®’s tangent to an mic surface at points of contact with 
the surface lie on a ruled surface of order 3m (m +1). 

“If the m-ic surface is a quadric, this ruled surface of contact-tangents is of . 
order 18. It meets the quadric in a curve of order 36. Out of this curve the 
curve F, of order 6, must factor twice, leaving a curve of order 24 to be accounted 
for. Now a tangent to a tangent R? touches the quadric and can meet in no 
further point without lying entirely on it. It follows that the curve of inter- 
section of the quadric and ruled surface of contact-tangents is the curve F taken. 
twice, and twenty-four lines. This is also obvious from another point of view. 

There must be twelve lines of each regulus c on the quadric in the sextic complex 
of tangents to basic Rs. 


819. Degeneration of the Curve F. ‘The Quintic Surface with Five Triple Points. 


If an m-ie surface contain base-lines or basic 9s, these will appear in the 
curve F. For instance, a Weddle surface with nodes at the base-points contains 
the ten base-lines and the E? on the six nodes, The curve F is in this case the 
ten base-lines, the R? on the nodes, and a curve of order 4.6— 10 — 3 — 7. 
It is evident from what we have said that this septimic is the curve of tangency 
of the enveloping cone from the remáining node. i ; 

If the m-ic is a quadric on the base-points, a basic R° cannot touch the 
surface without lying entirely on it, as tangency requires seven points common 
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to the R? and the quadric. It is easy to show that there is sotmay: a curve P | 
in this cage. A basic quadric is = 
` X dy Wy oy = 0, 
where 
X ay = 0. 
F is cut out by the cubic surface 
E ay m y +) 0, 


‚which neither vanishes nor factors in general. The curve F can be nothing bi 
basic Rs. The order of F being 6, we have that there are two basic R°°s on a 
baste ouate, a theorem of Reye. Given a pencil of basic quadrics 


Xam + AE By may = 0, 2 ` (20) 
with the conditions l . 
$ Z hy = X By = 0, 
the basic R°’s on quadrics of this pencil are cut out by — 
| X og 2, 2, (n, + 2) + AE Bum a (s + my) = 0. (21) 


Eliminating A from (20) and (21) we have as the locus of basic R®’s on quadrics 
of the pencil (20) the quintic surface 


Z Ay yy, 29,0% = 
Z ay t au(x dx), E By t xy (2, m) 


or 


vas 

ER 0) (22) 

$ : 
+ X (og Bu — du Do) Li Le Ta La (21 + Te — Ty — 2) = 0. 

© This is, as we shall see, the general quintic surface with five triple points. It must 
contain the base-lines singly, since it can meet the locus of basic R*’s which 
meet a line in only five basic R®’s, — the R®’s on the five points where the line 
meets the surface, — and hence the ten base-lines must be contained in it to 
make up the total intersection of order 25 of the two surfaces. A basic R® 
cannot meet (22) without lying entirely on it; hence the fifteen intersections of' 
basic As with the surface must all be at base-points. The base-points are 
therefore triple points of (22). A quadric of the generating pencil meets the 
surface in the two basic R°’s on the quadrie, and in a basic E*, the base-curve 
of the pencil. All of these facts might have been inferred from: the equation - 
of the surface. i | Mb. | 
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The locus of the sextic curve of contact of basic R°s with quadrics of the | 
“general pencil, | 


(ax? + A (B ef = 0, 
is the quintie surface 


Je — 49 |. 
(aa) (a2) (Ba) (82) 


(23) is on the base-points (singly) and contains the Æ* defined by the pencil. 
It passes through each of the base-points with the same tangent plane as the 
quadrie of the pencil containing that point. A basic R® meets (23) in fifteen 
points; five are at base-points, and the other ten points are the ten points of 
tangency of quadrics of the pencil with the R’. That there are-just ten such 
points is evident from the fact that quadrics of the pencil cut out on the B® a 
binary sextic of the form | 


0. (23) 


(at) + A (B t = 0, 
and the discriminant of the binary sextic is of degree 10. 

The locus of basic R®’s meeting a line is a special case of (22); in this case 
the pencil of quadrics contains the line and its bisecant basic R’. We may 
obtain the equation of this surface in another form. A pencil of basic quadrics 
on the line joining the points a and b may be written: 


, Bayn g= 0, 
with the conditions 
X ay = 0, 
Z Oy A, a, = 0, 
X ay b, b; = 0, 


E ay (a, b, + a; bi) = 0. 
The two basic R®’s on a quadric of the pencil are cut out by 
; E ay y (2, + x) = 0. 
Eliminating ay from these six equations we have the quintic surface in the form 
of & 6-row determinant: » of 
| 24 05, aa (x + 2), 1, A; 05, b, b;, d; 5, + a, b, | = 0. (24) 
‘The argument which we have used to show that the order of the locus of 
basic E?'s tangent to an m-ic surface is 5m (m + 1) may be used to show that 
the order of the locus of basic R*’s meeting an m-ic curve is 5m. The same 
argument shows that the order of a locus of basic £?'s is completely determined 
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by the multiplicity of the base-lines in the surface. If the multiplicity of these 
lines is m, the order of the surface is 5m. If the m-ic above is on the base-points, 
the number of points apart from base-points in which it meets the base-planes 
is reduced by three, the multiplicity of the base-lines in the surface obtained is 
reduced by three, and the order of the surface is reduced by fifteen. The order. . 
of the locus of basic R®’s meeting a basic E* is therefore 6.4—15=5. Basic 
quadrics on the #* meet one of these E?'s in six.points, and hence some quadric 
of the pencil must contain it entirely. An R* on a quadric meets an Ef on the 
quadrie in six points, the six points in which it meets the quadric cutting out ` 
the E*. Hence the theorem: 

The surface (22) may be considered as the locus of basic R®’s meeting a basic E*. 
The following theorem is also an easy inference from the en of this 
section : P s 

If an m-ic curve have p,-fold points at the. nié a, the locus of basic 
R's ue the m-ic is a surface of order bm — 3X p,, having the line 12 as 
(m — ps — p, — ps) fold. line, etc. 

Whence: 

The locus of basic R®’s meeting an R? on four of the five EEE is a 4- ndal 
cubic surface with nodes at four of the base-points and on the remaining base-point. 


820. Plane Sections of the Quintio Surface with Five Triple Points. 

The section of the surface (22) by a plane a is a curve of interest. We 
approach this curve from another point of view. By theorem f) a basic E* 
meets any plane æ in a set of four points orthic to O,. Every conic of the 
pencil, ® say, on these four points is apolar to C,. These conics are the sections 
by a of basic quadrics on the basic Zt. There are two sets of three points ı® 
on each conic of the pencil, since there are two basic #*’s on a basic quadric. 
The locus of sets ı on conics of the pencil b is met by one of these conics in. 
the base-points of the pencil and in the six points of the two sets .,—ten points 
in all. This shows that the locus is a quintic curve, Q say. Q is on the ten 
points of the configuration Bina. For, consider the conic ® on 12. This conic 
being apolar to C, cuts 345, the polar line of 12 as to C., in a pair of points apolar 
to C,. But 12 taken with any two pointe of 345 which are apolar to C, is. a set 
(P. Hence: 

Q is on the ten points of the configuration B in a. It meets a line adi ihe con- 
figuration in the three configuration points and in two further points apolar to C,. 
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It may be pointed out in passing that these two further points form a 
2-point P, as determined by the configuration B set up by the pencil ®, 

Since the 3-points ı® are apolar to C,, we have the theorem: 

The lines joining 3-points ı® inscribed in conics of a pencil orthic to C, touch a 
curve, K, of class b. 

For K is the polar reciprocal of the quintic Q in the conic C,. This gives 
the further theorem: 

Lines bisécant to basic R¥’s which = on quadrics of a boats pencil are in a 
quintic complex. 

For there are æ? of these lines; o1R®s and c? lines bisécant to an R?. 
The lines enumerated in this way are all distinct, since there is only one basic E? 
bisecant to a given line. Hence they lie in a complex, and the fact that Ki is 
the complex-curve on the plane a gives us the above theorem. 

For @ to have a node, in general, would require the surface (22): to ‘have a 
double curve, which is not true. Hence: 

The curves Q and K are quintics of genus 6. 

If the pencil is a line m taken with the pencil of lines on its pole, M, 
as to C,, the quintic Q reduces to m taken with a quartic with node at M. This 
quartic, we have seen, is the section by a of the Weddle surface with nodes at 
1, 2,3,4,5, M. Similarly the curve K reduces to the point M and a line-quartic 
with m as a double line. - . 

Since K is the polar reciprocal of Q as to C,, we have: 

K touches the polar lines of the RE of d. It also touches the lines of the 
configuration B. 

Calling the four base-points of ® a, 5, c, d, a degenerate conie ab —cd must 
contain two 3-points f. Each line ab and cd must contain two points of a set, 
since every line has a. unique bisecant basic R”. Hence: 

K touches the six lines joining the base-points of ®. 

It follows that: 

Q passes through the six vertices of the 4-line which is the polar reciprocal as to 
C, of the base 4-point of d. 

We have mentioned the duality of figures associated with a configuration B. 
The 3-point . and the 3-line on these points are dual figures. These sets of 
three lines are determined by an orthic 4-line of B in exactly the dual of the way 
in which sets .® are determined by an orthic 4-point. There are two points 
determined on every line of the plane, — the two points of intersection of its 

19 
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bisecant basic A. Dually, two lines are determined on every point of the 
' plane,—the two lines to the other points of the set . determined by that point. 
These sets of points and lines are determined completely, and in dual ways, by 
the configuration B, without reference to the base in three dimensions. The 
two lines through a point a on a may be regarded as the two generators cut by a 
out of the quadric cone projecting 1, 2, 3, 4, 6 from a. 

The relation between Q and Æ is, of course, completely dual. @ may be 
regarded as the locus of point-sets (f? inscribed in conics of a pencil orthic to C,, 
or as the locus of vertices of line-sets circumscribed about conics of a range 
orthic to C,. Similarly X may be regarded as the locus of line-sets inscribed 
in conics of a pencil orthic to C,, or as the locus of point-sets circumscribed about 
conics of an orthic range. The pencil and range are polar reciprocals. It is 
known that two 3-lines inscribed in a conic touch a conie, and dually.: A conic 
of the pencil determines in this way a conic of the range, and vice versa. 
Incidentally we have the theorem: 

If a conic (n lines) is apolar to C,, there are just two line-sets ,P RON 
it. The conic on the vertices of these two 3- lines 18 apolar (in points) to C, . 

From what we have said we have: 

The curve e Q meets tangents to the curve K in pairs of points ae to Ca; 
and dually. . 

The following theorem is also evident: 

The bisecant basic R? meets any line on a in the Jacobian pair of the polls 
in which the line meets C, and the points in which it is touched by conics of an orthic 
pencil of B. For the points of the bisecant E? are cut out by a conic of an 
orthic pencil. | 

The base-points of D, a 4- mr orthic to C,, determine a NAT configura- 
tion, B’, ona. We may state the facts found above i in another way: 

A second configuration B! with the same polarity C, as B determines two ganio 
curves, a point-quintic Q and a line-quintic K, polar reciprocals as to C,. Q containe 
the points of both configurations and cuts the lines of each configuration in a further 
pair of points apolar to C,,—in fact, sets 1$ as determined by the other configuration. 

It will be noticed that the two configurations B and B' bear exactly. sym- 
metrical relations to the quintics Q and K. The quintics Q and Q' determined 
by considering B or B! as fundamental meet the lines of the two configurations 
in the same points, sixty points, and must therefore coincide. Similarly B-and 
B' play symmetrical rôles with regard to K. * x 2 
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$ 21. "Configurations on-the Plane Section: ` ` 


Q, being entirely symmetrical with regard to both configurations, may 
equally well be generated by conics on any other orthic 4-point of the con: 
figuration B'. These two orthic 4-points determine two basic E*’s with a.point 
in common, — the common point of the two 4-points. The first E* is.on the 
surface (22). But the second must also lie on (22). For the new .Z* determines 
a quintic surface which meets a in the curve Q, since any two orthic .4-points 
of B' determine the same quintic curve Q. The two quintic surfaces have this 
curve in common, and hence must contain all basic R®’s meeting this curve ; 
i. e, they must coincide. 


The fact that the new Æ* meets the old E* in a point on an arbitrary plane a 
indicates that there are an infinity of basic H*’s on the surface (22). We may 
see in another way that this is true. Any two basic R®’s lie on one and only 
one basic quadric. Choose any two basic A's on (22) that are not on a quadric 
of the generating pencil. These R®’s determine a basic quadric which meets 
(22) in the two Es and in a quartic curve, — baste since (22) has triple points 
at base-pointe. . This quartic.is a basic E*. For an Æ‘ on a quadric cuts the 
generators of both systems twice; an E* on a quadric cuts the generators of one 
system three times and of the other once. In fact, the unique quadric on an E* 
' is the locus of lines trisecant to the curve. Now any generator of the quadric 
above meets (22) in five points. It meets the pair of R®’s in three points,—the 
points in which it meets the cubic surface cutting them out. Hence the residual. 
quartic meets every generator of both systems of the cutting quadric twice and 
must be an E*. Hence: 

The surface (22) contains an infinity of basic E*’s. 

Again, any basic quadric on an E* of (22) cuts out the E* and a sextic with 
five actual nodes. A-sextic in space with five nodes projects from any one of 
these nodes into a plane quartic with four nodes; £. e., it is projected from any 
one of its nodes by a pair of quadric cones. The sextic must, then, break-up 
into two R®’s on the five nodes. We see therefore that any quadric on a basic 
E* of (22) cuts out a pair of basic K?'s, There are c? quadrics on pairs of 
basic R®’s, and ©! quadrics on each basic E*. Hence: 


The system of basic E*’s on (22) is singly infinite. 


The following theorems are also obvious from what we have said: 
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(22) ie the locus of basic R®’s on quadrics of the pencil on any basic E* of the 
surface, 

Two E*'s of the system on (22) have one and only one point in common, and 
there are two of these E*'s through every point of (22). 

On the pine a: i 

There are œ! configurations B inscribed in Q and having the same polarity, C,. 

The locus of the lines of these configurations is the quintic K, the polar reciprocal 
of Q to C. . 

Any quintic surface with triple points at the five base-points is a locus of 
basic A's, since a basic R? meeting this surface in one point not a base-point 
has sixteen intersections with it and must lie on it. The argument used above 
applies throughout to such a surface, and we have: 

The surface (22) is the general quintic surface with five triple points. 

Let us apply the facts we have obtained to the special surface (24), the locus 
of basic Rs meeting a line p. Basic quadrics meet the nodal curve of (24), — 
the bisecant R to p,—in one point only apart from base-points. Basic quadrics 
on pairs of basic Rs of the surface cut out of the surface a system of nodal 
: quartics. The line p meets a quadric of this sort in the two points of the two 
R*’s on it, and hence these nodal quartics do not meet p. We have said that 
the quartic section of (24) by a plane on p is identical with a section of a Weddle - 
surface through a node. The configurations inscribed in the section must be 
inscribed in the quartic, since the nodal quartic Bpace-curves determining them 
do not meet p. Hence: 

The quartic section of a Weddle surface through a node admits œt inscribed 
configurations B all having the same polarity. This polarity is defined by the conic 
on the six points of tangency of ngenta from the node.* 


22. Further Loci Determined Basic R®’s.. 
§ by 


We have seen that basic As osculate an m-ic surface f in its 
m (m + 1) (m + 2). points of intersection with an (m-+1)-ic and an (m + 2)-ic 


* This 18 a degenerate case of a more complicated system of configurations; cf. Morley and Conner, 
“Plane Sections of a Weddle Surface,” Am. Jour., July, 1909. : 

The surface (22) may be regarded as the section by & space of the apread of bisecants to the elliptic quintic 
in four dimensions. Most of the facts brought ont above are immediately evident from this point of view. 
Surfaces and curves obtainable in this way will be treated by the author in a future paper, of which an 
abstract will be found in Bull. Am, Math. Soo., March, 1909. . 


1 
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surface, say f! and f/ respectively. ‘The locus of points of osculation of basic 
R®’s with surfaces of the net 

| f+Ap+ub=0 
may be obtained by elimination of A and u from this equation and 
P LAS Bav = 0, 
f" + Ag" + uy = 0. 


Its equation is 


h % * 
f, g, y | =o, (25) ` 
f o, ay! i » 


a surface of order 3(m +1). Hence: 

Basic R*’s osculate surfaces of a net of m-ics in points of a surface of order 
3 (m 4- 1). vo 

In particular: 

Points of osculation of basic R*’s with planes on a point lie on a sextic surface 
This surface evidently contains the point singly. This may be seen geomet- 
rically or from (25). pa % 

A “higher null-system" * in space has three characteristics: a, the number 
of null-planes on a point; 8, the number of null-points on a plane; y, the 
number of times both null-point and null-plane are incident with a given line. 
Basic R°s determine such a null-system; the null-points of a plane are points 
of osculation of basic R?'s with the plane; the null-plane of a point is the 
osculating plane at the point to the basic E? on the point. The characteristics 
of this null-system are : 

a=1, B=6, yc—b. 
The value of y is evident from the fact that the locus of null-points of a sheaf 
of planes is a surface of order a +y; we have found that this is 6. 

.A more convenient form than (25) for the locus of points of osculation of 

basic R®’s with planes of a sheaf may be found. The basic R® on æ is 
— 8 i 
^ l—aC 


* Sturm, “Liniengeometrie,” Vol. I, p. 78. 


Yı 
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wheñces cioc oco o dy, _ zc 
tr (1 — at)’ 
d'y : Aa 


dt — ( La ij D 


` The P plane at x, (t = 0), is: 


= Ep Wy Xy (te — Lg) (Ug — 24) (24 — 23), 

Eg = — Wy y 9, (a — a) (2, — «) (21 — 23), (26) 
Eg em My (x, — 2) ($3 — Tp) (xs — %), ale 
E, = — a y Ly (X1 — Te) (Xe — 29) (Lg — 23). | 


The locus of points of osculation of basic Rs with planes of a sheaf on a 
point x is: | 
X, Ey + xg Es + xg Ea + xaba = 0, (27) 
where the £’s have the values given in (26). (27) has triple points at the base- 
points and contains the ten base-lines singly. It also contains the fifteen 
lines like 
94 = De — Mg = 0. 

These are the fifteen lines of intersection of the ten base-planes besides the ten 
base-lines. They are parts of degenerate conics in pencils of conics which form 
parts of degenerate basic #*’s, and it is geometrically evident that they must 
lie on (27). 

Since some plane on a tangent to an R? is the osculating. planes at the. sd 
of ‘tangency, we have: 

(27) contains thé septimic curve of contact of tangents ie x to the Weddle 
ee, ‘with nodes at the base-points and x. 

Also: 

(27) touches this Weddle surface along this curve of contact. 
‘~ . For it meets the Weddle surface in a curve of order 24. Out of this curve 
the ten base-lines factor. The remaining 14-ic curve must be the 7-ic taken 
twice, since the, Weddle surface is the locus of points of intersection with lines: 
on x of their bisecant basic R*’s, and no bisecant to an R® except a tangent can 
carry an osculating plane. 

In a higher null-system with characteristics a, 8,7, the locus of null-points 
on planes of a pencil is a curve of order B + y meeting the axis of the pencil 
`y times. Hence: 
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Basic Rs osculate planes of a pencil in points of a curve of order 11 eng 
the axis, vt, of the pencil five times. 


This 11-ic is tbe partial intersection of two sextic surfaces (27) determined 
by two points of zx. These surfaces meet besides in the twenty-five lines of inter- 
section of base-planes. The 11-ic lies on the cubic surface (16) determined by x. 
Any cubic surface determined by a line x on x meets (27) in the 11-ic deter- 
mined by x and in the 7-ic curve of contact of tangents from x to its Weddle 
surface. 


$23. A ua Complex Determined by a Quadric. 


If we require that the bolt of intersection of its bisecant basic E? with 

a line py = æa be apolar to a quadric surface 
(yx) = 0, 
the line will lie in a complex. Represent as before the pencil of planes on the 
line by a + 28, and the range of points by a + ub. The points of intersection 
with p of its bisecant basic R? are given by the quadratic in u | 
È Ay My Pu Mh + È (a by + abi) Pis iu + E 0 by py 765 u^ = 0. 
The points of intersection with y are given by 
(y a + 2(y a) (y 5) n + (ydf à — 0. 

. The apolarity-condition of these two quadraties is: 
(y b Z a4 as Pis Tas — (y a) (v b) Z (a; ba + dsb) Pats + (ya) Eb, b gama = = 0, 


or, by writing a;b; — a; b, — py, 


gs 
| 2 [ye Pie Pa + Yu PuPu — Pis (Ye Pie  YnPis + YuPu 
+ Yes Pre + Yu Pas) + Yu (Pis Pu + Pu Pas) | Pi Te —.0. (28) 
Hence: mE en ' 
Lines met iv their bisecant basic Rs in a pair of points apolar to a given 
quadric, lie in a quartic complex. 


À special case of this complex is the complex ae er bisecant to basic Rs 
and lying in a given space. We shall recur to this in Part IV of this paper. 
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IV. 
Basic Nonu-Cunvzs IN Four DIMENSIONS. 
§ 24. Introductory. 


‘The base in a space of four dimensions is a set of six points. Given the set 
of six points, we have the set of œ? rational quartics on them. We shall call : 
quadric apreads of the linear 8-fold system on the six points basic quadric spreads. 
The theorems a), b), c), of Part III, may be modified for the 4-dimensional case 
as follows: | 

a’) Basic quadric re meet any space, a, in nae Su apolar toa 
definite quadric, Qa, $n a.* 

b') Basic R?’s meet a in 4-points, WP, apolar to Q.. 

cl) Baste R*'s tangent to a touch at points of Q,. , 

The quadric Q, is the quadric with regard to which the (15,, 20) con- 
figuration, T' say, cut out of the complete 6-point by a, is self-polar. As in 
Part III we name the points of the base 1, 2, 3, 4, 5, 6: we have then fifteen 
base-lines, 12, etc.; twenty base-planes, 123, etc.; | fifteen base-spaces, 1234, etc. 
We name the points, planes, and lines of [ after the lines, spaces, and planes 
determining them. 

As before, an immediate consequence of theorem b’) is: 

There is one and only one basic It‘ which meets a given plane, n, three times. 

This Rt is the locus of the pole of x as to the quadri¢s Q,,,, on spaces of . 
the pencil a 4- A containing x. We shall call it the basic R* trisecant to x. ` 

We shall make some use of degenerate basic Rs, and it will be well to - 
point out how they may degenerate. Any base-line 12, taken with dn R? on 
3, 4, 5,6, and‘12/3456, the point where 12 meets 3456, is a degenerate basic R+. 
There are also pencils of conics that may be regarded as parts of degenerate 
basic R*’s. The two planes 123 and 456 have a point 123/456 in common. 
Any conic on 1, 2, 3, 123/456, taken with a conic on 4, 5, 6, 123/456, is a 
degenerate basic Rt, 

We shall say that an R? is orthic to a quadric Q when ever y aandeis on 
the E? is apolar to Q, or, which amounts to the same thing, when there is one 
4-point, and hence «1, inscribed in the R? and apolar to Q.+ Given an R? 


$3 ` 
n T 





* Loria, loc. cit. + Reye: “Geometrie der Lage," Part II, p. 326. 
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orthic to Q, one of these 4-points may:be constructed by choosing any point, a 
of the R? and taking with a the three points of intersection with the R? of the 
polar plane of a as to Q: It is three conditions on an E? to be orthic to a 
quadrie, since it is three conditions on the 3-point in the polar plane of a to be 
apolar to the section of this plane with Q. 


825. The Point-Sets i. 


Project the system of basic Rs from a base-point, say 6. This gives a 
system of cubic cones (2-ways). In each of these cones there is a single infinity 
of basic R*’s, one through every point of the cone. For a basic E* cannot meet 
one of these cones in a point, a, without lying entirely on it, since projection 
from 1, 2,3,4,5, or a would give an E? with seven intersections with a quadric 
cone. It follows: 

E There are œ? such cubic cones projecting basic Rs from a base-point, 6. 
These cones meet a in Rs of a basic system on 16, 26, 36, 46, 56. 

If every quadric on five points is apolar.to a quadric, Q, we may call the 
set of five points orthic to Q. A defining characteristic of such a set of five 
points is that the polar line as to Q of the line joining any two of the points 
is on the plane of the opposite three. Now the polar line of 16-26, or 126, as 
to Qa, by the well-known properties of T, is 345, which is on 36-46-56, or - 
3456. 16, 26, 36, 46, 56 are, therefore, an orthic 5-point as to Q., and every | 
quadric on them is apolar to Q,. It follows that every R? on them is orthic 
to Q.. We have from the above the theorem: 

. 4-points, iP, in a are 4-points inscribed in .K?'a of the dais system on 16, 26, 
86, 46, 56, and apolar to Q,. 

An (9. may be constructed when one point, m, is given by drawing the R? 
on 16, 26, 36, 46, 56, m, and finding ite three intersections with the polar plane 
of m as to Q.. Theorem c^) follows. Also: g 

—. Basic R*'s osculate a in points of a sextic curve F, the curve of contact of R?'s 
on 16, 26, 36, 46, 56 with Qu. 

. Basic R*'s hyperosculate a (have 4-point contact) i in eins of osculation of these 
basic R*’s with Q.. 

We shall call this set of twenty-four noia the points À. 

R®’s on the six orthic bases of T define the same curve F, and the same twenty- 
four points of osculation. 

20 
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For there are six orthic 5-points in T, which we may call the sets 1, ...., 6. 
Sets :{ may be considered as defined by any one of the six systems. 
If in S, we take as vertices of the pentahedron of reference the five points 
1,...., 5, with 6 as the unit point, we have from Part I: . 
| Basic R*'s touch an mc spread in points of its m(m-+-1)-tc 2-way intersection 
with a spread of order m +1. 
| Basic Rs osculate an m-ic spread in points of a curve of order m (m + 1)- 
(m + 2), tts curve of intersection with an (m-+-1)-tc and an (m + 2)-ic spread. 
Basic R*'s hyperosculate an m-ic spread in its m(m 4- 1)(m 4- 2)(m +3) pointe 
of intersection with an (m +1)-tc, an (m + 2)-ic and an (m+ 2e spread. 
In particular: 
Basic Re touch a space, a, in points of the die cut out by 
| (a a?) = 0, : (1) 
this being an analytical expression for the quadric Q, . 
Basic R*'s osculate a in the points of intersection of Q, with 
| (a a?) = 0. 
This is a curve, F, of order 6, — the complete intersection of a quadric and a cubic 
surface in a.” 
Basic Es hyperosculate a in the twenty-four points, H, cut out of F by 


(az) = 0. 


The points H are the twenty- jour points of intersection of a ze a cubic and a 
quartic surface in a, 


$20. Further Loci in a. 


Several loci in a besides those we have mentioned will be of use to us. 

A. We may ask for the locus of the remaining point of intersection with a 
of basic R*’s osculating a. | 

B. We may ask for the locus of the points in which basic Rs MD 
to æ touch a. This locus will lie on Q,. 

C. We may ask for the locus of the two further points of intersection 
-with a of basic R*’s tangent to a. C will be a surface; A and B will be 
twisted curves in a. | l ie 





. * The curve F is special, but of genus 4, For an account of the properties of such a curve soe. Pascal, 
“Rep. der höheren Math.,” II, p. 276. ` : eke: 
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The order of À is easily determined by finding its intersections with a plane 
of the configuration T. A basic R* cannot meet a base-space, and hence cannot 
meet a plane of T without degenerating. The R*’s degenerating into conics 
cannot be made to osculate a. Consider the Rt’s made up of the base-line 12 
and R®’s on 3, 4, 5, 6, 12/3456. There being six of these R*’s that osculate 
the plane 3456, the point 12 counts as a 6-fold point of A. Six points 12 are 
on every plane of I. Hence: | 

The curve A is of order 36. 

A is of genus 4, since it is in one-one correspondence with F. It cannot 
meet Q, except at points where an Z* hyperosculates, and hence it must 
osculate Q, at each of the twenty-four points H. 

The order of B may be determined in a similar way. Only those basic R‘s 
which degenerate into pairs of conics, say on 123 and 456, can be made to touch 
a twice and meet a plane of T. Hach point of contact counts in two R*’s, and 
hence on each line of T there are two nodes of B. There being four lines on 
each plane of T', we have: 

The curve B is of order 16. 

We now show that B actually breaks down into two octavies. Considered in a, 
B is the locus of points of intersection with lines of Q. of their bisecant basic 
Js. The locus of points of intersection with lines of a regulus of their bisecant 
basic R®’s is an octavie on the regulus. For, calling the base in a 1, 2, 3, 4, 5, 
consider where this curve can meet the plane 123. 46 meets the regulus in two 
points, thus determining two lines on it. To each of the two points corresponds 
a point on its line in 123. There are besides, by the same argument, two points 
of the curve on each of 12, 23, 31. Hence the curve meets 123 in eight points, 
and is an octavic. It meets a tangent plane to the quadric in eight points: two 
on one generator and six on the other. It projects from a point of the quadric 
into a plane octavic curve with one 6-fold point and one double point. Hence 
it has sixteen apparent double pointe, and its genus is 5. 

B is therefore two octavics, the two curves determined by the two sets of 
generators on Q.. Consider the two octavics as projected from a point of Q.. 
The thirty-two apparent double points of the two curves, together with their 
sixty-four intersections, real or apparent, make up the necessary number of 
double points. There are 2.6.2 apparent intersections along the two generators 
through the point of Q.. The other forty intersections are real, two on each 
line of T. 


4 t 


K 
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B can meet (ax) only where it meets the sextic F; and this can be only in the 


twenty-four points H. Hence B touches (a2*) and therefore F at these points. 


Each of the two octavics of B is in one-one correspondence with itself, 

. the points of contact of one basic R* being considered as corresponding points. 
Suppose the 2 ; 
Xi 

m 1— EN 


touches « at £—t and t= th. We must then have the following relations: 


[7L — = a wn l ` 9 








The coórdinates of any point on d line joining the two points of contact may 


be written: 
iem ot ı Ki 
ee Teak 
Now : 7 1 
2 
— -Xi 
(ay?) = Ba (GS $a zr), 





a. xd O4 Xi 2 ax? 
enge tremo em) tg 
This vanishes e. all values of À on account of the conditions (2). Hence: 

The lines joining corresponding points of the curve B lie entirely on the quadric 
“Qus which is, as we have seen, obvious from geometrical considerations. 

Corresponding points of B coincide at points where basic R*’s hyperosculate. 
Since B touches F at these points, we have: ' 

The points H are points of F such that the tangents to F at these points are 
generators of Q.; that is, the twenty-four points of tangency of tangents to F that 
meet F again.* 

We find the order of the surface C in a similar way, namely, by finding the 
order of the curve in which it meets a plane of T, say 1234. The R*’s on five 
points in the space 1234 touch the plane 1234 along a conic, and cut again along 
a sextic curve which is on C. Further, the four lines 123, ete., count doubly, 


since any point on the line 123 is on a conic, on 1, 2, 3, 123/456, which, taken . 


with either of two conics on 4,5, 6, 123/456, satisfy our Gondisiour: Hence: 
The surface C ts of order 14. . 
It touches Q, along the sextic F and cuts out the curves B. 








Pascal, loo, ott. 
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27, Analytical Treatment of A, B, and C. 
y ; 


The 14-ic C is analogous to the sextic of theorem e), Part III. We may 
find its equation referred to an orthic base of T' by a method similar to that used 
there in finding the equation of the sextic. Consider 16, 26, 36, 46, 56 as base 
ina. Take as reference points 16, 26, 36, 46, with 66 as unit pont „A basic 
quadric may be written 


> Ang Ly Ly = 0, 3 (3) 

with the eondition i nm BEEN 

| Say = 0. (4) 
The quadric Q, must be of the form | 

Lab? +22ZEE =, (5) 


the apolarity-condition of (3) and (5) being merely (4) multiplied by A. (5) in 
points is | 
Qzz[23 —X(a ba + a) + aasa] o 0 l 

— 25 A (A — ag) (4 — a4) T 2; = 0. (6) 
If we find the condition that the polar plane of a point x as to Q touch the basic R? 
on x, we will evidently have the equation of C. The E? on x is, parametrically, 


een, 
1— xt 


y, = 


This meets the polar plane of x as to Q in the points given by the roots of the 
‘cubic in £ 


9 To Wy Wy È run (52 +52 + 2) 


t (7) 
+ 2mm (52-452) 1-29 =0. 
(7) may be written - | E 
2, Vy 25 2, L t9 — f, t? + fat — 2 — 0, _ (8) 


where L is the polar plane. of 56 as to Q, and f and f, are a cubic and a quartic 
surface respectively. (8) gives the parameters along the R? on x of the other 
three points of the set, he determined by x. The parameter of x is 0. Hence 
we have: | ; 

. Basic Rs de a where p zm. 

Basic Es osculate a where Q = fy = 0. on 

Basic R*'s hyperosculate a where Q = f, = f, = 0. 


nt 
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In other words, f, is a cubic surface on the curve F, and f, is a quartic surface 
cutting out of F the points H. 
©. is the discriminant of (8): 


C= 108 dada DQ nnnm Lf — n mm LQ fh Res à 
| Ä +8AQ—RR=0 (9 
o is of the form . 
. 2O0+48=0, 
ind hence touches Q along its intersection with f}. The further intersection — 
with Q is the curve B. Bis therefore cut oüt of Q by 


P = 42,2% u L fs — Aeg. 


This form dons that B touches F at the points H; in fact ¥ touches f, all along 
the curve cut out by f,. The form of P shows that B has nodes at its inter- 
sections with the planes of T. i 

_ The curve A must lie on C. ' We can find from (8) a surface that will cut it 
out. If x is a point of A, (8) must have three equal roots, and its Hessian must 
vanish identically. This Hessian is ZEE i 

| Pat? + ort + Ps = 0, 
where f : , 
Ps = 3a, Xy a5 9, L fs — ff, 
Pı = mu LQ — hr, 
$—6A5Q—f. | 
$, is the locus of point-sets ı{ which are a self-apolar quartic on the basic R‘ 
(or basic R?) determining them.* The g, of this quartic is 
7 9 fa f. Q — 54 T Ta 2 2y L F — f$ = 0. 
This is the locus of sets (f? that are harmonic pairs on the R‘ determining them. 
It osculates Q along the sextic F, as is evident geometrically. The above 
equation has the form 
fa Ps — 3 Qs = 0. 

Hence g, contains the curves common to &, and Pr. 


A is the curve common to &,, $,, and Ps- Pa and $, meet in A and the 
curve F. 4, has nodes at the points of the orthic 5-plane a, x) 2x, a, L, and $; 
has triple points at these points. A, therefore, has 6-fold points at the points 





# See Part V, 436. 
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of I. 3 and @, meet in A and the curve common to f; and f. C is obviously, 
to within a factor, y 
| 49:6) — $7 = 0. i 
Ps, then, touches C along the curves F and A. Indeed, the form of $4 shows 
that it tonchas Q, and hence C, along the curve F. 
C may also be put into the form 


2, 25 22, LD + t=O, 

This shows that f, meets C at its points of intersection with æ æm L. ‘These 
five planes form an orthic 5-plane of T. It may be easily verified that /, has 
nodes at the ten points of this 5-plane. Hence: | 

The points H are on a 10-nodal quartic surface containing the ten lines of any 
orthic 5-plane of T and with nodes at the points 4 this b-plane. There are six such 
quartic surfaces. 

The surface /, may easily be shown to bẹ on the ten points of an orthió 
5-plane. Hence: 

The curve F ts on a cubic surface with the en point of any orthic 5-plane. of T. 


^ 


$28. A Cubic Spread Determined by a Plane in S,. 


We see from (1) that quadries Q,,,, on spaces of the pencil, 
(ax) + A (B «) = 
are cut out by the quadric spreads 
| (a) + 2 (82) = 0. 


Hliminating A between these two equations we have, as the. locus of quadrics 


(ax), (Bx). 
where zt, = a; B, — a, B, are the coordinates of the plane common to the spaces 
of the pencil. It is easy to show that the basic R‘ on x passes through x with 
the tangent | Ms E 


Qu+as "E: 
= 5 7i 9X 9 (x; — 2;) = 0,* ù (10) 








l Py 042% (m — 23) | 
Hence we have: 

The locus of points of sy with basic Ris of langon lines meeting a 
plane n is the cubic spread (10). ` 


* This seems to be the generat cubic spread In 8, which contains a plane. 


i 
t 
| 
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In what follows we shall denote this spread fy [nr]. It. contains the plane n 
singly. 2 

Consider two cubic spreads [x] and Cr], € the lanes: z and x have 
a line, p, in common. They intersect in the quadric Q, on the space a con- 
taining x and x, and in a septimic 2-way [p], the locus of points of tangency 
with basic R*’s of tangents meeting the line p. -Hence: 

The locus of points of tangency with basio RN's of tangent lines that meet a given 
line, p, is a Tic way, [p]. 

[p] is met by a space « on p in p and a sextic curve on Q,. This sextic 
curve is easily defined by the basic R®’s in a: It is the intersection with Q, of 


the cubic surface (16), Part III, determined by the line p. It follows that the . 


sextic cürve meets p twice. 
, Consider now a line, p, and & plane, : 5, meeting it in a point, a. The 
spreads [p] and [x] meet in a 21-ic curve. Out of this curve the above sextic 


on the space np factors. The residual 15-ic curve is the locus of points of 


tangency of basic R*’s with tangents passing | ‘through a. Hence: 

The locus of points of tangency with baste Res of tangents passing through a 
‚point, a, is a 15-ic curve [a]. Ge 

[x] contains x, [p] contains p, and te] contains a, each singly. . Each 


locus is basic. 
A 


829. The Congruence of Tanigents to Basic R*’s. 


There are o! lines tangent to a basic FR‘, and œ? basic F8; «lines in 
all. Hence these lines are in a congruence. 'The order of [a] shows that the 
order of this congruence is 14, since the congruence cone on any point a is the 
cone projecting [a] from a.  Congruence lines i in & space a are tangents to basic 


Rs in a at points of a quadric Q.. Congruence lines meeting a line p are ` 


tangents to basic As at points of a sextic curve on Q,. By a theorem of 
Part III, these lines lie on & ruled surface of order 6/3 — 18. Now the lines 
of an (m, n) congruence that meet a given line, p, lie on a ruled surface of order 
m+n. The class of our congruence is therefore 4. We have: 

There are four basio R*'s that touch a given plane, n. 

Lines tangent to basic R*’s and in a space a are in a (14, 4) congruence. 

^ We next determine its rank. It is known that the lines of an (m,n, r) 
congruence that meet a line p lie on a ruled surface of order m+n, with p as 
an m-fold line, and that this surface has an’ ‚additional double curve of order 


ee 
re 
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n m 1) J- r." Cut the 18-ic surface, on ü space a and determined by the lines 


of our congruence meeting a line, p, by a plane x on a. This gives an 18-ic 
curve on x which is in one-one correspondence with the sextic curve of contact . 
of basic R*’s with the lines of our surface, and hence is of genus 4. is 18-ic 
has a 14-fold point and besides 
1.17.16 —4.14.13— 4 = 41 
nodes. These are the points in ‘which x meets the additional double curve of 
the surface, this curve being of order 6 +r. Hence: 
. The rank of the congruence of lines tangent to basic R*’s and on any space a, 
is 35. | 
From what we have said we have the further theorem: 
The locus of tangents at points of a line p to basic Rus meeting p is a cubic 
2-wa3 having p for a directrix. 
For the line p meets a cubic spread [x] in three points, and these points 
determine the points in which x meets our 2-way. Also: 
_ The locus of tangents at points of a plane n to basic Rs meeting n is a ruled 
spread of order 7. : 
For x meets à 7-ic 2-way [ p] in seven points, and the tangents to basic R*’s 
at these points determine the points in which p meets our spread. 


$30. Loci Determined by Systems of Spreads. 
The points of contact of basic R*’s with spreads of the penny of m-ics, 


f A$-—0, 
are cut out by (m + 1)-ic spreads SV 
f'+29 =0. 
Eliminating A, we have the (2m + 1)Hc spread 
^ ? = 0. 
I, p 





Hence: : ; 
Points of contact of basic Rs with spreads. of a pencil of m-ics are on a spread 
of order 2m + 1. 
Similarly : 
Points of osculation of basic R*’s with spreads.of a net of m-ics, 
f AQ up =, 
21 
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are on a spread of order 3m + 3, of the form | ; 


fi, ¢, WI=0 s. | 
f", i ay! = 


Let us apply this to a particular ease, If fi is a basic quadric spread, the curve 
of osculation of basic R*’s with f, b say, is a curve of order 24. But a basic.R*, 
- having already six points in common with f, cannot osculate without lyiug 
entirely on f. 4» must therefore be six basic; R”’s. We have, then: 

There are six basic R*’s on a basic quadric spread. 

We should expect, by counting of constants, to find a finite number of basic 
R*'s on a basic quadric spread. For it is nine. conditions on an R* to lie on a 
quadric spread, and the spread therefore contains œ% = æ! Rs, These 
twelve remaining degrees of freedom are taken up by Requiring the Es to be : 
on six specified points of the spread, since it ie two conditions on a curve in a’ 
3-dimensional space (linear or not) to be on a point. This gives us at once: 

If f, p, and} are basic quadric spreads, (11) is the locus of basic Rs lying 
on spreads of the nei f -- 1$ 4 ud —0. (11) is in this case of order 9. 

Let us further specialize by making f + A4 + uŸ = =0 the net of quadric 
spreads on a plane x and the six base-points. All spreads of the net must 
contain the basic E* trisecant to x, since this R* meets any of these spreads 
in 6+3=9 points. Now a quadric spread i in S, containing a plane must have 
a node and contain two systems of planes on the node, and an R* on it meets 
all planes of one system three times and of the other system once. All Rs on 
the spread (11), then, meet x. Again, a basic R* meeting x must be contained 
in some quadric eread of the net, namely that particular quadric spread con- 
. taining any two further points of it. Hence: 

The locus of basic R*’s meeting a plane n is a.spread of order 9. n has the 
trisecant basic R‘ to x for a triple curve. Its ee ts of the form (11). 

It follows that: 

There are nine basic R*’s meeting a plane! and a line. 

‚Basic Res meeting a line lie on a 2-way of order 9. 


‘831. Some Enumerative Results. 


There being c? basic R*s, there are in general a finite number satisfying 
a given 3-fold condition. We can, by means of the knowledge we have of the 


{ 
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curves A and B and the surface C, taken with the theorems just enunciated, 
find the number of basic Es satisfying a variety of 3-fold conditions. We 
introduce the following symbolism. Denote by: mE 


P, the 18-fold condition that an Rt be basic, 

P the 3-fold condition that an R*'be on a seventh point, 

v the 2-fold condition that an E* meet a given line, 

u the 1-fold condition that an £* meet a given plane, 

p the 3-fold condition that an R‘ touch a given plane, 

a the 1-fold condition that an #* touch a given space, 

a, the 2-fold condition that an R* osculate a given space, 

a, the 3-fold condition that an R* hyperosculate a given space. 
A basic R* subjected to a A-fold condition + has for locus a (4— A)-way spread 
which we shall denote by [7]. By the. theorem of Sturm enunciated in Part III, 
two spreads [7] and [+] can intersect only in basic R*’s and in parts of basic 
R*'s — base-planes, lines, or conics. In order to find the order of the spread of 
intersection of two of these spreads apart from base-lines, conics on base-planes, 
and base-planes, it is necessary to know the multiplicity of the base-lines, conics 
and planes in thesé spreads. The multiplicity of the base-points in a given 3-way 
is immediate from the fact that basic R*’s cannot meet the spread except at base- 
points without lying entirely on it. The following table gives the multiplicities 
of base-lines, plaries and conics in a number of these spreads. Accented letters 
are meant to indicate that the symbol repeated refers to a different element; 
indices, that the same element is repeated. 

















pi. | Mul. | Mul. | 
Spread. um md x ' — Base-Conios. : Order. 
lines, | planes. 
[vy] | 2 | 1 0 | 0 9 
[u] | 3) 8 | 1 0 9 
[a] | 3 | 6| 2 0 | 18 
[a | 2| 6 | 0 | 0 | 64 
[45] | 2|0 | 0 2 double conics on each plane || 82 
[6] | 2| 1| 0 1 conic on each plane ` 17 
[uu] 2| 6 | 0 | . 2 conics on each plane - | 61 
[z,u]| 2 | 10] 0 | 1 double conic and 2 single conics on each plane | 122 
[agaz]| 2 | 20] 0 4 double conics on each plane 244 
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We now verify the facts contained in this table. 

We have shown the order and dimension of [v] to be 9 and 2 respectively. 
It contains the base-lines singly, since the unique E? on say 1, 2, 8, 4, 56/1234, 
and the point where the line » meets 1234, taken with 56, lies in the spread. 


We have seen also that [u] is a 3-way of order 9. The plane u meets a: 


base-plane 123 a point, and the conie of the pencil on 123 on this point, taken 
with any conic of the pencil on 456, is a basic R* meeting u. A pencil of conics 
covers a plane singly (there is a unique conic on every point of the plane) and 
hence [u] contains the base-lines singly. [u] and [v] must meet in nine.basic 
Rs, the nine R*’s meeting u and v. They meet in a curve of order 81. This 
leaves a curve of order 81— 36 — 45 to be accounted for by the fifteen base- 
lines. Hence [u] must contain the base-lines triply, since [v] contains them 
singly. | sc 
[as] is a 3-way of order 18, since [v] meets Q, in eighteen points and the 
basic Rs on these points determine eighteen points in which » meets [a]. 
Two conics of the pencil on 123 touch a, and hence every conic of the pencil on 
456 counts doubly in this spread. [a] and [v] meet in eighteen basic R*s. 
They meet in a curve of order 162, in which the base-lines form a part of order 
162— 72— 90. Hence [a,] contains the base-lines 6-fold. It follows: 


The points of the configuration T in a are sextuple points of the surface C. 


[as] is a 2-way of order 54, since [u] meets the sextic F in a in fifty-four 
points. Six A's of the basic system in 1234 osculate a. Hence the base-lines 
are 6-fold. 


[o3] meets a in B taken twice. Its order is therefore 32. Two conics of. 


each of the pencils 123 and 456 touch a and these must count doubly in [aj]. 


[u7] contains the base-lines singly, since there is a unique basic R? in 1234 
bisecant to the line in which u meets 1234. It contains on each plane the conic 


on the point in which u meets the plane. If x is its order, we have, by com-. 


bination with [u], 
9x—15.3—20.2— 4x, whence æ = 17. 


[uu] contains the base-lines 5-fold, since five basic R®’s meet two lines. 


It contains the two conics on the points in which u and w’ meet a base-plane. ` 


‚If x is its order, we have, by combination with [wu], 
| 92 —15.8.6 —4.20 = 4x, whence x = 61. 


N 
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[asu] contains the base-lines 10-fold, since ten basic R?s meet a line and 
touch a plane.* Two conics on 123 and two on 456 touch a. Hither of the 
tangent conics on 123 taken with the conie on 466 on the point in which u 
meets 456 is a basic R* satisfying the conditions. The latter counts doubly, 
the former singly. Combination with [u] gives the order. 

[a a] contains the base-lines 20- fold, since twenty basic R®’s touch iwi 
planes.* Two conics on each base-plane Loic each space a and a’, and hence 
there are four double conics on each base-plane. Combination with [u] gives 
the order. l 

The following table gives the number of basic R*’s satisfying various 3-fold 
conditions. Most of these: may be obtained -by combination of the appropriate 
spreads given in the foregoing table, together with the application of the theorem 
of Sturm. Others are added for the sake of completeness. 


P,P = 1, ‘Peagy = 18, Pau = 32, 
Pouf = 1, Pasu = 54,° Prada, = 64, 
Psp = 4, Pag=10, Puuu'= 61, Pragagay’ = 488. 


Pyro, = 24, Pu = 17, Pouu = 122, 

Puv= 9, Papag =. 34, Pragaiu = 244, 
The fact that some of these results may be obtained in more than one way 
furnishes an easy check on the accuracy of the first table. 

We may add to the above the following extensions of theorems of Part III: 

Basic H8 meeting a 2-way of order m lie on a 3-way of order 9m. 

Basic R!’s meeting a curve of order m lie on a 2-way of order 9 m. 

Modifications of these theorems will be necessary if the director spread 
is related to'the base.. 


$32. Loci Determined on a Plane by Basic R*’s, 
Consider & pencil of spaces | 
(az) + (Ba) — 0, 


having a plane, S, as axis. The quadric spreads cutting out the quadries Quas 
on spaces of this pencil are 


Ä (a) + 2 (B a?) = 0. | 
It follows that the quadrics Q.,,, cut out on S a pencil of conics, say. The 








* Sturm, loc. cit, 
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three points of intersection with $ of its trisecant basic R* are apolar to all 
quadrics Q,,,4, by theorem c. They must therefore be apolar to all conics d, 
and so must be the vertices of the diagonal triangle of the pencil ®. 

If a basic R*- touches S it touches every space of the pencil on 5. ‘Hence: 

The four basic Es tangent to S touch at the base-points of the pencil db. 

The base-planes and spaces meet S in a configuration, A say, made up of 
twenty points and fifteen lines, four points on à line, three lines ón a point. 
A is, by the Veronese ‘Perspective Pyramid Theorem,” the figure of three 
iriangles in continued perspective, taken with their axes of perspection, — these 
three axes meet in a point. Since the lines (on a space a + 26) 123 and 456 
are polar lines in the quadric Q.,,4, it follows that the points 123 and 456 are 
apolar to every conic D. These results easily give the following theorem: 

The siè conics defined. by the six configurations B of A are in a pencil Ẹ, the 
base-points of which are the points of tangency of tangent basic R*’s to S. The 
vertices of the triangle apolar io ® are the points of intersection with S of ite 
trisecant basic R*.* 

Basic R*’s meeting a line, p, lie on a 2-way, P, of order 9. Any space, a, 
on p meets P in a nonic curve, the line p and an octavie curve P' ing. Any 
plane Son p and in « meets P' in eight points. Now P! meets p in two points, 
the two points on p in which basic E*'s touch a. Hence there are six basic Rs 
that meet a line p on S and meet S at some other point not on p., Therefore: 

The locus of points of intersection with a plane, S, of its bisecant basic a is 

a sextic curve, >. 
. & has obviously three nodis, at the points of intersection with S of its 
trisecant basic Rt. It can in general have no further nodes, since this would 
require two basic R*’s on a point of S. Its genus is therefore 7. It contains 
the twenty points of the configuration A, conics of the pencils on 123 and 456 
and on the points where S meets these planes, forming a basic A‘ bisecant to S. 
It also contains the base-points of the pencil d, and touches at these points the 
tangents to basic Rs through them. 

Consider the set of basic R*’s as projected from a base-line, 12 say. They ` 
are projected by quadric spreads with 12 as a nodal line, and project into 
conics on S on 123, 124, 125, 126. Points of intersection with S of bisecant 
basic R*’s must be on conics of this pencil. They must further be apolar to all 
conics D. ‘Hence: 








* Carver: Trans. Am. Math. Soc., Vol. VI, No. 4, p. 548. 
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Points of intersection with a plane, S, of tts bisecant basic R*’s are partners 
in the Cremona involution determined by the pencil ® associated with the configu- 
ration A on 8. They are also on conics of fifteen pencils on 4-points of A like 
123, 124, 125, 126. . | 

We saw in Part IT that the locus of pairs of points determined in this way 
is a sextic curve. The involution determined by conics d leaves this sextic 
unaltered. It carries the lines of A into conics on L, M, N, the diagonal 3-point 
of D. It carries 123 into 456, etc., as we have seen, thus leaving the points 
of A, as a whole, unaltered. Hence: 

The points 123, 124, 125, 126, L, M, N are on a conic. 

This is the conic into which the basic R* trisecant to S is projected from 12. 
A determines in this way a configuration of conics with the same set of points 
and the same incidence conditions. 

We also proved in Part II that the locus of joins of corresponding points 
on the sextic E is a line-quartic, W say. W touches the six lines of both bases 
d and d', the second generating pencil D’ being conics on 123, 124, 125, 126. 
Since W is symmetrically related to A, it touches all the twenty lines of A. 
Since 123 and 456 are corresponding points of >, W touches the ten lines 
123/456. It obviously touches the three lines of the diagonal triangle of ®. 
But it is more specially related to these lines, as we shall see. 

The configuration A, dual to A determines a range of conics D. Here we 
have a line-sextic =, and a point-quartic W;. The configuration A, may be 
considéred as the section by a plane of the complete 6-point in three dimensions. 
Here W, is the section by S of the Weddle surface with nodes at the six points. 
The diagonal 3-point of the range d, is the three points in which the R? on the 
six points in space meet the plane. The properties of the plane section of a 
Weddle quartic* may be here stated for the sextic X; and the quartic W: 

The line-quartic W determined by basic R*’s on a plane S touches the three lines 
of the diagonal triangle of the pencil D in three points on a line. The two tangents 
to W from a point of the diagonal 3-point, besides the two diagonal lines on the point, 
are apolar to these two lines. The configurution A is not unique on W, there being 
an infinity of such configurations whose lines touch W and whose points are on X. 

The first part of this theorem may be verified easily from the form of the 
equation given in Part II. The specialization here is that one of the conics 


"EIE (ax) + 2(Bx} o. 





* Morley and Conner, loc. oit. 
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is on the reference 3-point. Let this be (ax). We have, then, 
Au = Ogg = ag = 0, 
. and equation (13), Part II, becomes 


E ais Pos Ey Ea (5— Es) — 2X (are Bis — is Pw) Ei Ea Es = 0, 

from which the first part of the above theorem is an easy inference. 

Let us return for a moment to the system of quadrics on six points of space. 
It is three linear conditions on a quadric to touch a given plane at a given point. 
Hence one quadric on the six points touches a plane, S, at a given point. The 
two lines cut out of this-quadric by S are partners in the Cremona line-involution 
determined by the range ®, on S. At a point, a, of the quartic W,, the quadric 
tangent to S is a cone with vertex at a. The two lines cut out of this cone by S 
are lines of the sextic 2,. One quadric on the six points contains an arbitrarily 
chosen line of space. If we require this quadric to have a node, the line lies in 
a complex. We have, therefore: 2 

Generators of quadric cones on sia points of space are in a sextic complex. 
The complex curve on any plane, S, is the sextic X, This complex contains the 
(1, 3) congruence of bisecants to the R? on the six points: doubly.* 


The range d, of the configuration A, determines a conjugate 3-fold system : 


of conics to which all conics &, are apolar. If the plane a is mapped by this 
scheme on a Steiner quartic surface, Q, the lines 123, 456, being conjugate lines 
in the range, will go by this mapping scheme into:a tangent plane section of Q, 
touching at 123/456. We get in this way ten planes and fifteen points. If we 
indicate the points of A, by two-figure symbols, the incidence relations of these 
ten planes and fifteen points may be exhibited i in the two diagrams: 


x 46 62 24 185 æ g x 
35 12 14 16 c 146 162 124 © 
51 32 34 386 © 346 362 824 
13 52 54 656 x 546 562 524. 


135 in the second diagram stands for 135/246, etc. A point in the left-hand 


diagram is incident with the planes in the right-hand diagram standing in its : 


row and column, except the one in its position, and similarly for the planes. 
But this is exactly the scheme of nodes and tropes of a el quartic surface. 
Therefore: | 








— 


* Sturm: i Die Lehre von den Geom, Verwandischaften," III, p. 409. 
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Conics apolar to the range dy of A, map the plane into a Steiner quartic 
' surface Q. The points of A, go into fifteen points of X). The lines 123, 456,-etc., 
go into ten tangent plane sections of Q. The points and planes thus obtained form 
the configuration of nodes and tropes of a paps nodal quartic surface, fifteen points 
lying by sixes on ten conics. 


$33. Complex of Lines Bisecant to Basic R*'s. 


We proved at the beginning of Part IV that two points in which a basic Rt 
meets a space a are points of an R’ of a basic system in œ and apolar to Q.. 
At the end of Part III we showed that the lines joining pairs of points thus ' 
determined are in a quartic complex. Hence: 

Lines bisecant to basic R*’s are in a quartic complex. 

It is obvious that these lines may also be defined as the lines met by 
quadrios Qatag+ey Of the net of spaces on them in pairs of an involution. This 
property makes the finding of the equation of the.four-dimensional complex: 
easy by methods similar‘to those employed in Part III. The following is 
also obvious: 

The complex curve on any plane, S, is the quartic W. 

We see from equation (28), Part III, that if p; = py = py = 0, ee 
My = Ts = Mey = 0, OF Dis = Pa = pu = 0, involving 7t = nu = ny = 0, the 
equation of the complex is satisfied. Hence the complex (28) contains every 
line on a base-point or on & base-plane. Since our complex is symmetrically 
related to the configuration T ina, we have: 

The section by a space a of the complex of lines bisecant to basic R*’s contains 
singly every line on the planes of the configuration T in a, and every line on its points. 
This amounts to saying: The complex of bisecants to basic R*’s contains, in general 
singly, every line meeting a base-line, and every line lying on a base-space. 

This is also evident directly. A line on a base-space has a unique bisecant 
basic R? of the system in that space, and hence a degenerate bisecant basic R+. 
A line meeting 12 meets on E? of the basic system on 3456, the E? on the point 
where it meets 3456, and hence has a degenerate bisecant basic Rt. A similar 
argument shows ‘that our quartic complex contains every line meeting opposite 
, Planes 123/456, etc. / 

It was shown by Sturm that the complex of tangents to basic R®’s contains 
lines on base-points and base-planes doubly. The section of our complex with 
the sextic complex determined by 16, 26, 36, 46, 56, as base, leaving out of 

22 
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account the above-mentioned degenerate congruences, is a congruence of order , 
6.4— 5.2 — 14, and of class 6. 4— 10.2 — 4. This is the (14, 4) congruence l 
of tangents to basic R's. 


$34. An 1l-ic 2-way Determined by Seven Points. 


Consider any plane, S, and a space, a, on it. Basic R*'s bisecant to 8 
meet a in two other points, and the lines joining these pairs of points form the 
complex cone on a of bisecants to basic Es through M, the pole of S as to Q,. 

. The locus of these two extra points of intersection is a curve in S with a triple 
point at M, since the trisecant basic R* to S counts as three bisecant R*’s, and 
this R* passes through M by theorem c’). This locus is met by a plane in a 
through M in eight points on the cone proper, and in three points at M. It is 
obviously the locus of points in a from which 1, 2, 3, 4, 5, 6, M are projected 
into seven points of an E?, since an AR* projects into an R? from any point on it. 
Hence: | 

The locus of points in S, from which seven points project into seven points of an 
R° is a 2-way, V of order 11, with triple points at each of the seven points. 

The surface P shows a close analogy with the Weddle surface in &. Let 
us project it from one of its triple points, M say, into a space 8. Consider any 
point, x, of the surface. If we project 1, 2, 3, 4, 5, 6 from x on a space y 
through M, the points 1y, 2y, 3y, 4y, by, 6y * ere on an E? with M in y, 
and are projected from M by six lines of a quadric cone, V, in y. Now the 
lines x1, x2, ete., project from M into 8 into the lines x,1,, #5 2, etc. Since 
x1, x2, ete., "ne y in points of the E? 1y, ...., M, and hence in points of V, 
xs lę must meet B, in points of the conic A In other words, 1,, 2g, etc., 
project from x, on the plane B, into six points of a conic. Hence: 

The surface ¥ projects from any one of tis triple points into a Weddle surface 
taken twice, 

The 11-ic section of on our space through M projects into a plane section 
of this Weddle surface. We have, then: | 
The section by a plane in a of the cone of the complex of bisecants to basic R*’s 
may be regarded as a plane section of a Weddle surface, a theorem which we have 
met in another connection. 

The 11-ic curve which is the section of the surface V by a space a on M, 
is the section (in a) of the Weddle surface with nodes at 16, 26, 36, 46, 56, M, 





* ly is meant to indicate the point Into which 1 projects. — 
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in which the R” meets the polar S,_, of a as to Q. It is 2n +1 linear con- 
ditions on a C? to contain a given E", There are then 


in(n4-3)—2n—1-F1-&$n(n—1) 


linearly independent C2 ;s on a given E^. It is, then, 4n(n —1) conditions on 
the system of quadrics to be apolar to Q, and hence it is $n (n — 1) conditions 
on the R” to be orthic to Q. 

Basic #™s are projected from a base-point by a system of an Ole, 
There are ©! basic R™s on each of these cones, one through every point of the 
cone. These C7-!'s meet a in a basic system of Z"^s on an orthic base of E^. 
We mean by an “orthic base” of T” a set of n+1 points of T” such that every 
C? s on them is apolar to Q.. There are n+2 such orthic bases in T”, All 
points of T” whose names contain one symbol form an orthic base, as 12, 13, 14, 

Every E" on an orthic base is orthic to Q.. The following theorems 
are sufficiently evident from what we have said in discussing the 3- and 4- 
dimensional cases. 


Sets of points V9 in a are n-points apolar to Q., and inscribed in R"’s of the 
basic system on any orthic base of T". 


AU loci duerme u in a by basic Rs are completely determined by Q, and an 
orthic base of T”. 

Choosing as reference points ina n points of an orthic base of T”, with 
the (n + 1)-st point as unit point, a basic E” on a point x may be given 
parametrically, 


x. . è 
Wo Y— p (=1,...., n) | (1) 
the point x having the parameter value £—0. We indicate the quadric Q, by 
e a Q = 0. | 


The conditions on the coefficients of Q may easily be worked out. The polar 
Se of x as to Q is | 


0g 
= 0. 2 
(2) cuts out of the A"! (1) the n —1 points which, taken with x, form a set i% 


ina. The (n—1)-ic equation in ¢ giving the parameters of these n—1 points . 
may be obtained by substitution of (1) in (2). It is 


12... cm, LEI — ERTL... ++ CNT. 2Q=0, (3) 
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where | Aum Xm. (ge + +9 A 


REJ ? 


and m Io 40 
LSir. 


L is the polar S,_, of the unit point as to Q. The spread fı is a Cit} on the 
C#+2}, the locus of points of contact of basic R*’s having (i + 1)-point contact 
with a. 

The vanishing of an invariant of (3) of degree à í and weight w evidently 
gives as the locus of the point x a Cv4**, Since - 

v=4 i (n— 1), 
we have the theorem: 

The locus of points x in a such that the n —1 points besides x of the set ı® 
determined by x are n— 1 points on the basic R”"! on x and an orthic base in Y", 
and, as points on this E"! as a binary support, have a vanishing invariant I, 
is a C, s, of order à (n + 3). ` 

The n points of a set .(? considered as a set of the basic E" are projectively 
equivalent to the n points considered as points of the corresponding R"-!, since 
the R" is a projection of the R”, and these n 1 polis are self-corresponding. 
Hence (3) multiplied by. t, . 
$m LE — ft + ....250, (4) 
represents to within a collineation on the R” the n points of intersection with a 
of the basic E^ on x. The vanishing of an invariant of (4) must, then, carry 
with it the vanishing of the corresponding invariant of the x points on the basic 
R”. An invariant of (4) of degree ¢ and weight w is of degree w +1 in the a’s. 
Since w = &ni, we have j 

wiz gilnt 2). 
Hence: 

` Basic R"’s meeting a in sets 1% for whioh an invariant I, (on the R”) vanishes 

meet a in points of a C,_, of order 4 $(n + 2). 


837. A Cubic Spread. 
The Ong 8, Quias, on S,_1’8 of & pencil, 
(ax) + A(Bx) — 0, 


(a x°), (B a*) 
(ax), (B2) 


lie on the C} 








mXzauu—u-9 O 


D 
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where ay = a B,— a, B, are the coórdinates of the S,_, common to a and f. 
Now the basic R” on x passen through x with the tangent py cc, (v, — z). 
Hence: 

The locus of points of tangency with basic Rs of tangents meeting an S, s, 7, 
is the C8, (5). 

This locus contains the 8, , singly. 

Consider two S,_,’s that have an S,_, in common. The two C? s deter- 
mined by the two S,_,’8 meet in a Chs, out of which the C; , Q. on the S, ,, a, 
common to the two S, ,'s, factors. Hence: i 

The locus of points of tangency with basic R”’s of tangents meeting an S, 
is a Olg. 

Consider an S,_, and an Sns which have an Sp, in common. There is an 
S,-1, a, containing both 8, , and |$, ,. Tangents to basic R”’s in a are. 
tangents to basic RÀ"-ls on an orthic base in a at points of Q.. Lines tangent 
to basic Rs and meeting S, , in a are tangents to basic R"-’s in a which 
meet $, ; and have their points of tangency on Q.. The locus of these points 
of tangency is the intersection of a O3 , with Q,,— a C$ ;. The C? and the 
Ci_, determined in 8, by Sng and Spg respectively intersect in a C#,, out of 
which the above OS , factors. Hence: | 

The locus of points of tangency with basic Re of tangents meeting an Kaa 
tsa Os. — 

We c ean now deduce the N law.. Call the order of the C,_,,, of 
points of tangency with basic A's of tangents meeting an S,_,, m,. Consider 
an S, , and an 8, ,,, which have an S, , in common. There is an Spi, a, 
containing both S,_,,, and S, ,. For an S,_, containing n— r + 1 points of 
S, .,, one further point of Spp}, and r—2 further points of 8,4, contains 
both spaces, and is on n points, —enough to fix it. Lines tangent to basic R”’s, 
in aand meeting Sp}, are lines tangent to: basic Ars in a and meeting 
S,-r41, and having their points of tangency on Q.. The locus of these points 
of tangency is the intersection of a C, ;,, of order m, , with Q,, —& C, ,,, of 
order 25m, ,. The O3 , and the C,_,,, of order m, , determined by S, , and 
Sr intersect in a C, 44; of order 3m, , out of which the above C, ,,, of order 
2m,_, factors. This gives the recurrence formula 

M, = 3 Mp1 — 2 Me, 
whence i ij 

m, = 27 — 1. 
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Hence: 

The locus of points of tangency: with baste Rs of tangents meeting an S,_, 
isa Cy rar, of order 2" — 1. 

In particular we have: 

` The locus of points of tangency with basic R™8 of tangents on a point (So) ts a 
Ci, a curve of order 2" —1. ES 

This curve is projected from a point, of it by a cone C, of order 2^ —2. 
Hence: 

Lines tangent to basic R"'s and on a point lie on a O,-cone of order 2^ —9, 


$38. À Generalization of the Weddle Surface. : 


The argument of $34, Part IV, obviously holds in n dimensions. We have, 
then, that the locus, 9", of points from which n + 3 points in S, project into 
n + 3 points of an R* is a C, with. these properties: 

1) It has (n—1)-fold points at the n + 8 points. 

2) It projects from one of these points into a D" taken twice. 
If m, is the order of V", we have the recurrence formula 

m„=n—1l+2m,-, 
whence 
m, — 2^ — n — 1. 
Hence: 

The locus of points in S, from AA n + 3 points project into n + 3 points of 
an R” is a CY, where m, has the above value. 

This locus has properties closely analogous to those of the Weddle surface. 

We have algo: 

Lines bisecant to basic R”’s and on a point, a, in S, lie on a C, of order m, 4. 
The points of intersection with these lines of their bisecant basic Re a are on the . 


G, v*. 
$39. Some Enumerative Theoreme. 


We can find the order of the C, , in which basic R™’s tangent to a meet a 
again by finding the order of its C,_, of intersection with an S,_, of P”. A basic 
A” cannot meet a base S, without degenerating, and hence we need consider 
only the degenerate basic R™s. And we evidently need consider only the basic 
R"’s degenerating into lines and H*~"’s, and into conics and R"*’s. Let us 
assume that the order of the C, 4 of further intersection with an Kna of tangent 
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basic Rs in S, ,i18 m, ,. Basic R*~’s in the $, cutting out the Sps from 

T” determine a C5" on Sas. All S, ÿs on the Sj, , in ^ count doubly in Cm, 

since two conics of the pencil in the plane opposite to a base S,_, touch à, and 

either of these conics, taken with a basic R" on the opposite S,_,, is an R”, 

satisfying our conditions. Since there are n Spa's on an Sps of I'^, we have 

the recurrence formula " he à | 

i m, = 2n + M, 

whence 
= m, = (n + 3) (n — 2). 

This gives us the theorem: | 

Basic R"’s tangent to an Sni, a, meet a again in a OP, —_ 

This C, is the discriminant of (4). It touches Q, along the C7. ; of points 
of osculation of basic R*’s with a and cuts out of Q., the points of contact of 
bitangent basic Z"'s. Hence: 

Points of contact with a of bitangent basic Re lie on a (erro i-o 

It may be proved as in Part IV that lines joining corresponding points of 
this C, 4 are lines of Q.. 

We now ask for the order of the O, ,, in which basic E"'s having p-point 
contact with a meet a again. Call it mp. We can find the order of C, , b 
finding the order of the C,:,,, in which it meets an Sn- of T”. The S,_,_,’s 
of T” count pl-fold in the locus, since they are cut out by base S, ,'s, and p! 
basic E?'s of the systema on the opposite S,’s have p-point contact with a. 


There are G n-p 18 on an Spg of T”. There are on Ss of P”, 


n 
541) 
where ` 

. n—p—1«icn-—32, 
spreads belonging to our locus, but their dimension is less than n — p — 1, and 
we need nót take them into account. On the S, , cutting out our S, , we have 
a basic system of R”’s, and these determine a Cfp on S, ,, where t= my". 
Hence we have the recurrence formula 


"ees — TR à 
whence. niin [Cz N us 1. | (6) 


Hence: 
Basic R"'s having p-point contact with a meet a again in a Ot, where 
( — m5 as given in (6). 
23 
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It is n — $— 1 conditions on a curve in S, to meet an S,. -If the locus of 
basic R™’s meeting an S, ,, is a C, ,,, of order x5, an S, , meets this locus in 
x» points, and there are xp basic #"’s meeting an Spp and an Sp by the 
theorem of Sturm. Hence the locus of basic R"’s meeting an S, , is met by 


an S, , in x? points, and the order of the latter locus is x2. The locus of basic. 


Rs meoin a C? , is met by an Sp in the ux? points defined on S, , by the 
basic R"’s meeting Sp and Cz ,. The order of the locus of basic R"’s meeting 
C, is therefore ux}, provided.the CZ , does not meet a base S, where i « p. 
We have seen that basic R"’s have p-point contact with a at points of a OP, 
and meet again in points of a O,_, of order m}. The Of! does not meet a base 
S, where ¿< p, since an À* cannot have p-point contact witha if i< p. The 
locus of basic R"’s meeting C2, is a C, ,,, which meets a in Oi. taken 
p times and in the O,_,, of order m2. Hence: 


uc EE i (7) 
Therefore : 

Basic R™s meeting an Sap lie on a C, ,,, of order x. 

There are x? basic R"’s that meet an S,_, and an Sp. 

Basic Rs meeting an S, lie on a C, of order x}. 

The identity involved i in these teoreme, 

xp = X np J 

is evident from the form of (1). 

The following theorems are easily verified by the methods of Part. IV: 

` Basic R's that touch a Ci", meet $t again $n a C? s, where 


= (n — 1) (n + 2) \ 
| p= m (m| CPEE ma ; 1 
Basic R"’s bitangent to a C^ , touch at points of a Oz , where 


v = m(m + 1) [SNe + am Z+) ame], 


The multiplicity of a base S, in the O, „+ of basic Rs meeting an Sy» ` 


| # —r 
By counting of constants we should expect to find a finite number of basic 
_ £"’s on a basic C; ,. An R” in S, is determined by (n + 1) — 4 constants. 
It is 2n + 1 conditions on the E" to lie on a C2 ,. It is n —2 conditions on a. 
curve lying on a Os to pass through a given point of the C, ,. Hence: 


EN 


X 
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An R” on a O2 òn S, is determined by 
(n +1? —4—2n +1 
| n — 2 

points, — a base, — to within a finite number of positions. l 
‘By a theorem of Part I, basic R°’s having (n —1)-point contact with a C2 , 
touch at points ofa Cr. Ifthe C? , is basic, this Cf" exists, but can be nothing 
but basic E"'s, since an E" having (n — 1)-point contact with the O2_, has 
n+2+n—1=2n+1 points in common with it, and must lie on it. Hence: 

There are (n — 1)! basic R*’s on a basic C2 ,. 

Basic R"’s meeting an S,_, r times lie on a C,_,; let us assume “het its” 
order is t?. We obtain a formula for r? by looking for the C, ,. in which the 
Cy. meets a base S. The given Ss meets a base S, in an S, 4; basic 
Rs on S, meeting $, 4 7 times lie on a Car. of order 77". Consider a 
base Sp and the opposite 8;. Shs meets S; in an S,,. One basic R* meets 
Sis t—1times. S,, meets the base Sp in an 8, , ,. The basic R"‘’s on 
Sn; meeting this S, , 4 7—t+ 1 times (enough to make 8, , meet A" taken 
with the R* in the opposite & r times) lie on a Cp; of order r*4,,. There 


=n+2 





are G2 i) base S, ;s'on a base Sa. This gives the formula 


Set rt + @ «umeros (8) 
by which 7? may be calculated in any particular case. The following values of 
special 7’s are in accordance with the facts: . | 

Tj = 1, v5 -0(nzEO0) Bel, t™=I0n>m), rhin. 
The Mowing general formula for 2*1 may be verified by induction from (8): 


re D — (n 2151 4 $ yet (ly G —1)1 (p à + Ne 
q^ =e — 3 tai t t=] i : * 
nr 77 (rl? 


a 








Basic-R"’s meeting r Sags lie on a C, ,; let us assume that its order is o”. 
An argument similar to the above gives us a formula by means of which of may 
be calculated. Let us examine the C,_,_, in which our C,_, meets a base S,_,. 
` Ther S,_,’8 meet S,_, in r S,_,’8, and these give a C, ,., of order o? which 
belongs to our locus. Consider a base S,_, and the opposite Sj. i—1.$, ,'s 





# It Is a remarkable fact that the number 72H is the genus of the curve of intersection of n—1 


Os 8. 
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meet S,in t—1 $, js. These can be chosen from the r ry 8 in ut jJ ways. 


There are of ,/i R*s in EK meeting these S, s. The remaining r—i 4-1 8, 8 
meet Sns in r—i+1 8448. Basic R"*s on S, , meeting these S, , ,'s lie 


| To ES : n 
on a Cari of order off. There being (; d ) S,_<8 on a base Sj, ,, we have 


the formula | 


ot=igti4 =G JG )ortot/2 + (2) (ers o/3+. 
+G) (Quare ub 9 
The following values of special os are in accordance with the facts : 
09-1, of — 0 (nk 0), n=l, oF —0(n m), o2 ,—n07 5. 
It is easy to calculate any special v or o from (8) or (9) taken with the table of 


special values. Suppose, for example, we require the value of cj. In the first 
place, 


From (9) we have 


set + (D (2)otot/2 + (A) otot 
We have also l 


n o? = 202 = 2, 0; = 8 01 = boc 


whence 
| cj = 61, 


a number which we found in Part III. This gives 
o$ = 4.61 = 244. 


A 
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Surfaces Invariant under Infinite Discontinuous 
Birational Groups Defined by Line Congruences. 


i Bx Viren, SNYDER. 


| 


A. family of quadric surfaces containing one variable parameter will define 
a congruence of lines having the envelope for focal surface. When the parameter 
enters rationally to the power n, the congruence will be of order 2n and of class 
6n; the focal surface will be of order 4(n—1). Each quadric will touch it along 
a space quartic of the first kind, defined as the limiting intersection of two 
quadrics which approach coincidence. 

1. When the two systems of generators are rationally separable, the con- 
gruence breaks up into two, of the form (n, 3), having the same focal surface: 
These surfaces are interesting from the fact that the congruences will define 
upon them an infinite discontinuous group of birational transformations which 
leave the surface invariant.” 

Let 

X a, 2/75 ut s e, A775 uf 

Sea e (2) 

> b; anc u* > d, gnk uk 

k=0 =) 

di, bry €, dy being linear expressions in four homogeneous variables (x), be the 
equations of a line. As A:u and c take various values, this line will define a 
congruence which we shall call the ø congruence. Similarly, by interchanging 
Xe, Eb, a new congruence v is defined. 

These two congruences are arranged on a system of quadrics, and have the 
same focal surface $. The cones contained in this family evidently belong to 
both congruences, and their vertices are singular points on @. Should a cone 
further break up into a pair of planes 75, v, the corresponding lines of c would 





* Of. “Infinite Discontinuous Groups of Birational Transformations Which Leave Certain Surfaces 
Invariant,” Transactions Amerioan Math. Society, Vol. XI (1910), pp. 15-24. 
Uu 


178 Snyper: Surfaces Invariant under Infinite Discontinuous 


belong’ to two pencils (0,, 74), (Oz, 75), and the lines of v to the pencils 
(01, 7%), (02, 7t), wherein 0,, 0, are two points on the line of intersection of the 
two planes. The points 0,, 0, are singular points c on $, and m, x are double 
planes, touching $ along conics. 

Through any point P,zz(z,) on $ pass a line of o and a line of + which 
touch the surface at that point. 

2. When the coordinates of P, are substituted in (1), the binary quartic 
in À :u will have a double root which can be expressed rationally in terms of (æ). 
, The corresponding A: u, determines the single quadric Q(A,) which touches $ 


at P,. The curve of contact c, is defined by Q(a,) = 0, e =0. A line of o 
touching at P, will therefore touch it again at the second point of intersection 
with zx. Since the coordinates of one point of intersection are given, those 


of the other point P, = (z,) are expressed rationally in terms of (x). Had we 
started with P,, we could express the coordinates of P, rationally in terms 
of (22). 

The operation of interchanging the points of contact of any line of o with the 
focal surface  $s a birational transformation of order 2 which leaves invariant. 

This property is true for a large category of congruences that cannot be 
. expressed in the form (1), but is not true for those defined by a family of quadrice 
in which the two systems of generators are not rationally separable, for, corre- 
sponding to a point P, we have two points P,, one on Sach generator of the 
quadric passing through P,.* 

In the same way, the congruence + will define a birational transformation 
of order 2. Let these be denoted by (3), (T). 

3. The coordinates of a point on c, can be expressed in terms of elliptic 
functions in such a way that the parameters u of four points lyingrin a plane 
will have a sum conjugate to zero. A quadric can be passed through any c, and 
one bisecant. Let «,, % be two points such that w + u= % is not commen- 








* À congruence of this kind can be obtained from the cubic variety T in space of four dimensions, which 
contains a plane, but cannot be generated by trilinear systems, Let a pencil of spaces have the plane for basis, 
Each space will cut T in a residual quadric, one passing through each point. If the quadrics be projected 
from a point on T into any space not passing through the center of projection, the result is a family of 
index 2, Au + Auv + u'w = 0, The apparent contour Is the envelope of this system, and complete focal 
surface of the congruence. The surface 4 uw — # = 0 has eight double points, and is of class 20, ‚The vertices 
of the cones contained in the family of quadrica are not in this case double points of the focal surface. 
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surable with the periods of the elliptic functions concerned. The planes passed 
through this line will contain a generator of the other system such that the sum 
of the two parameters will be conjugate to — k. In particular, if u, define P, 
then P, is expressed by k— u; from P, a generator of + meets c, again in 
t!—2k. If the operation (ZT) be repeated, the point P, can never be reached 
after a finite number of transformations, since Æ was chosen incommensurable 
with the periods. If the constants be so chosen for one value of A, it insures 
that (XT) is of infinite order. . - 

4. The order of the discriminant is in general 2(m + n — 1), but will 
contain as factor any letter common to the coefficient of A"*^, Au" 7-1, and 
similarly for Aut”, u"*^, Thus the order of $ is in general of order a 
multiple of 4, but may be reduced by one unit if c4 —0, ba —0, q =a; by two 
units if d, =a; and by three units if also b,=c,—d,—0; hence: — 

Surfaces & of any order except 5 can be constructed on which the operation (ZT) 
defines. an infinite discontinuous group of birational transformations under which > 
remains invariant. 

5. Among the congruences expressible in the form (1) are the Cremona 
congruences, obtained by connecting corresponding points of two planes in 
(1, 1) correspondence. * 

The general theory will not be discussed further, but a few interesting 
"applications will be made to well-known congruences.° 


Congruences of Order 2. n i 
6. .Given the three trilinear systems in space of four dimensions S,, 


aw + Bie + yug==0, avn t bost yv =O, aw + Bw + yw = 0. 
They will generate the cubic variety I' defined by 


ms . U Us Us d 
e T=| vo, v v | =0. 
WU, 10$ Ws 
Without restricting the system, we may put: 
um, Vi Hy, ` j w = bit + bete + ba 2 = b, 
Ug = 93, Va = 98, m Wy = Ci Wy À Cy ty + 0,8, — €, 


Ug = Ts, = nt Oy tet Mme W= dei + du + dy as = d. 





* T, A. Hirst: «On Cremonian Congruences," Proc. London Math. Society, Vol. XIV (1888), pp. 259-801. 
The treatment is synthetic, and no transformations are discussed. 
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fr now a general line of the system be projected from (0, 0, 0, 0,1) into the 
space x — 0, its equations become 
an+Bm+ym=0, dyy (am c ay) ba B 4- Bot Byd. 
By eliminating a the equation may be written . 
(ba, — cm) B? — (dez m, — bas + de) By + (am —2,) d y^ —0, (2) 
showing-that the congruence can be arranged in a family of quadrics of index 2. 
The equation of the focal surface may be written in the form 
Pa = (dyes, + bay) + a [2dd,a,0, + d* 2, —2dbx—4cxx—4abd;x] = 0. 
The two systems of generators on the quadric (2) are rationally separable, 
and may be written 


bB— ar = of + dBy—ady* _ 
Bat 7% 


16 dy xy Ti 
cB dBy ad, Baty % 


Since the congruences are each of class 6, and the focal surface has a double 
plane x, = 0, they are of symbol (2,6),,. The double pointe of the focal surface 
consist of the eight points common to the quadrics 





bm—on=0, dyzm,—be,-- dz 20, am —a 2 = 0, . 
and the vertices of the four quadric cones of the family. Of the former, two 
have an exceptional function: one is the vertex of a quintic cone K, having a 
double edge passing through six of the basis points, and the other is the vertex 
of a plane pencil A, lying in the singular plane. The other six basis points are 
vertices of cubic cones, The vertices of the quadric cones contained in | the 
family of quadrics are all in the singular plane x, = 0. 

In c, ¢ the two cones K,, K, are interchanged, each has a cubié cone at the 
other six basis points, but the cones are not the same for both. The quadric 
cones are common to c and +. The equations of these cones can be determined 
by finding the envelope of the plane passing through the singular point. One 
equation of the line of the congruence is illusory, and the pieno in the 
other will satisfy a relation with constant coefficients. 

7. When the operation (X) is performed upon the focal surface, all the double 
points are principal elements. A, will go into the conic of contact lying in 
2,—0, each of the A, vertices goes into a space quartic having a double point at 
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the vertex, the K, each into a sextic having a triple point and K, into a curve 
of order 10, with a five-fold point at the vertex, and passing through the basis 
points. All these curves are rational. 
* 8. Given any plane section x of @. Consider the ruled surface formed by 
all the lines of v which touch $ along the quartic curve of section. Its order will 
be 4 plus the number of generators lying in æ. Since the class of o is 6, there 
are six bitangents lying in x, each counting as a double generator. Thus the 
order of the ruled surface. is 16.. Since its genus is 3, the residual double curve 
is of order 96, no part of which can consist of further double generators. The 
plane x cuts the curve c,,, image of K,, in 2$ points, hence 24 generators of 
our ruled surface pass through Æ;. The surfaces $, and Rys intersect in a curve 
of order 64, consisting of c, in x counted twice, and a residual c4, also counted 
twice. The latter will have 24 branches passing through every K;. The double 
curve Da on Ry, meets $, in all the vertices K, and nowhere else. The plane x 
will cut each cone X, in a plane c, which touches c, in 2? points. The lines 
joining these points to the vertex K, will therefore be torsal generators, the 
.pinch-point of each being at the vertex. The total intersection of D and 4, 
is therefore of the form | 


2 [1:8 eee (55e) a (552) eai]. 


9. If between the equations of a line of the congruence the parameter 8 
be eliminated, a family of ruled cubics of index 2 results, 


a? [bas zs — eai] + ay [duas + bass — 2022s + d s] 

(0 ck Y [das — cag + das] — 0, 
which has $ for its envelope, with the extraneous factor x}. The double 
directrices are defined by 

| = 0, at + Ba =O. 
‘In this way we can obtain the properties first found by Stahl. * 
10. The equations 


aa+bu _ —tAtyu_, 

cA--du zA-d-wu 
and the corresponding ones for + also define congruences of duda 2 and class 6, 
but the focal surface has no double plane; hence the congrnence is of the first 
kind (2, 6),. The configuration of singular points and fundamental curves can 








* W. Stahl: “Ueber Strahlensysteme zweiter Ordnung," Urelle’s Journal, Vol XCV (1883), pp. 297-816. 
24 : 
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be found as before. The essential difference between the two. forms is that in 
(2,6), the vertices of the quadric cones belonging to the family of quadrics 
lie in a plane, while in (2,6), they do not, The present form can not be 
obtained from the cubic variety T of &. i - 
11. Ifin the equation T' the space v; is of the form a,x à agis, the entire 
plane a= 0, ay lies on P. There is no restriction in putting a — 0, since the 
equation of any space through this plane is of the form kæ, + 1x; —0. Each 
space of this pencil will cut T in a quadrie whose generators belong to conjugate 
systems. Four double points of T lie in the plane, and are basis points of the 
pencil of conics cut from the quadrics by the plane, = 0, a= 0. 
On eliminating a as before, the system 


bB—dmy _ cB dy... 
wy 000890 F May 
is seen to be a particular case of both the preceding forms. The planes c, = 0, 


æ = 0 and xv; = 0 are double planes of the focal surface. 
From the equation of the system of quadrics 


BP (bu, — em) + B y (bs mu — d) — y dumm = 0- 
it is seen that four of the eight basis points lie in the plane 25 — 0, and the other 
four lie in z,— 0. Besides the four cones whose vertices are in x, = 0, the con- 
gruence has one other singular point. This is the general congruence (2, 5). 

12. If b —0, the general congruence (2, 4) results. The singular planes 
of the focal tte are x = 0, x = 0, 2,720, 0 = 0. 

Finally, the (2, 3) and (2, 2) congruences can be obtained from the equations 
given in a preceding paper.* 

In the case of the general (2, 2) congruence, the same focal surface exists 
for six families of congruences. The operations (=)(T) are now all commutative, 
and generate a group of order 32. In all the other cases enough undefined 
constants exist to make (ZT) of infinite order, but for certain values of these 
constants they may be of finite order. 

Every congruence of order 2 not having focal curves and of class less than 7 
can be arranged on a family of quadric surfaces of index 2, whose envelope ts the 
focal surface of order 4. For unrestricted coefficients these surfaces all have an 
infinite group of birational transformations except that of class 4. 


[4 


' * Snyder: V Bison Derived from the Cubic Variety Having Nine Double Points in Four-Dimensional 
Space,’ Trans. Am. Math. Soe., Vol. X oe pp. 71-78. ` 
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Oongruences of Order 8. 

. 18. If the variety T which has no plane lying upon it be projected from a 
general point of &,, the resulting congruences of order 3 can not in general be 
arranged on quadrics. The two conjugate congruences of order 3 and class 6 
have the same focal surface of order 6. 

If, however, a= 0, and the system be projected from (00101) into x = 0, 
an interesting case results. It will be more convenient to use a rion-homogeneous 
parameter Æ. The projection of the first system gives 


dsm, +kd _ k(b— ke) + bm _ , Os, 


ud bm k (y, — k ary) 





from which 
(ca — da) kë + (de — ds ty 04 + ot — = k? 
+ Pea bg Xa ts) b — bg a = 

In the %-discriminant, x? is a factor. 

Of the six quadric cones in this family of quadrics, three have their vertices 
in q= 0, three in d;a,+-d=0. The point (d, —d,, 0, 0) is the vertex of a 

quartic cone having three cuspidal edges, belonging to G. 
| A second system is — | À 
kd + dyz, — k og + o. =r C 
k(b—ke) + bm, h(a, — kay) : 
"This one has the same three quadric cones with vertices in the plane c, = 0, 
cubic cones with vertices at the singular points in the plane 4,» — d = 0, and 
a plane pencil in this plane with vertex at (d,, —d;, 0, 0). 
| A Finally, a third system is of the form : | 
d-—— ka x, (ds — k) I 
Nm) Bd Eau) + G— Na) 

which has a pencil in the plane z, — 0. It is like Cj, if the planes z,, dag —d =0 
be interchanged. The other system of generators on the quadrics of O; is exactly 
G. Each of the operations (G) is of order 2, and the product of any two is of 
infinite order. 

To obtain the equation of the cone » of rays passing through the point 
(ds, —d,, 0, 0) and belonging to €, substitute the coordinates of this point in C, 
and solve for +, Æ. The first gives y= 0; hence kd+ du =0, kagt a= 0. 
The k-eliminant is (dsa;— d) e, — 0. The factor a, corresponds to k=0; hence 
the pencil d; a — d —0, (dy, —d,, 0, 0) belongs to G. 


Os, 
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Similarly, in G we have p — 0, a, =0 for the same point, and for & the 
coordinates of the point satisfy one equation identically.’ The other gives 
o(d + kd) = 6, b being d,b,—d,b,. On substituting this value of c in the 
second equation we have the equation of a plane always passing through. the 
singular point, The envelope of this plane is a quartic cone having three . 
cuspidal edges. In the same way the cones belonging to the other singular 
points are determined. | 

The duals of all the congruences of t order 2 discussed before can also be 
expressed in this way. 

14. Another case of egunderable interest was mentioned by Roccella.* 
Let (0,, 74) (è = 1, 2, 3) represent three projective plane pencils. Lines joining 
corresponding lines will generate a quadrie, and the quadrics thus defined 
will compose a congruence G. The directrices of the quadries define another 
congruence D. The planes 74, x, will intersect in a line (x, 2) which is cut by 
- the two pencils in projective ranges. Let Pa, Pa be the self-corresponding 
points, and di, d,; di, d the pairs of lines of the two pencils passing through 
them. Let à, be the line of (Om, am) corresponding to d,. The lines of the 
pencils (Pu, dn), (Ph, Òn) obviously belong to G. Let the plane (d,, dy) cut: 
Ôm in Dh. The pencil (Dm, d;d,) will also belong to G. The lines of the 
pencils (Py, didy) and (D, (Pi, 5n)) likewise belong to D. 

The quadric cones belonging to the family of quadrics therefore break up. 
into planes. The congruences @, D have twelve singular points, at each of 
which the singular lines form a plane pencil. , | 

The pencils (0,, 74) belong to D, but not to G. If 4, lps ln form any triad . 
of corresponding lines, every line through 0, cutting J,, 4, will evidently belong 
to D. The lines which meet lp, 4, describe a quadratic complex. The complex 
cone having 0, as vertex: will therefore belong to G. Similarly, all the lines of 
74 belonging to this complex will belong to G. From their method of LG 
both congruences are self-dual; hence: 


The congruence generated by the lines which meet corresponding lines of three 
projective pencils is of order and class 3; it contains fifteen singular points and fifteen 
singular planes. At twelve of these points the singular lines form plane pencils, and 
at the others, quadric cones. The three remaining planes contain conics passing 


* «Bagli enti geometric] dello spazio di rette generati dalle Intersezioni de’ complessi corrispondenti in 
due o più fasci prolettivi di complessi lineari.” Piazza Armering, 1882. Bee Art, 10. 
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through the vertices of the cones. The conjugate congruence is of order and class 8, 
and contains fifteen singular points, at each of which the singular lines form a plane 
15. Analytically we may write 
| m+Am=0, 2%—0 for (0, u), 
: Agri t 3-20, æ—=0 for (05, 75), 
ds Va + dg Ts Tax m0, m+ 25+ %=0 for (0, Mm), 
wherein a, = b, + Ac,, and b, c, are constants. 
The equations of a line of G now have the form 
(a? — 1) (a4 — a,) £s — (as À + a) (zi + Aa) = A2, + 2s =g. 
Ay (2 + À xa + 23) T 
The focal surface is the same for Gand D. It is of order and class 8 and 
has a cuspidal curve of order 12. In general the cycle (G D) is of infinite order. 
The surface is the self-dual surface of Kummer and Cayley.* 





CORNELL Univerarry, July, 1909. 








en 


* E, E, Kummer: «Ueber diejenigen Flächen, welehe mit ihren reciprok polaren Flächen von derselben 
Ordnung sind und die gleichen Singularitäten besitzen,” Berliner Afonatsberiohte, 1878, pp. 25-87; Cayley: 
‘On Sibi-Reciprocal Surfaces, same, pp. 809-818. 


202 Apparent Size " & Closed. Curve. 
Bx Arraur C. LUNN. 


1. The apparent size of a closed curve in space, or the solid angle subtended 
by it as seen from any point, is defined as the solid angle of a cone with vertex 
at the point of sight and with the curve as directrix. This is measured, according 
to the definition of Gauss, by the area cut by the cone from a sphere of unit 
radius with center at the given point. It is equivalent to the apparent size of 


any surface bounded by the curve, provided a suitable convention be adhered to 


as to the algebraic sign of each element, according to whether one side or the 
other is visible from the point. Its value is then given by the familiar integral 


2 dS... J J ’ 
= fees — FER es y) + 2 cos (n 2) a9 (1) 





extended over a surface bounded by the curve, with positive side at each point 
fixed by the direction of the normal n. Here the point of sight is taken as 
origin of coordinates and an element of solid angle is considered positive when 
the origin is on the positive side of the corresponding element of surface, 
r being the radius vector from the origin to a point of the surface. The explicit 
computation of w is required, for example, in the determination of the magnetic 
potential of a closed linear electric current.* 

The integral in (1) may be evaluated as the sum of three double integrals, 
extended over the areas bounded by the projections of the curve on the coordinate 


planes, or as one double integral extended over a plane area into which the sur-. 


face is mapped by means of a representation of the coordinates of its points in 
terms of two independent parameters. But inasmuch as the surface here is 
purely auxiliary and is arbitrary except in that it is to be bounded by the given 
curve, it seems more natural to seek a method of computation such as to use the 
curve itself as realm of integration, for instance by integration with respect to & 
parameter ¢ in terms of which the coordinates of the points of the curve may 
be expressed. 





* Gauss: “ Allgemeine Theorie des Erdmagnetiamus,” Gesammelte Werke, V, p. 170. 
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One such method is given by the ordinary formula 

o = f(1— cos) d 0 = / (1 — cos Q) 0 dt, (2) 
where 6, are the longitude and colatitude of the point where the unit sphere 
is intersected by the vector r from the origin to a point of the curve. Here the 
use of as a variable of integration, in terms of which the coordinates may be 
considered as single-valued, relieves the ambiguity as to the interval of variation 
of 0 arising from the fact that the polar axis, being arbitrary, may or may not 
be linked with the curve. For comparison with other formulas to be considered 
it will be convenient to throw this into a form containing rectangular coordinates, 
which will here be done by means of a vector formula independent of any par- 
ticular coordinate system. | ; 

Let a be a constant vector, of length a, in the direction of the polar axis 
implied in equation (2), and let r,, a; be unit vectors in the directions of r and a 
respectively, so that r — rrj, à —a8,. Then if ż be thought of as time, 0' is the 
angular velocity of the plane of the vectors r, a about the fixed vector a as axis; 
and cos ọ — fi.8,.* Now a vector normal to the plane in question is 
n=nn=rxa, so that the derivative nj of the unit normal vector is 
numerically equal to 0'. From this come: | 


n=nn+nn=rxa, n= (rx ay, nn = (r xa).(r x a), 
nên =n (r Xa)—n(r x a). (fr x a), 

and from the last, by squaring and reducing: | | 

ntn? = ((r x a) x (r x a)? = {[r ra] a}, (3) 
which shows that the vector of angular velocity of the plane may be taken as 

[rra], | 4 
which is numerical equal to n/, but is parallel to the axis à while nj is 
perpendieular. This formula may be obtained also directly by a geometric 
construction, with r treated as the velocity of a point moving along the curve, 
so that —[rra]/a is the moment of the velocity with respect to the axis. The 
sense of u, left undetermined by (3), is here so chosen that when T", r, a form 


a right-handed triple of vectors the direction of u shall be opposite to that of a. 
Thus if the forward circuit of the curve appear counter-clockwise as seen from 





— u 


# The vector notation ta throughout that of Gibbs-Wilson: “ Vector Analysis." 
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what is taken in (1) as the dodi side of the surface, the resulting value of the 


solid angle is : 
rs 2 [rrala 5, : (5) 





(0 — 








(r x a} 


which in Cartesian rectangular coordinates i is 


a! y 4 
aca nekalta a erat 

di Gy Ag | ` (6) 
ea, east, | 


n? = (92 — y) + (ar — a a)? + (my — ax) 
= ait — (aa + ay + agf, 
where a,, da, d, are the séalar components of a. In this deduction the polar 
axis has any arbitrary direction with respect to the rectangular axes; if it be 
taken to coincide with the z-axis, and 4 be the arc of the curve, ' this formula 
reduces to one used by Maxwell.* 

: The integrand i in this formula is independent of the particular set of axes 
used for the resolution of the vectors; and the integral is independent of the 
special choice of the parameter é, but it contains the direction of the arbitrary 
vector a and thus depends apparently on the ratios of the scalar constants 
A, Ag, €. The geometric source of the formula shows, however, that. the 
integral around a closed curve must be independent of those constants, for any 
continuous variation of them which does not introduce singularities into the 
integrand. 

If the curve intersect the axial line, then at such a point r becomes "m 
to a and the divisor n? vanishes. Binge a is arbitrary, this could of course -be 
avoided for any particular curve, but there is a feature of theoretical interest 
in such a case. 

If the intersection is on the positive half of the axis of a, so that & = 0, 
the vanishing of other factors keeps the integrand finite; but if it is on the 
negative half, with $ = n, the integrand becomes infinite. In the latter case 
a suitable value of @ might be sought by a limiting process, for which purpose 
a short arc of the curve. in the neighborhood of the intersection is replaced by a . 
circular arc, for instance, with center.on the axis. But the result then depends 
upon which way this arc lies with respect to the axis, there being in fact, for 





a * Electricity and Magnotism," Vol, II, Ed. 3, p. 89. 


Lunn: The Apparent Size of a Closed Curve.. 189 


arcs on opposite sides of the axis, two possible limiting values of the integral 
differing by 4x, which is the limiting value of the integral in (2) or (5) for a 
small circle with center on the negative part of the axis. Thus a variation of the 
vector a such as to make its negative continuation pass across the curve produces 
an abrupt change of 4x in the value of the integral. The obvious interpretation 
is that this 4x is the apparent size of the whole “sky,” or the cyclic constant 
which occurs additively an arbitrary integral number of times in the general 
many-valued determination of o. Moreover, if two different expressions for the 
integrand in (6) be formed, corresponding to different choices of the vector a, 
their difference proves to be the exact derivative of a certain function of the 
coordinates which is expressible in terms of inverse trigonometric tangents 
and is many-valued with the same cyclic constant 4x. 

2. Another method of computation” depends on the relation o =27— 0, 
generalized from a familiar theorem relative to polar spherical triangles, in which 
c is the length of that curve on the unit sphere which is polar to the intersection 
of sphere and cone. To translate this into an explicit general formula, let it be 
noticed that if the vector r goes to a point of the given curve then the unit vector 
of the vector p=r X r goes to the corresponding point of the polar curve on 
the sphere. Then. 


pp—rxr'—pp, p=(rxr), pp-(rxr).(rxr), 
and from the first of these, by squaring and reducing: 
i p pr = n [r^ r, ry | (7) 
Here pj is numerically the derivative of the arc of the polar curve, so that with 
a conventional choice of sign in taking the square root in (7) the solid angle is 
o =2r— -S E a ^ (8) 


or in Cartesian coordinates : 


alt al! g! 
o, 1n— fF a! y 2 | dt, 
x y FA i 
pa (yd —8yy + (ea! — a + (sy — ya) [Oo 
— rg — (aa + yy d zzy, | 
=w? t yl? t. 





* Used for example by Schwartz: Gesammelte Werke, I, p. 316. 
25 
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To put this into'a form using polar coordinates, for comparison with (2), 
let (m y, 2) be written (r sin ® cos 0, r sin $ sin 0, r cos ẹ); then it reduces to 


n lal ER 13 8 
oman [2 9 — 6 Hang teh E - (/? sin? 2008? at (10) 
The divisor p* vanishes at a point of the curve where the tangent line coin- 
cides with the radius vector. At such a point the integrand may remain finite 
if also the osculating plane pass through the origin; but in general it becomes 
infinite and the value of o needs to be found by a limiting process, involving a 
system of curves obtained by warping the original 80 as to keep p different from 
zero. The typical case of. such a critical point is ‘that where the curve is such 
that its trace on the unit sphere presents a cusp: Then, according to whether. 
the curve is deformed so.as to change this cusp to a rounded arc ot to some kind 
of loop, the limiting process gives a result indeterminate by an additive multiple 
of 4%, like that mentioned in $1. | 
In contrast with the formula of §1, the present one contains no arbitrary 
constants, but it involves the second derivatives of the coordinates and thus ` 
implies stronger conditions on the curve. For example, equation (5) or (6) 
could be used directly for a polygon or other curve having in general a definite 
tangent but with a suitably restricted set-of points of discontinuity in the 
direction of that tangent; while in suth a case equation (8) or (9) would be 
inapplicable unless for each such point there be added a corrective term 
measured by the corresponding change in direction of the line tangent to. the 
trace on the unit sphere. 
8. The method now to be developed consists in a transformation of the 
surface integral of equation (1) into a line integral by means of ne 
theorem : 





feulv.da=fv.d, — _ (11) 
- where E is the vector equivalent of the scalar element of area d. 


IR be put for the Newtonian vector —r,/r?, then equation (1) may be 
written i E 


"o-fhR.da. o 2) 


Thus if there is a vector function v such that curl y= R, then under the analytic 
conditions sufficient for Stokes's theorem the solid angle can be computed from 


o= fy rdi = ` | (8) | 
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Since. R is a , solenoidal vector function, there must exist for it such a vector 
potential v, whose determination in terms of rectangular coordinates involves 
the integration of the system of differential equations: 





Om Ow _ c Qu Ov | y ot Qv, ^ z (14) 
Oy oz ™ Oz da. r?: Oy P 
. Which condition its scalar components (2, va, v;). 

By these equations alone v is not uniquely determined, but any two solutions 
differ by a potential vector VU or one whose components are partial derivatives 
of a single scalar function U. This U may be many-valued, but its discontinuities 
and those of VU must be allowed for by corresponding corrective terms in the 
application of Stokes’s theorem. It may be predicted that the only indeter- 
minateness thus introduced will be such that the values of o computed by means 
of two different expressions for v will differ by a multiple of 4x. A general 
proof of this is not attempted here, but a verification is given below for some 
particular cases.* ar . 

À particular solution of equations (14), ), found by à known tentative process, 
is the following: 


— 17. 2 
Ca 

_1/ g © : | 
ara ria) LEE I 





_ 1 v 7 oy. 
| EET 230 
which may be written. 


= , 1. 1 l 
V—ÓnxW; W= ee B E (16) 


Then the general solution. may be written v + VU, where the scalar function U 
is arbitrary. The special form of v just found gives; by substitution in (13): 


ME | o = $ f [r, n, w] dé, M (17) 


which in Cartesian coordinates 18 





al y d 
m ve y 2 [gt 18 
a 3 Mb 1 1 $ ( ) 


* For a theory of many-valued functions in a Riemann space see a paper by Dixon, ne of the 
London Mathematical Society, Ser. 2, Vol. I, pp. 415 0. E 





4 


192 Lunn: The Apparent Size of a Closed Curve. | 


With respect to this formula a qualification must be made, however, to.cover 
cases where the vanishing of any of the quantities (r + v, r + y, r +2) makes 
v infinite at any point involved in the integrals of equation (11). Since con- 
tinuity of V and of curl V is presupposed in Stokes’s theorem, a corrective term 
is needed for every point where the negative part of a coordinate axis pierces | 
the surface implied in (11), even when at all points of the curve itself the inte- 
- grand in (18) remains finite. 

To find the magnitude of this correction it suffices to consider a special case, 
such as a circle with center on the negative z-axis and lying in a normal plane, 
represented by l 

w = p cos é, y = p sint, z = — b, 
where p, b are positive constants, so that r is the constant NF. For the 
‘integral in (18) this gives 


ul ge | bp sin t b p cost - er 
0 r—b Pp sint — ETE CORE 
while the true value for o is 2x(1—b/r). Hence it may be inferred in general 
that for every point where the negative part of a coordinate axis, when taken 
in the direction from the origin to infinity, pierces the surface from its positive 
or negative side, a corresponding correction 47/8, positive or negative respect- 
ively, must be added to the integral in (18). Thus the passage of the curve 
. across a negative semi-axis during continuous deformation would be marked by 
a discontinuity of 47/3 in the value of the integral. 
For example, suppose w is the value of the integral for a curve linked 
with E of the negative semi-axes. By reversal of the sense of integration the 





| same curve may be considered to define also the complementary solid angle 


with 3—% corrective terms. These mutually complenientary solid angles àre 
then œ + 424/38 and — @ + 4n (3 — k)/3, whose sum is 4x, as it should be. 

If two curves lie on the same cone, with vertex at the point of sight, and 
are represented in terms of the same parameter t. by a correspondence of those 
points which lie on the same linear element of the cone, then if the vector to 
one curve be f, the corresponding vector to the other curve is @r, where $ 
is à scalar function of 4 On account of homogeneity of degree zéro in the 
coordinates, the.integrand in (17) is therefore the same for both curves, since 
the derivative 9! has as coefficient a vanishing determinant.- A similar remark 
applies to the alternative formulas (5) and (8). | 


On Linear Transformations which Leave an Hermitian 
Form Invariant. 


By J. I. HoTonınson. v 


Any Hermitian form whose determinant is not zero may be reduced by a 
linear transformation to 


H = EAR, | E | | (1) 


in which the T ^, are real and p of them are positive. The number p 

is invariant for any given forms *. This fact will be referred to as the Law of 

Inertia. . - . 7 
It is the object of the present paper to consider some of the properties of 

linear transformations for which H is invariant.[ For this purpose it is 

. sufficient to consider the cases in which .p does not exceed $n, since the forms 

H and — H are invariant for the same substitutions, 


81. The Transformations S and their Classification. 
Let the equations 
si ; . . 
(S) y= Tey % (4 —1,2,....,m) 
t=1 . Xh j | 
define any linear transformation whose. determinant is not zero. If H is un- 


altered by S, the coefficients c,, must satisfy the conditions 


À, when j =, 


"E 
À i= 2. dh 2 
= k Cm Owy a “gi. (2) 





# Bee À. Loewy: ‘Ueber bilineare Formen mit conjugirt imaginären Variablen,” Mathematische Annalen, 
Vol. 50°(1898), p. 563. 

t We follow the methods used by Picard-for the case x=3 In his memoir, “Sur les res quadratiques 
ternaires indéfinies à indeterminées conjuguéea et sur les fonctions hyperfuchsionnes correspondantes," Acta 
Mathematica, Vol. V (1884), $ 16, rather than the symbolic methods of Frobenius as employed by Loewy, ioc. cit. 
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If the n equations (S) be multiplied by 4,0, (k = 1,2, ...., n) and added, 
` we obtain, after using. (2), the inverse transformation $^! in the form 


= a 2 uu : 
(S 1) =, En (i= 1, 2, ers f). 


Since 8-1 also leaves H invariant its coefficients satisfy the conditions 


^ 1 . (A when l= k, m i 
= Ae io T 1 +k, (2/) 
' which are equivalent to (2). , 


In what follows we shall not distinguish between two substitutions whose 
corresponding coefficients differ by a common factor. Such a factors is necessarily 
of the form e^. l 

The transformation S contains 2n* real constants which are subjected to n° 
real conditions (2). Accordingly, the substitution S contains n? arbitrary real 
parameters.* 

For function-theory purposes it is often desirable to introduce non-homo- 
geneous variables, which will be defined by the equations | 

ti, = Zaf Bn (a =1,2,....,n— 1). | (3) 
Let u, be separated into real and imaginary parts, u, = ul + $u/. The values 
of these 2(n —1) variables will be associated with the points of a flat space R 
of 2(n—1) dimensions. 

Denote by F the function H/z, 2 ER of Uy, Wy sees, un, Uu... The locus 

P= l (4) 
is transformed into itself by the substitution S, while any point not on (4) is 
transformed into a point on the same side of this locus unless p — n. We will 
call the region defined by the inequality F >0 the inside of F. 


§ 2. The Fixed Points. 


We now tee to the insertion of the points of R which remain fixed 
for the transformation S. For convenience we will return to the homogeneous 
notation. At a fixed point we have 


pa (k=1,2%,....,n). 





# The transformation may be put in a form in which the superfluous parameters are eliminated from the 
coefficients, . Bee the foot-note to page 200. From the definition of T there given it is readily found to con- 
tain n? arbitrary real parameters. 
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Substituting in the equations (S) we obtain the conditions 

Cj 94 E Cia +... + (ap) +... + Cinn =0 (k=1, 23,....,n). (5) 
If C denote the determinant of these équations then, as is well known, the 
value of p is found from the characteristic equation C — 0. 


If, on the other hand, we substitute 7 — pz in the 5 quis (8-1) and 
divide each one by p, we obtain 


Ay C44 % + A On 2 ee A, (Cu — p^ STERN Pg Siggy = 0 (t= 1, 2,...., n). 
Denoting the determinant of these equations by C’, we obtain for p the equation 
Cl=0. After dividing out 4425 .... An, we observe that if in the resulting 
equation every letter is replaced by its conjugate, the equation so obtained is 
the same as O = 0 except that p is replaced by 1/p. Hence, if p is a root of 
Cz 0, then 1/6 te also a root of the same equation.* 

We therefore have a number q of pairs of roots pr, Pa = 1/91, ps, Pa = 1/ Ps, 
5, Peg-1s fas == 1/Peg Whose absolute values are reciprocals, and different 
from unity. The remaining roots fequi) «+++, fs are then unimodular. Suppose 
these n roots are all distinct. By a linear transformation 7 the substitution S 
may be put in the form = 9,0, (E —1,2,....,n). Expressing H in terms 
of the variables č by means of T it takes the form 


EIC — 2 + a Cai bo) AA E 2, m 6. 
Now make the MN 


> mca la Sat == $ (mi-in), Sy = My, 

and we obtain | | . 

H=} (Has Mata = Wa) + X AQ... 7 (6) 

E C y-3odl 

According to the Law of Inertia g can not exceed p. It follows that when the 
roots of C= 0 are all distinct the substitution 8 belongs to one of p +1 different 
types according to the value of g. When g=0, S will be called elliptic. In 
other cases it will be called Ayperbolic of the q-th type g=1,2,....,P). 


- Our next problem is to determine the positions of ike fixed points of jS. 
Suppose at first that the roots of C0 are.all distinct. In that case we have 








* This result is obtained by Loewy (loc. oit., p. 568) by an application of the symbolic methods and results 
of Frobenius to the Hermitian form. Por the case n — 8 it was first given by Picard, Acta MU Vol. V 
(1884), p. 164. 
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n distinct fixed points P,, P, ...., P, corresponding respectively to the values 
Pis Pas +) Pn Of P At the fixed points P, the equations (8) reduce to 
»=pa@=1,2,....,n) If H' denote the transformed form Z2A,zjz,, then 


at P, we have the relation H! = p, p, H= H, whence (p, 6,—1) H=0: If lex 
is not 1, it follows that H is 0. Hence, 2g fixed pene of a hyperbolic substitution 
of the q-th type are on the locus F = 0 

When the roots p, are all distinst H may bs reduced to the form (6) and 
therefore the coordinates of the fixed point P,(y =2q<+1,....,n) are 

m=0(k#7y). If these be substituted in H, it reduces to i nnl and will 

therefore be positive or negative according to the sign of a,. On.account of the 
invariance of the number p and since (6) has already q olive terms, it follows 
that p—q of the n—2g remaining fixed points P, are inside F=0 and n—p—q 
are outside. Applying this result to the case g=0 we may say that p fixed 
points of an elliptic substitution are inside, and n — p are outside the invariant 
locus F. 

The case of fixed points when m characteristic den has equal roots 
will be considered later. 


83: Reduction of H to the Oanonical Form. General Case. 


Before taking up the case of equal roots p,, we will first give some general 
transformations relative to the reduction of any Hermitian form to a canonical 
form. Let H be written in the most general form Say,%,%,, assuming the 
determinant A of the coefficients to be different from zero. If for a particular 
coefficient amm of the main diagonal of A the corresponding minor A,,,, is not 
zero, then a first step in the reduction of H to the canonical form is made by 

means of the transformation 


Ge = Me + (Arm Amm) Nm G@#mx=1,....,n) } (1) 
mn = Am. 

Expressed in terms of the new variables H becomes H, + (4/Amm) Nm im, in 

which H, = Zaan Ma, the indices x, À taking all integral values from 1 to n 


with the e nu of m. The determinant of the form H, is Amm, which is not 
zero by hypothesis. If any minor of Amm corresponding to an element of its 
main diagonal is not zero, we make another substitution of type I, and thus 
. continue as long as possible. If a stage is reached at which (I) can no longer 
be used, we employ a transformation of the following type. E 
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Suppose that in A the minor A is zero but that the minor A,,, is not zero. 
In that case we can apply the transformation * 
ent (Aim Arm) 15 
(4/ Arm) & = $ [(1 — amm) m + (1 + amn) Am] — X dam tas (II) 
Lem mm Nm» | 


in which A takes all values from 2ton with the exception of m. The form H 
reduces to 


N — Nm Fin ram (^, = 2, 3,.-...,m—1,m+ 1,...., n). 
e 


For, from the first equation (II) we obtain by changing to conjugate imaginary . 
values, multiplying by a,,, and summing with respect to A, 


ai à + Zan E = du + Xa [m + (A,m/Aın) A (7) 


Since a, = dx, A= A, and Anm = 0, the terms in the right member which 
contain 7, vanish unless i — m, in which case theg reduce. to (4/4,,) £, and 
we have 


ami Ëi + Zeit (Al Fam) be (7) 
Multiply (7) by & and sum with respect to i for all values except m. This gives 
E dap 0, 0, = Lau md, (8) 

«B A n 4 


in which a, B take all values except m, and A, u all values except 1 and m. 
‘Now write H in the form , 


X au La op + Xa Sa 0m + E Ona Sm Ga + Amm Cm on 
. and use the second and third equations (IT) together with the relations (7/) and 
(8). This leads to the result previously indicated. 


§ 4. Reduction of H when C Has Equal Roots. 


Suppose that the characteristic equation C=0 has a number of equal roots 
pi = pa = = Pm = p. There are two cases to be considered, aooording a8 p 
is amoi or not. 


* * This, and (D, are adapted from Gundelfinger, ‘Ueber die Transformation einer ne Form in 
eine Summe von Quadraten," Orella, Vol, XOL (1881), p. 228. | 
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In the first case we suppose S reduced to the.normal form 


M,0....0 | i 
0 M... 0 (9): 
0 o Ms 
in which the M, are square matrices defined as follows: i 
peo. Ps p0....0 
d i . 0 f 0 
M, = SERRE Q — 1, +4), Mai = 
0 0pp 
Qa ems 0p Dress P 


It is not necessary to specify the form of M,,,, except that it does not depend 
on p. Denote the orders of these matrices by &,&,....,6,, & +1 respectively. 
The integers &, ...., e, are the exponents of those Nes divisors of C 
containing the root p which are greater than unity. We suppose them arranged 
in decreasing order of magnitude, e; Sa Se... Se, S 2. - 
The condition that H be invariant for S may be expressed by the matrix 
formula e" | 
S'AS = À, (10) 
in which A is the matrix of the coefficients aj of H, S is the matrix obtained 
from S by changing every element into its conjugate value, and S’ is obtained 
from S by interchanging rows and columns. In forming the product the elements 
of the i-th row of 8’ are multiplied into the elements of the %-th column of A 
to form the element of the ith row and k-th column of the product matrix. 
The resulting matrix is combined in a similar manner with S. That (10) is 
the condition for the invariance.of H may readily be seen by substituting 
= z Can as % = > Oku Za in H' = Say 2; 2, and making the matrix of the result 


identical with .A. * 











* The substitution 5 can be expressed in but one way in the form (A+ T)3 (A T) in which 7 is subject 


to the restriction 7'4- T! = 0. The sum A+T means the matrix whose elements are the sums of the corre- 
sponding elements in À and T. . It may readily be shown that any substitution of this form ARTE H into 
itself. For, the matrix equation (or identity) " 


A! TIT TAA D = Ar D T+ TA Pr - 
may (by use of A =A, the condition that H 1s an Hermitian form) be written ` 
i (14+ 7471) (Al + PY) = (1— 74-1) (4! D) 
or UA~ U is VA-1 V!, 
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Using the form (9) for S, the product (10) is — 
Su». Ss; LEE) X wae 
Sa, Sey RENE Sp, uie 


T OM ee cl (11) 

ATE PT NAS Our, n 
in which Sœ represents a matrix of e, rows and e, columns constructed in the 
following manner. Let M; denote the matrix obtained from S' by replacing 
all its elements by zeros except those in M}, and let ML, be formed similarly 
from S. Then construct the product M/:4M, in the same way as described 
for (10). The non-zero elements of this product form a matrix of e, rows and 
e, columns which is denoted by Sy. -If now we impose the condition that the 
matrix (11) is identical with A, the matrices 8, take the special forms 


0 Ü xw Sos 0 
... 9 9 wo» e.as’ rm wee ss ...e 
0 eee 00.» .. * . 0 Osee, ry. BHT, 
TE DE E TN — T 
0 0 Bate, -2, B+2 a 
0 Aatr,-1 8H pai au Ste era aan 
Date, B apr BÀ ttt ee Qatti, BHT 


in which a=ea+....<+Le, B=zat- : He, nEn l, r= el, 
and t, # do not exceed u, i< k; 


Ü. teehee basura aces Pu oia eet O0 aa pir, 
tes 0 ss... ss... » o» * 39 95975 0 Qatl, Br,-1 Gott, Bir 
Sy = [ e 9 9 nenn oe ee ee 4 9 * !? & € me * g ee eee eee & à rere d 
E 0 HELPER 0 Opes, Brit $ ss. t t ng. Oen, Bit, 





in which Ü—A- T, V=A—T. By taking the Inverse of both members, we have 

: (71) AU a (VM Aya, 
whence V! (U!)31 AU VF = 4, or (UA Vy ACH Y) = A. By comparison TIVA (10) we see that U-1 V or 
(i+ D- (A-T) transforms H Into itself : 

On the other hand, if 8 is the matrix of any substitution which transforms H into itself, then a matrix T 
is uniquely defined by the formula T=A (E—5) (E +5, in which Z is the unit matrix. The solution of this 
equation for 8 gives 8 = (3+ P) (4 — T). 

Moreover, Dr = (B+ 9) (BB) A = (E +S (EH. — 8) A  A-2(E 8) 48 A. But we have 
T—À(BE—E 8E) 83 —2 AQ B) — Ac 9 A (E A1 873 4) A (using (10) — 2[UZ 4-41 89314) AN 
mA (A FADS LA 2LA-3 87 (+ Bt —4 2: 9(E-89)3 AA, Hence T+ T! = 0. 


This proof is given, in a somewhat different form, by A. Loewy in Nova Acta der Katseri. Leop.-Carol. 
Deutschen Akademie der Naturforscher, Vol. LXXI (1898), §2. 
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Over 0 ES UL 0 Ge pir, 


Bat Brit Gate, btn | 0... 0 Qayn- Btr, 


and $,,,,, S,,4, have all elements zero. We observe in particular that when 
"e e, Sy isa square matrix having zero elements above the second diagonal 
and hence but one non-vanishing element in the first row. If e >er, all the - 
elements of the first row are zero. The non-zero elements satisfy certain con- 
ditions which it is not necessary to specify. | 
. If now we assume & >e, it follows from the remark just made concerning 
the first row of Sy, and from the conditions e eg .... that all the elements of 
_the first row of A must be zero except a,,. Hence the minor A, ,, is zero 
and by applying transformation (II) we express H in the form | 


m Mı — Ne, Ney TH, 
in which H, contains only n —2 variables, whose coefficients are the same as the 
minor of A obtained by erasing the first and the e,-th rows and columns. If A,, 
the matrix of the coefficients in H,, contains but one non-vanishing element in 
its first row, it will be a, ,. ,. This happens when e — 1 >e.. We repeat the 
transformation (II) on Æ, obtaining 

. Hy = 133 — "luas Ha. : 

This process is to be continued as long as the first row of each successive matrix 
À, A,, Ay, .... contains but one non-vanishing element. If e = e+ & (5:0), 
the matrix Á, contains the least two non-zero elements in its first row, namely 
Gta 800 AdLara. We reduce this second coefficient to zero by gubstituting 
for the variables * Z, , Cate in H. the expressions 


Ša = Na F aa ese eus Cata = — Dana Nata’ (12) 

If other non-vanishing elements occur in the same row, they can be reduced to 

zero in like manner. It is to be observed that if any coefficient ay, is changed 

‚by this transformation into 5,4, its conjugate ay is at the same time changed 
into bu = bas | 

We now continue with the transformation (II), it being necessary after each 

application to reduce all the elements in the first row of each remaining matrix 





* To avoid multiplicity of notation we shall repeatedly use the Jelyers Gandy to denote the variables 
before and after any transformation, 
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to zero except the one element which occurs in S4. If e, is even, this process 
can be continued until all the rows and columns of A which pass through Sy 
have disappeared. If e, is odd, there will be one row and column left, containing 
the common element a, (a = $ (e + &)). After reducing all the elements of 
this row and column to zero except a,, by means of (12), we make the trans- 
formation (I) in which m is replaced by a, and x runs from a -+1 ton. One 
more term is thus obtained for the canonical form, the sign of which is unknown. 
In this manner we have replaced the first e; variables Z,, ...., Ča of the form H 
by new variables which are reduced to the canonical form. The number of terms 
in this group which are certainly positive is ¢,/2 or (e, —1)/2 according as e 
is even or odd. - These numbers can be expressed by the single formula 
i [26—1—(—1)3. 
. We proceed to reduce the next set of e, variables E or, Cata in the 
same way, and so on. The inel result may be expressed in the following 
theorem : 

If the characteristic equation C=0 of the substitution S has an m- fold root 
P (Fe p = 1), and if the exponents of the corresponding elementary divisors are €, €, 

T m +e+.... =m), then these numbers are restricted by the condition 


iz[24—1- (—1)"] Sp, . (13) 


since the left member gives the number of terms which are PETAN positive after H 
has been reduced to the canonical form. 

This summation may extend to all the exponents e, since in case any of 
them are equal to unity the corresponding terms in (13) vanish. 

We turn now to the case in which the m equal roots p are not unimodular. 
Let o denote. the root of C —0 which satisfies the relation po = 1, and let the 
exponents of the elementary divisors corresponding to this root be ej, ej, ...., 
(Z ej =m, m being the number of equal roots c). As will be seen presently, 
the numbers ej and e, coincide. Suppose S reduced to the normal form 


M, 
Mua 
M, 
É 


in which M, has the form indicated in (9), N, is a similar matrix in c of order ef, 
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and N,,, is expressible in terms of the remaining roots of the characteristic 
equation. Ar 
The product S'A © will be made up.of matrices obtained from M/AM,, 
M; AN,, N; AN,, etc., as described in connection with (11) except, that in: 
M/AM,, N/AN,* every element is multiplied by pp, 00 respectively, and 
since these multipliers are not unity the elements all vanish when condition (10) 
is imposed. The same is true of all the matrices whose symbols contain the 
letter N,,, excepting only NAN, Assume as before that the ee 
e (and e;) are arranged in descending order of magnitude, 

Suppose now e, >ei. Then the matrices Mi AN, have all the elements of 
the first row zero and the determinant S'AËS would vanish. Moreover, we 
can not have e| >e, since then the first column of S! AẸ would consist only of 
zeros. Hence eje. Ife >e or e (152), the only non-zero element in the 
first row of A is qs, 8==m-+e¢. Otherwise there are additional non-zero 
elements in this row which we reduce to zero by means of the transformation 
(12). Supposing this has been done, we observe that the element a,, occurs in 
the matrix N{AN,, and is therefore zero. Hence in transformation (II), 
which we now apply, the term a,,,, is zero. The form H then becomes 


9175 — ets + D, H = 2 daa a (x, A 1, B). 


The determinant A, of H, is the minor of A obtained by striking out the first 
and the B:th rows and columns. 
The above process is repeated on H,, giving 


| | Hy, = ns na — "giai + Hi. 
This may be continued until the variables with subscripts 1, 2,...., &, B, B—1, 
»., B—e +1 have been replaced by new variables in the canonical form 


6 
X (n 98 — NH Nasi): 


The remaining portion of H, which we will denote by H,,,, has for the matrix of 
its coefficients the minor A,, of A obtained by erasing all the rows and columns 
meeting in the matrices M; AN,, N: AÑ}. 

We may now prove by a repetition of the argument used above that ej— e, 
since otherwise A,,, would vanish. We next reduce H,, to a sum of e, positive 


* It will be convenient to use these symbols to denote the matrices of é; rows and ey columns formed by 
omitting the xeros. 
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and e, negative terms plus a form Fz e+e the matrix of vios coefficients is the 
minor obtained from A,, by erasing all the rows and columns meeting in the 
matrices M44 N,, N; AM,. This process is to be continued as long as there 
are e's left which are greater than unity. The coefficients of the remaining terms 
of H which are not affected by the preceding transformations form the matrix 


0 — MuANu — 0 
x À M, 0 0 . 3 
0. 0 N'y 4 Nuss 


since by a repetition of a preceding argument we evidently have v =u. Now 
reduce all but one of the terms in the first row of this matrix to zero by means 
of (12) and then apply (II), and so proceed until all the elements of Mu AN 
have disappeared. 

We thus obtain an expression for H in which the first 2m variables have 
been reduced to the canonical form, the terms containing them being alternately 
positive and negative. There are m positive terms and hence in this case m= p. 

Suppose now that the characteristic equation C— 0 has m, equal roots p;, 
m, equal roots p,, ...., m; equal roots p,, none of these being unimodular and 
f, Mg, ...., Ms 0; also the same number of equal roots o,, 63, ...., Cp such 
that p, c, — 1. Suppose further that there are u, equal unimodular roots +, fs 
equal roots Tg, ...., u, equal roots v, (41, ...., 4, 51), and let eg, ea, .. 

denote the exponents of the elementary divisors corresponding to the root «,. 
‘If the substitution 8 be expressed by means of suitably chosen variables in the 
normal form corresponding to (9), it is evident that when H is also expressed 
in terms of the same variables it consists of groups of terms, the first group con- 
taining only the variables ¢,, .. --, Cem, the next group containing only Gus, 

- ©, Comm), and 80 on to the (k + 1)-th group containing only the variables 
Quar arm (a = 2m+....+2m,), ete. It is further clear that each group 
of terms can be reduced separately to the canonical form.* Counting up the 
total number of terms which are certainly positive we obtain, as a restriction 
on the possible number of equal roots, the formula 


Em, tt 14 (les ame cas 
i a . 


* The reduction of H to the canonical form is virtually contained in the processes and results of the 
Acta Nova memoir of Loewy previously quoted. It is believed that the different treatment presented above 
will be found advantageous in varions respects. | 
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$5. The Fixed Pointe when O Has Equal Roots. 
To determine the fixed points of a substitution whose characteristic equation 
has m equal roots p, consider S in the normal form (9). The fixed points corre- 
.8ponding to the root p are determined by the equations (j= p¢,. These reduce to 
me m$ m0; Luna. mime 
$,— 0 (k= m+1, my2, ...., n). 


Each of these equations is equivalent to two equations in real variables. . They 
therefore determine a flat space of 


2(n— 1) — 2 [ (& —1) +n — m] = m 1—X(¢—1)] 


dimensions. But since Xe, = m, this number reduces to 2(4, —1), in which A is 
the number of elementary divisors containing the multiple root p. From this 
result we deduce the evident generalization : 

If C= 0 has m, equal roots p, m; equal roots gs, ...., m, equal roots p,, then 
the fixed points of S constitue s flat spaces of dimensions 2(4,—1), 2(44—1), ...., 
2(A,—1) respectively, in which A, ts the number of elementary divisors containing 
the root p,. None of these a loci have points in common. 

This theorem includes the simple roots, since the corresponding values of A 
are 1 and 2(%—1) has the required value zero for such cases. 


CORNELL UNIVERSITY, October, 1909, 


The Osculants of Plane Rational Quartic Curves. 


By H. I. THOMSEN. 


$1. Cases of Degeneracy. 
We take the equations of the rational plane curve in the form 
n= (utj za t^p e+ ....4+p,, 621,28, 

the arrowhead in (a,¢)” indicating the absence of binomial coefficients. 

These equations in general represent & curve of order n. The order of the 
curve will, however, be less than n if: | 

1) There i is a factor involving ¢ common to the three (a, t9"; Lo mp cT 

2) It is possible by a substitution of the kind * 


| Tos (807 
| | (qu) 
'to reduce the equations to the find. 
- kt = (u t)", : 
In the latter case the original equations represent the ‘curve of order = 


repeated m times. 
The case of a linear relation existing between the three x, is Hole in this, 
since the equations - 


= (41), = (ant), ty = hy (a 8)" + lat)" 
are equivalent to 


ant, ml, y= htt k, 


i M (mt. 
EOD 


where 








“ * Where = 18 a positive integer. 
28 
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We postulate that, after all common factors are removed, the equations 
can not represent the product of distinct curves. It may be observed that a curve 
of genus zero is not necessarily rational. Thus the product of a conic and a 
cubic of genus one is a quintic of genus zero, but is not rational.* -- 

For brevity we sometimes refer to the point of the curve given by t= a as c 
‚the point 4. . 

We may make the equations homogeneous in the parameter. by ess | 
» for t. Then we may define the m-th osculant of the curve at the point a à 


as the curve represented p the équations 
i | = (TD, + =D (a t)”, 
in which we may let #=#+=1,.if desired. It is well known that ane at the 
point v touch the curve there, that all first osculants touch the stationary tangents 
of the curve, and that the (n —1)-st osculant is the tangent to the curve. LL 
We shall see that osculants degenerate under certain conditions, As an 
example we may take the quartic. - | 
o=tt+b8 omtite, mé 
This curve is bicuspidal, having cusps at the points (0, 1, 0) and (1, 0, 0). 
If b= 4e, it has a third cusp at the point (16e, e, — 4) given by t= —2e, 
the tangent at this point, m—166%,—0, meeting the curve again at the point 
(48 4, 3e, 4e) given by t= 2e. 
The first osculant of the curve at the oe v iB. 
a= (4v + 0) 3brt, m= 8t+c¢4+4e, 2 — 210 4-21. 
Let us first let e — 1, and form the osculant at the point v-—2. liis 
a, — (8 - 5) + 658, a= 38(E+2), am —2t(t4- 2). 
The elimination of t gives | 
4a a (3a + 4%) — 9 #4 ((8 + b) a + 40%) =0, 
which becomes, if b = 4, 


f 


4 (a de — 9 2$) (42s + 3x) = 0. 


* Olebsch-Lindemann: “Vorlesungen iber Geometrie," Vol. I, p. 884. ` 
- 1 By “the elimination of t” we mean its elimination from two equations such as 
UE (8 tb): + 651? Be B+ dye? +60 
Bray t BiG 3) 
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If we let, however, b= 4 in the quartic and form the osculant at v — 2, 
we have 


Li = 19864 2 ace 3 + (2 + 4e), Lo + 2), 
or, on eliminating f, 
| | me (0, + 120) — Sal(n 4 2(24 49) 0, 
which becomes, if e — 1, 
(mm 908) (m + 122) = = 0. 
The lines 42; + 8x, — 0 and x + 122, —0 meet the conic x £, — 923 = 0 
at the point (48, 3, —4) which is on the cusp tangent æ, — 16 — 0. 
It seems, then, that this conic and any line on this point form an osculant 
cubic of the quartic at the point £—2. The first osculant at the point ¢ of 
| ap) p AU, m=t+1, =t 
au-4(v-4-1)8-- 12v, =the 4, mp = 28 + 274, 
the first osculant of the latter curve at the point v, is 
=12(t%y +747) + 2477, f, 
uc 6é+8(r+ 7) + 12, 
gg = 920 + A (7 + r)i + 277. 
If in the first of these curves we let + = 2, wé have v + 2-0 and 
| (= 120, m8 m 28. 
If in the second curve we let 7 = 7, = 2, we have 
= 96¢(¢+4+1),. m= 6(t-- 4), m= 2(0*--8t-F 4). 
. Hence er conie which forms part eR the degenerate first osculant is not the 
second osculant. 
It may be noted. that osculants of degenerate curves are not, in general, 
a Thus the first osculant of ` 
| m = 0, xQ— 30, mQ-—83t 
is s | 
| mr, y= art, a= 2147, 
and that of the repeated conic | | 
oy = tt m = a m= 1 
is bs MN 
am, métal, oy 1, 


p 
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The ‘osculant cubica of . 
a — tp 4U, nette, m=? 
being | | "ue t 


g,— A(v +) +127, 2, — 8t - v H- 46, — + dt 

. the locus of the nodes of these cubics is, by the formula of page 226, the sextic 
a, = a? (v + 4e) (z — 2), ay = (v + 1) (v — Be), ra = T? (r — 2) (v — 2»). 

If e= 1, this becomes (z — 2)? = 0 and. Be 
m=T(T+4), am,--7--1, Ber, ; 

^ which is exactly tlie form which the equation of the,original quartic takes for this 

value of e. Hence we see that for a tricuspidal quartic part of the locus of nodes 


of osculant cubics is the quartic itself. it remains to find a meaning’ for. the 
factor ome If we write | 








= tet 46) (r—2) | ei _ (+ (29 
pat . T—2e tg v(r—2) eis 
we have ars 
m a+ (4e— 2) e? — (Be d- p) v + 2ep —0 ; 
and | 


v*— (2o 4- 1)«* + (2e—1)v4+2e=0, 
or, if ¢ = % + 2, : 
v3 -- 4 (e 4- 1)23 + (8e-+4—p)7,+ 2p(e—1). =0, 
orit (40—1)7i + (40 + 2e— 5) v, + 8 (e— 1) = 0, 
the resultant of which equations gives the trilinear equation of the sextic. 
| The resultant of ‘the equations * 


at + be +cet+d=0 and atthe tat td =0 


lad f 2 Jad; lab] |ed;| —]a d| lae 15d] + laol? led] 

i + |bd,|? |ab| — |a5,| lba] ledi] = 0. 
' In our case e—1 is a factor of both d and d,; therefore it is a factor of each 
of the determinants in which d occurs, and is a factor of the resultant. If we 
remove this factor, the remaining factor does not vanish Msn) ife=1, 


but becomes 
[ed [lae ai bal] = =0. 


is 











* Salmon-Flodler:: « Alg. der Lin, Trans.," p. 98. 
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If ¢=21; RT | í 
]edi] — 12—p 2p) — PR kem 
ECL 40-3, e |7 8 (op — 9), 


or this factor gives æ x — 9 ii = 0. 


In like manner l 
T lba] =0 
gives 
(zx as — ad) — od (n +4) (4 + 3) = 0, 
which, às may easily be verified, is the original quartic, 
Hence it appears that since the conic dt — 9 «4 = 0 and any line on the point 
(48, 8, — 4) form an osculant cubic at t = 2, any point of this conic is the node of 
an osculant cubic and the conic is a part of the nodal locus, corr ing to the 
factor (t— 2) in the parametric equation of that locus. 
We meet with degeneracies of the kind now being considered wien we form 
the line equations of cuspidal curves. Thus the cubic ' 
| Last, mel ame 
becomes cuspidal if o = 0. ' The equation of its tangent is 
(21 4- c'e + pc msta = 0, 
and its line equations are 
(mre BaMC+209, h-—80. 
If c= 0, this becomes £— 0 and 
| =, B= £j — 


OT ERE + AEP. 
The elimination of ¢ from the equations of the quartic gives 
(9 Ei Ea — CE) — 4 E8 (8 c E, — Ea) (85 — Er) = 0. 
The points of inflexion are: 
| £0, &=0 and o°f,—£,=0, 
e? E, + £y — c? E, = 0. 
If e=0, the quartic becomes 
3 5 (27 £1 Es + 4E) = = 0. 
Two points of inflexion and the node are £, = 0, which velita is a part of the 
quartic, and is also the cusp of the cuspidal cubic which forms the other part. 


or 


aud the node is | 


k 
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_ The pencil of conics on the three ean tangents and the tangent at ¿= 1 
of the quartic is 


(3& —o*&) (3& + (2+ dE) TT [Bed — E) os + (1+ 2c) = =0, 
and nS eighth common line is given by 
f 2t+c(t+1)—v(t+1+ 20) = 


` If e= 0, this becomes ; 
| 2t— e(t 4- 1) = 0. 


Ifi 0, « = 0 and for this value of z, the conie of the pencil is 


35 (BE + 2£5) = 0; 


the point & = 0. and the meet of the stationary tangent of the oubie- and 
ds Tangent at i=l. | 

‘In this case we find that, when we give the parameter an evident geometrical 
meaning, one part of the ee curve corresponds to.a particular value of 
the parameter. ; 

We now give an example of &- conic deponerading into a repeated line.. 
The osculant conic at the point ¢ of the cubic EC 


m= 30, z—8t, gy = — 1 
is RS 
mt Hart, welt, Berl. 
If c — 1, this becomes . 
y= 5-26 zx 26-41, z—10*—1z8-F2t—(2t-F 1), 


f ; +21 
Ims 
or, if t ae 


a ed Ml 2, — t — 1. 


fenos the osculant at this point, which is a point of inflexion of the cubic, 
is the stationary tangent x ——=0, repeated. ` 
The tangent to the cubic at the point v, meets the stationary tangent, 

Lı — 4, — xg == 0, at a point P. The other tangents to the curve from P are 
the stationary tangent counted twice and an additional line touching the curve 
at a point ta. It may easily be shown that +, and v, form a pair of the 
involution defined by 23,7, + 7; + 5 + 2 —0, and that v, and s, give the: 
same point on the repeated line. The double points of the involution are 
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given by 7? +7 --1— 0, and © and o? give* on the line the points where the 
two other stationary tangents meet it. We shall see later+ that the line 
‘equation of this osculant takes the form of the produot of the equations of these 
two points. — ' m 

The result of eliminating t from the equations of an ee is 


(7*2, — m— tj Ar ra — 2) (a — T 2 — 75a) = 0, 
which becomes, if yl, 
— 3 (m — e — m) = 0. 


The four points. of intersection, other than the point of contact, of the cubic 


and the osculant conie are given by . . 
HA «6c — Artt+1—O, 
for which quartic the invariant g, = 0, its roots forming a self-apolar set. 
Lüroth has shown how to reduce the equation of a repeated curve. Brill§ 
atates certain conditions urider which a quartic degenerates, and gives an inter- 
esting note in regard to degeneracies due to the occurrence of a common factor. 


§2. The Fundamental Involution. 


The equations of the curve being x, = (a,t)", we can find n—2 linearly 


independent forms of the n-th order apolar to the three (a, t)". 
If (Bot), ...., (Bn_stj” are ‘n—2 such forms, the equation 
Ao (Bot)” +- - + Ans (Ens Zu m 
defines the fundamental involution of the curve.|| If we assume m — 3 roots of 


this equation; the remaining three are ‘fixed. There ' is no fundamental invo- 
lution for the conic unless it is degenerate. 


For the cubice it is well known that the roots. of (851)! — 0 are the param- 


eters of the points of inflexion. 
The condition that 


{t = 6b sgt ai 0 
- be apolar to 
Cee ee re ee 


ao +B, ee + a + 6, = 0, 


is 


which is the result of completely polarizing ‘the latter equation.. 








* o and o? being cube roots of unity. — ; + Page 228, 
1 Math. Annalen, Vol. IX, p. 168, 2 D § Math. Annalen, Vol. XII, p. 101. 
j- Stahl: Crelle, Vol. CI, p. 800, Meyer: “ Apolarität und Rationale Curven.” : 
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Hence we can write the fundamental involution of the quartic in the form: | 


t+ 8, “ste, 5 8, + & Ag 8, + €; | l j 


go &§ mw | 

4° 4 4 d 

p aq > 5 4 =O. | 

Rh 6 6 6 
“4 a A Ad u eo 

: 4 “4 14 i i i ; 


' This form of the involution might have to be modified for special cases, but it ie 
obvious that the a involution of any Tahoe curve may be found by the; 


~ d 


method here used. ' l 
We shall call the fundamental involution the E. . RR LS | 
If a curve is given by &,—=(a,t)", using for the moment binomial coefficiente] 


the three conditions that the n parameters (ts &, +++, 14) be a set of the 7, are 
` (ati) (o4) (> 0. | I 


The first osculant at the point 4 is a = (at) (a4 4)", and the FRANS that 
(és fg, ce. tn) be a set of the J 408 this osculant are again | 


(a4 4) (o ty) ++ HC t4) = 0. 


Hence any ; set of the 1, , on the osculant at t form, with &, a set of the T, on 


ds. © 


ae the original curve. 
. Thus for the quartic, as Stahl ls shown, t, and de parameters of the poirite 


of inflexion of the osculant cubic at ¢, form a set ofthe I. In general, if we 
select the n — 3 parameters (4, &, ...., ing), the other three members of the : 
get of the Z, which these determine are the parameters of the points of inflexion | 
of the common osculant cubic + . i wx 

: " 


j . = (o t) (4 &) (0465) - - v (o nt): | 
` "By a common ne we mean a curye such’ 88 c = (a ti) (a4 to) (ot) which i is 
Be both the tangent at : of a= (ne) (a y and the tangent at o of 


= (ait) (aye) c E | | 

| If we Spiel E l | : | ; ; 

Br | m=3i, n= 384, n #— i, ; Us 
we have i 


Ti = 8, Wy = 81, Lg = 88 — l. 
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The points of flexion of this curve are ‚given by #— 1-0, and the 
stationary tangents are 
Xy — Ty — oy = 0, ty — 0% — Oy =0, %— ata — 0% =0. 
If in the above polarized equations we put s = s, = Ô, s= 1, we have 
t= r= 2,720. We may partially polarize the equations, writing — ' 
T m= o H m6 % =O, + t, % = 06 — 1: 
In general, the two points given by t? —oyt + o; = 0 will in this way determine 


a line; but if the roots of this quadratic are the parameters of two points, of 
did the line degenerates into a point. Thus if | 


B—ot+a=(t—a)(t—0)=8 +t+1, 


we have 
„=l—t =—1.¢—1), 
a =—1+t=1.({— 1), 
œm=i—1 =1.(¢—1). 


The pant ( —1, 1, 1) is the meet of the stationary tangents - 
*,— @ %_— G^ x, — 0 and. z,— o? z, o 23 = 0. 
If we partially polarize the equation of the quartic 
a, — a t5 + 45,0 4-6 0,0 4- 4d,t +4, 
writing l : ae Be 
Wy = a, 8g t + b, (88 +. 850) + «(ss + at) + de +é) +, 


or 





m == (qs + Put + eum + di (t+ Pott Git n +4), 
in general the three parameters (4, f, 4) given by t? — 8t? + st — e = 0 
determine a line. ` If, however, they belong to a set of the Z,, of which t, is the 
fourth member, we know that z,— O0 ifi=t. Hence the above expressions 
for x, are divisible by. — &, and the line degenerates into a point: The points 
of inflexion of the osculant cubic at 4, are given. by t, t and t and if we 
partially polarize its equations and substitute t -+ & for o,, and tib for 03; 
we evidently have the same point as the above. But we have seen that the 
point obtained by the latter method is the meet of the stationary tangents at 4 
and t of the osculant cubic at. _ 

Obviously the stationary tangents at ts xen t of the osculant sübie at 4, 
and the stationary tangents at f and #4 of the osculant cubic at &, are on. this 

29 | 


4 
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point. Thé locus of this point is, then, the conic which Stahl* calls X; $. e. | | 
the locus of meets of stationary tangents of osculant cubics. For a set of. the 1 
of which a is a member we have the three equations . ia "A 1 


JUN" B eg By 85 + 0,8, + dis + & 3 

: ; «^ sen tobe de 

From toos equations we can express " a and sg in terms of a; and, "mi 

stituting these values in | ] 
e g, = a 85 + biss + 8 + di, E ora 

we have the equations of K with. « as.the parameter in essentially the “+ 


form as given by. Stahl. 
Stahl has shown that if &, t, ¢ and t, form a set of the Z,, any two of tlie 


osculant cubics at these points have a common stationary tangent. There are 
` thus in all six lines arranged as in the following diagram (Fig. 1). 


ü 

i 

t 

I 

t 

1 
3 
b 
| 

} 





is sy "m nn, uos "d 





= 
8 [| 
w 


. Fra. 1. 


The is points on i deterius] by a set of the 7, are a, b, cand d. If ihe 


lines 1, 2 and 3 are the stationary tangents of the osculant at 4, d is the point 
2 E 
‘ | 


of K given by am. . 00 : 
| | 83. The Oovartant Curves ga and gs. | a | 
If we assume that the parameters of two of the points of inflexion of a plane 
rational quartic are 0 and ©, we may, in general, write its equations "x 
e,— a6 pU, m= htta. ay = bat? ost? ++ dyt. l 
We shall call the curve Q. | - + l | : 





* Celle, Vol. OI, p. 806. 
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If 5, = 0 or d, = 0, the curve is geni if b, — 0 or d,— 0, it has a point 
of undulation. The first osculant at the point + may bé written 


e, = (4,7 +3) P 4-85 v B, t= 3djt4- de 4-46, 
gg = bat? + (354v + do d Mq s 
If v — 0, this becomes 
m= bU, w= 8dt+ 4e, BERN 


whence it is evident that the osculant cubic at a point of inflexion has itself a 
' point of inflexion there, and that the osculant cubic at a point of undulation 


is the undulation tangent counted ‘three times (since for each value of = there - 


are three values of t). 
If d; — 0, all the cubic osculants touch the cusp: ergeht 2, —0, at the cusp. 
The inflexion tangents (x, = 0 and z,— 0) meet Q again at the points given by 


à t 455,539 and dat + &% = 0; the osculant cubic at the point ‘= = 


| touches ay == 0 at the meet of these inflexion tangents, while the osculant at 
T= 2. touches x = 0 at the same pont 
. The equations of the osculant in lines are 


| «Gy == 6b, d $ 3 (by (dv + 46) + d (30 +.20)) 0? 
Hart de) (Sr + 20) t+ 2ahr Fanart he), 

E = t[2( (6 a baT? + 4a, 65v + bic) t? + 2(4a,7 + b) (2e + 8 dy) t? 
+ 8c (d, (4a,« +b) ) + 5, (2e, + 3 dj)) t + 65, d *], 

lc — Std a) (ae +b) (dr + 46) + 90.49)! 
+2bir (dt tA] — 


If.¢=t in these equations, we have the line equations of Q; viz., ` 


i= 12 [25,d,t* + (3556 + Co ds) + 2 Cy & t + dy ep], 
= 1210? [ay byt? + 2a, cyt? + (8a dy + by cq) t + 25, di], 
| Eg — 12 [Bay aye? + 2( 2a, e + bh) t 35.6]. 


- The four points in which Q meets the line (c£) =0* are given by 
aj £ i* + (b £ + bs Eg) i F Oy Eat? + (dy E, + d, Es) t+ eS Ea = 0. 


" 
T 








-— . 


* (2E) ew E + ES NÉ. 


s ihteteatión is given by dqt +t 4e, —0. 


a aa nn 
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The roots of this equation form a self-apolar set if the line touches the conic 


p= TO m a E ea d) Eba = 0, à 
or, in points, W 
 8(bs dv, +b, dz, + (4256 — b, Da) (ase hd) 120 hear mU \ 

` If d=0, Q hasa cusp at (0, 1, 0); gs then touches the cusp tangent at. the 

cusp. The points where g, meets Q are given by , | 

3 (a4 by da t + 4 ay by — 4a, dye E— b, dyes + —9 (0 | 

+ 6e, (4a, 6 — By dy) (a b, dyt* + 4a, 0,6 t? + 4a duet + bide). À, 
3606 ES US Ep az i 

The discriminant of gẹ is . m | : mor 


Suna hd) (12a dye otme hdi) E 


If (4a, e —5,d;) — 0, ga becomes "NE DINI 
blei- 55495 35465 3541) | D 
and three stationary tangents of Q meet at each of the points g given by this 
equation. Four stationary tangents can not be on the same point, since then 
there would be eight tangents to Q from this point. 
If d= 0, g, meets Q at the points 
/ ` Balbi (dt + 4e t* + 6 ay b, cy (4 ay e — b, dy) (dst + 4 e) t5 
i + 03 (4a & — bidh) (4a t +b) (t + £e) =0; 
i. e., 9, touches the cusp tangent at the cusp and one of the five other points: ‘of 


S. 








If also bg = 0, and 4a, e — b, d, = 0, the quartic is tricuspidal: g, is then i 
o £2 — 0, and the equation giving its intersections with Q vanishes identically. 
. . Obviously g, touches the stationary tangents of Q: it touches a = 0 and 
Wy = 0 at the points (0, Beer de, — b dy) and aec iis (chi) 
respectively. ; 
| Knowing a stationary tangent of Q, we can put its points in one-to- -one 
correspondence with the lines of gẹ. Thus the line æ, = 0 touches the osculant 
at the point given by ¿= c, viz.: - | 2 
l m—4uT+h, t= 0, a= = By. | 
The equation of this point is (4a,v + b) & + bs És = 0, the correspondence 
between £,/& and + being one-to-one.  - 
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Ens this point there i is one tangent, other than æ, = 0, to g,. If in the 


line equation of g, we substitute haz we obtain parametric 
4a, p i 


equations of the conic in the form | 
& = — 124,05 (dr +a), | 
Er = (cá (4a, ¢ + bi) — 12a, b, ds v) (4 a4 v + bi), 
Ea = 12a, b, (dv + ej) (4a,7 + bi). 


If 5, —0, all the first osculants touch a, —0 at the cusp and these Are 


‚can not be used. . The osculant at ee is 
= E E a, =3 d, (dst + €), 
Ar E a E a SII Fe S. 
Ift=o, 
m= — (42, 5d) dy = 0,. Ta = bd. 


Hence the osculant cubic of a quartic, at the point at which à tangent at a point 
of in flexion meets it again, touches that tangent at the point at which g, touches it. 
Since-the above correspondence between. v and £,[E, is one-to-one, it is evident that, 
in general, there is no pair of points on Q such that the osculant cubics at these 
points coincide. 

There are eight tangents common n to gs and an ‘osculant cubic. Of these six 
‚are the stationary tangents of 9 The we variable tangents are given, on the 
osculant, by 


Rd a [Sabet 4 6g) u E 4e)v 
| + 8d (ast b)]t— v(av + Bo = 0, 
Sera 
Pr = 2 (6a, bv? + 44, e$ + bic), 
C, = — 2 (e do? + Acer + 6 des). 


` Two of the eight tangents will coincide if a variable tangent coincides with one 
of the stationary tangents, or if the two variable tangents.coincide. Thus t=0 
gives z, —0. One of the variable tangents is given by t=0 if: 
(a) 7 —0, te, 2; =0 is a stationary tangent of the osculant; 
(b) ar + b = = 0, when the osculant touches gs where à = 0 ashes it; 
(c) 0, — 0, in which case, as is evident from its line equations, the osculant 
is cuspidal and has only six proper tangents in common with g,. 


4 


\ 
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The two variable tangents coincide if 


Fur FB) (dr + e) pet + [8a,b,7 7°(dyt + 46) Dr 


t+ ¢5(40, 0 + b) (dv +4e)T + 3 de (4a + PE. 





This equation is of the eighth order in 7 and on expansion proves to be identical | 


with that giving the intersections of Q with g,. 

The osculant at euch a point has a mode at thé point of contact, the nodal 
tangents. being the tangent to Q and the tangent. to gs. It follows that the node of an 
osculant oubic of a tricuspidal quartic ts at the point of contact and that one of a 
nodal tangents passes through the meet of the cusp tangents. 


.The points of contact of the two tangents to the cubic u IE 





t 


from the point + on it are given by the equation — - i AER 


i 


[labe] e+ labd|]t* + 2[jabd| v laed|]t-- lacd|r+ |bed| =0. | 


If we apply this formula to the cubic osculant of Q at 7, we find that the two | 
tangents to the osculant from the point of contact commend with the two variable, i 


common tangents of g, and the osculant. 
The equations of the conic K are 


A à m= —8bic., m=8dip, —- | 
Tg = 3 (d, ds p, — by b30.) + 1442, 55d, a— 408 (4 a,0r + is T £i 1 


If 5, — 0, x, — 0 is an undulation tangent of Q, and K is degenerate. Tn 


fact, it is evident that an undulation tangent of Qi is a stationary tangent of each 


t 


‘cubic osculant, and that, therefore, every point on it is a point of Æ. 
If er 0, K becomes 


y= Bic (that 4e)a, y= 3d} pas 
m = 2 (dy + 4) (3 by mar ae) 


K is on the cusp, but does not touch the cusp tangent. . 
In general, x, = 0 meets Æ when ‚= =0. The equation of the two points 





given by these values of « is : ^ | TEE 


LTD xh EN 


n= tba atta 5 D pet ER. 
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‚The locus of lines such that the. parameters of the ginis in waich they 
cut Q form harmonic sets is. | 


1 ahy EN i u t 
g = EE bbs € .- d, E, + dy Es — 0 
8 — . 6 3 4 | AS 4 
| v " T T & Ey 


or. 


ab (rail + 0 GE DEEE G5) — dep. 
— 27 a & (dE, + d E)! — 27 e E (b E, + be Es) = 0. 
Evidently gs touches Q at the points of inflexion. 
If the roots of the equation agt? + 3a, + 3a,¢ + ay = 0,are equal, 
| ast + a, — 0, a,b a, = 0 and A PRE 
"A cubic osculant meets the line (x£)—0 when i 
(4a, v + b)&- b Es) t + (35, v E, + (85,7 +20) Ea) t 
+ (3 dy bs + (207 + 3 dj) E) t + (do v + 469) Es + dom E = 0. 
_ If the line is a stationary eR of the osculant, we have from the first of the l 
‘above conditions . 
aller + b) Ey + bs Es) t + 35e + (3hr + 2.09) Ey = = 
or 
i 12e Er t+ 3 (55 + Babe) (+ 1) + Beaks = 0 


In like manner the other conditions give * 


3 MORE NOTEN TORE D + Bde by) mo. 


and 
2 ca £v t + 3 (do E, + d &) (v + 2) + 128 f =U. 


Eliminating ct and + t t, we find that the dix of the M AREY tangents 
of osculant cubics is gg. * 


Tn general, a set of the J, of Q determines four points on K. Let us consider 
what happens if the set is one to which the parameter of a point of inflexion of Q : 
(say ¿= 0) belongs. One ofthe stationary tangents of the cubic osculant at this 
point is z, = 0, given by £—0; hence 0 is to be counted twice as a member of 
this set. We may call.the two other members a and B. The osculant at 4—0 ` 








* Morley: Trans. p^ Math. Bot., VoL VIII, p. 17. Stahl: Orelle, Vol. OI, p. 303, 


t 


` à 1 
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‘has three distinct stationary tangents given by £—0, t=a' and t=ß; tite 
osculant at ¿=a and the osculant at ¿= have each two stationary tangents 
given by t = 0, and one given by t = (8 and t= a respectively; i.e., these latter 
osculants are hide, The points c and d of Fig. 1 (page 216) coincide as in. 
Fig. 2. The stationary tangents of the osculant at {=0 are ab, be and cái 
. bc and ca are cuspidal tangents of the osculants at t =a and t = 8 respectively, 

while these two osculants have a common stationary ‘tangent, ef. The line 

æ —0 is not a proper tangent of the cuspidal osculants, but HR passes 

through the cusps. b 7 N 000 

In general, from a point of K there are three distinot tangents to gs. At 

each of the points a and b two of these tangents to gẹ coincide. Hence a and) b 

are on gs, bc and ca being tangents of gg. - 4 
Since, in general, gy 1s of the sixth order, it intersects K in twelve points wish 

are thus accounted for. = | 

Of the thirty-six intersections of the two sextics, 93 and the six stationary 
tangents of Q, twelve are on the.conic K; there is, therefore, a curve of, the : 
fourth order touching gg at the six oue of inBexion of Q and passing through 

the other twelve intersections. Y 
| The line ef, being the limiting position of the chord ed of K, touches K 
In this way we can account for the sta common tangents of gy and K. | 


84. The Nodal ‘Locus of Osoulant Cubic. ` | 

Stahl has shown that the envelope of the lines joining the points of inflexion 

_of.osculant cubics of Q is a conic. The locus of the nodes of thèse cubics is , 

evidently a rational curve, the equations of which we will now find. 

In general, the equations of a rational cubic may by a change of reference 

triangle be put in the form ! 1 

= At 4 Bt, a= Qi + Dy, ay = As + B? + G14- D. I 

The line (e £)=0 meets this curve at the points — — d 

(E A1 + f 46) t? + (E. B, + E B) + (Es Gs T&6)t (ÉD, + ar = 0. 7 
The quadratic a + m,t + m, =0 is a factor of this if 


MER rem) m d E Gd) mb i 
un l 
Tm 





` and 
Mo (Es D. o + Es Ds) 
Mo (Ei Ba + & Bs) — m, a A, + & As) 








Nr 


t 
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In general, these two equations ‘determine the ratios £,:£,:£,, and thus 
a definite line. If, however, mt? + m,¢-+'m,=0 gives the parameters of the 
double point of the cubic, the two equations are equivalent and give merely the 
equation of the double point. For this cubic the. parameters of the points of 
inflexion are given by ` | 
O Rt? + 8 D, Et —3 A, 8t— B S= 
and those of the double point by. 
(Di R + 4, G8) R* — (4, D, —B, G)RSt + (BD, R+AiS)S= 


vu 3 R— A B,— ALB, and S= 6D, QD 
The cubic is e o 

E S8[(4,D,— B, GY R S —A4(D$ E + A, 6,8) (B,D, R + 418)] — 0. 
| Using the second of she conditions given above, we find, after removal of the 
common factor À D, for the coordinates of the double point: - 

=— (B,D, R + 41S S, x= (DER+ A, 0,8) R, 
x, = D$ D, R? — D, (B, By D, — 24,0, Ds) R? S ij 
+ A; (A, 0,0, — 2 A, DB, Dy) R 8 — M , + B,0,) R? S. 

| If pne we have 

= 0, D (B, R— 410), «= D? (D,R— A, 0,0, R, 
a — DI (s Bg € D, — A,C? D, — B,0,03) E? 


+ A, MAG 2A B D) R + MAC 8 De]. 
If also A; — 0, 


gy AÌ DÌ. Os Dg (4; G — B, B,), Le — At D: . B, (By D,—G Gy, 
Qo n= m AiD}. B, C; (4 C, — B, By) (Bs Ds — GG). 
Using the formula of page 214, we have, for the Z of Q, 
b, t’ (cg d, 0? + 4 Cest + 6 dy e) + dy 8, (6 a, bat? + 4a, cst + bi c) = 0, 


or, more briefly, Pop k pr = 0 
t t =u. 


i If d; = 0, Q has a cusp and the J, becomes 
By e, (dut + 46) + dus (6 ay byt? + 4 ay st + ba) = 0. 
If also b = 0, Q is bicuspidal and J, becomes 
ws [b P (lt 4e) + doa (ath). : 
If a, = dicm, b= 4 and e,— 1, so that Q is tricuspidal, I, reduces id 


9-1) O 
I 


: | | | 
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Tn this case the four points in which a line on the meet of the cusp tangents | 
_cuts Q form a set of Z. | 
It is known that if a conic touch the four bitangents of a rational quartic, = 
the four other common tangents touch the quartic at points which form a sét 
of L.* Hence we may infer that if a conic touch the bttangent and the joins of 
the three cusps of a tricuspidal quartic, the four other common tangents touch the. 
quartic at points on a line on the meet of the. cusp tangents. 1 
We may verify this inference as follows. For the quartic 
| m= pA, m=t+1l, wet, 
the cusps are at the points | e 

(0, 1, 0), (1, 0, 0), «DB 1, —4). 

. Their joins are | 
| 2m = 0, dm +9=0, m + 4a, — 0. i i 
; The bitangent is m +16, +12,=0, given by +21 + 4=0. These 
four lines are the base-lines of the range of conics 


E, (325 + E2— 485) +24 (8 ET by — 2E) = 
The line equations of the quartic are | P 
: & 1, & = 20, E = — 3t(t + 2). EE 
Substituting, we find for the common tangents _ Us 
| 2) (8 + 6t + 1264 16) + 2( HS + 6t+ 4) — 0, 
` or, removing the common factor ¿ê + 2¢+ 4, 
KG +4) +A +1) — 0, 
which is De | 
Hence, if any parabola be inscribed in the bias of which the cusps of a 
deltoid arè the vertices, the four common tangents, other than the line at in- 
| finity, will touch the deltoid at points which are on a line on its center. — .'- 
~ Identifying the .osculant cubic of Q with the cubic of page 222, we have |. 
| Pei RE cie 4 
C, = 3 dy, 20 = hT + 4e; ‘ 
d= bs, . a 209, 
C, = 2037 +343, Dy = aye, : i 
R = 2 (6 q bt? + 4a, cyt + bic) =p., ; j 
S = — 2 (ed, v* + ioi itd ‘ant 








* Stahl: Orelle, Vol. CI, p. 802. 
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Thus we have, for the double point of the osculant, | 


a — 8 [85 v (dv + 4e) (6 a4 bgt? + 4a, cs +b c) 
(at by) (dst + 4e6 + 6d, e] oid + 4667 + 6d], 


and corresponding expressions for x, and gg. 


Varying v, we have the equations of the nodal T of osculant cubics. 
It is a rational curve of the tenth order. . The stationary tangent, x, = 0, of Q 
cuts it at the points given by o,==0 and touches it at each of the four points 
- given by the other factor in the above expression for 2,; c, — 0 gives the two 
points of Q which form a set of Z, with ¿£= 0; also, when c, — 0 the cubic is 
.euspidal. Since all the osculant cubics touch x, —0, this line must be a nodal 
tangent when a node is on it, The decimic is evidently symmetric as to the six 
stationary tangents of Q. Hence each stationary tangent cuts it at two points 
which are cusps of osculants, and touches it at four points at each of which this 
tangent-is a nodal tangent of an osculant. Since the condition that the osculant 
cubic be cuspidal is of the twelfth degree in ¢, this accounts for all the cuspidal 
osculants. The four points given by the’ first factor in the expression for x, are 
not, in general, cusps of the decimic, since it can not have twenty-four cusps. 
If we let £— « in the equation giving the parameters of the node of an 
osculant, it is of the eighth order in +, and gives the equation of the eight pointe 
of Q at which, in general, the node of the osculant is at the point of contact. 
It may be easily verified that this equation coincides with that giving the inter- . 
sections of Q with g,. | 
At least eight of the forty, intersections of Q vith the decimic are at these 
points. If d,—0, Q has a cusp given by £—0. Then (dt + 46) —0 is a 
common factor of the equations of the decimic, which reduces to an octavic; 
the osculant cubic at the point given by dy + 46,— 0 degenerates; + 4e —0 
gives that value of ¢ which with #—0 forms a set of J: 





When a= =0, the ppcuiant at v= zz is 


+, ues ET a, — 3 d? t, 
. Bq = by dy të — 2 (6 By 64 — es ds) t* — 8 63; 
"or £z 0 and f ^s | 2 
=— [(16 ae — bd) t - 12be]t, 2 —34dj, 
"Gy = Dy d, t? — 2 (6 by e, — Cy da) É — 8 eges. 
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This conic touches x, — 0, and consequently the three other stationary tangents 
of Q: If in these equations ¢= 0, | 
M =0, mQ,—3dj, %=—8 qe. 
ds 


The point of contact, given by t= , is | 





m= — 6465 (40,4 — bd), a —3dj, m 18d s (4b — adh) 
The join of these ‘points is er 


EC e ads) s 64a, ed (4 ay & — by dy) a | 
+24 di es (4 aies — bi dy) ay = 0, 
which proves to be a line of ge. | 

We have already shown that, when d= 0, dé 7.46, =0 gives an inter- 
section of gs with 9. Hence, there is only one tangent to g, from this point, 
and consequently there can be only one tangent to the osculant from it. 

It is now evident that thé conic and any line on the point given by t=0 on it 
form a curve of the third order which fulfills-all the conditions necessary Je an 
` osculant cubic. 

: Returning to the decimic, if also b= 0, Q has a second cusp at =œ. 
Then (4a,7 + &, is a common factor of the equations of the octavic which 
reduces to a sextic; the osculant cubic for this value of ¢ degenerates ; ; 
4a¢+b,=0 forms a set of I, with ? = 

The sextic then is 


w-s*(d,v--4e)(2a,v— b), m -—(4av-5)(dv—2e), 
| a, = 205 T? (2a, v — by) (der — 26). 
If az = = Gy = e6 =1 and 6,== 4, this becomes 4(r—2} =0 and 
a= (rt), m=T+1, a=, 
. which now coincides with Q. i 
The equations of the osculant for this curve are 
EY (v 1) + 1208, ay B4-E (o +4), m= 2+ oot, 
, On page 223 we have the equation giving the parameters of the doublé 
` point of a cubic given in this form." Here | 
A, — A (e+ 1, B= 124; 
Qj = 8, Dy=r + 4, 
R=8(+1) S=—2¢(7+ 4). 
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Hence we find for the parameters of the double point, after removal of the factor 
64 (7 + 1) (v + 4) (v —2), 
for which values of v we have seen that the double point is indeterminate, * 
(t— v) (2 (v 4- 1) t - v (v + 4))=0, 

thus verifying the statement that on a tricuspidal quartic the node of an osculant 
cubic is at the point of contact. 

We have already (page 211) identified the curve which corresponds to the 
factor (r — 2} on page 226. 

Taking I, in the form #0, + kg, = 0, the two values of k which make 
this equation self-apolar are given by 
| . ed b (by d, — 4.0, &) + 8 (des + a by b? = 0.4 

Eliminating £, we have for the two self-apolar sets of L, after removal of 
the factor c3, | | ; 

12 (a; by dy t* + 4 a1 5,6, t° — 4a, ds e, t — bide) — (4 a & — b; dy) t° p, a, = 0. 

This equation is the eame as that giving the intersections of g, with Q. 

Hence the two self-apolar sets of I, give on Q the intersections of Q with g,; 
cubic osculants at these points have double points.at the point of contact. 

It follows that every set of Z, is self-apolar when Q has three cusps. 


$5. An Interpretation of Syzygies. . 
The cubic osculant of 
; g,-— t t 40, m, i4 1, gy 
being 
a= 4 P (v --1)-- 1270, m — 36 7-4, m — 208) d 21, 
the elimination of ¢ gives B 
(225,28— 6 2524 — zl) T? — 8a (vis + 8 ay y + od) v^ 
| +3, 2. + a ty + 223) Y — (x7 x — 3a, wi — 8 wf) = 0. 
In lines, the equation of the quartic is 
£j—1, £,—21095 E= 31*-— 6t. 
The points of contact of the tangents from the point (x £) — 0 are given by” 
2 2, t$ — 3 zy f — Bx t 2 —0. | 





* Since (r4), r+1 and (r--2)5 (r—2) are the sets of 7, to which the parameters of the cusps belong. 
t This equation can not be used if o,—0, since then we can not write the J, in the form here used. 
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. The Hessian of this equation is, writing v for t, 


e HES— (my (42 +9)? — 2 (2 xa — 2) v as (0 + 40)) = 0. 


` Since the conic osculant of a point cubic touches the stationary tangenta, ee 


the conic osculant of a line cubic is on the cusps. ` 
The Hessian of a cubic has equal roots when the Sabie has iwò equal roota, 
‘and vanishes identically when the cubic. has three equal roots, 
Therefore H touches the cubic at the point + and is on the three cusps ; 
i. e., it is the point equation of the conic line osculant... If + — 0, H is the line 
 osculant at the cusp (0, 1, 0) and degenerates into the joins of this cusp with the 
| other cusps, (1, 0, 0) and (16, 1, —4).*. ` i 
. The coefficient of + equated to zero gives that conic on. ate three a 
which touches the cusp tangents 2,=0 and z,—0, given by r=0 and c= 
In general, for the curve x, = (a, t)” the conic osculant is a, — (a,t)? (a any 
and the process of finding the envelope of ((a,t)* (a4 r)" E) = = 0 is the same as that 
of finding the Hessian of ((a,t)”€,) =0.T: - 
The cubic.covariant of 22,275 — 323 T? — 6a,7 + x = 0 is 


JE 2 (2a wh — 625 25— 23) T? — 3 a (2 Ta + 8 2 ty + r$) T? 
+3, 2 + m as +20) v — dr 32, 24— 8 2$)] —0; 
‚J= 0 is the point cubic osculant of the curve. . - 
“Lei U be the cubie 2 1° — 32, 0 — 6 aut +a; 
D, its discriminant ; i 
. H,ite Hessian ; £ 
J, its cubic covariant ; UE id 
so that 
^U —0 is a tangent of thé cubic ; 
D=0 is the point equation; 
H=0 is the point equation of the conic line ent: 
| - J=0 is the point equation of the cubic.point sactlenik 


Then we know there exists a syzygy T 


` , 4 5 
* Dually the conic osculant of a point cubic at a point of inflexton r, degenerates into the points where 
the stationary tangent at r meets the other stationary tangents. 


T Thus for Q, when 4-0, Hg 8d ES + 2(8d, d, —&0,6) E, 8d, £1 = 0; os, His the points where 
x, =0 meets K (page 220). H touches g, three times, since these points are on g, and their join touches g, - 
at (0, 1, 0). A y 


t Salmon- Fiedler: “Alg. der Lin. Trang," p. 240.. 
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This says that the points at which U meets J? are the points at which it 
meets H counted three times. But U touches H; therefore U meets J at three 
coincident points, Hence U is either a stationary tangent, a cusp tangent, or a 
nodal tangent of J. We can easily show that in some special case it is a nodal 
tangent; therefore it is so in general. This furnishes another proof of the 
proposition that the node of the cubic osculant of a tricuspidal quartic | is at the 
point of contact. 
The line equation of the conic point oseulant, which we shall call H, at the 
point v of Q is obtained by forming the Hessian of 


ay £v + (b Ei + bg bs) T? + os ET? + (dy Es + da bs) v + e E, = 0. 

The discriminant of the Hessian of a quartic is the product of the discriminant 
of the quartic and the square of the invariant gg. Therefore H touches g, as well 
as Q. Dr. Morley* has shown that H touches a certain curve three times, which 
curve must be g,. H, being also the conic osculant of the cubic osculant at the point v, 
touches the stationary tangents of the cubic osculant which are lines of gs. Hence 
H touches g; at the points where these stationary tangents touch it. Y 

We have seen that the cubic osculant of Q at the point + is a rational point 
cubic, touching Q at this point, touching the tangents to g, from this point and 
touching the six stationary tangents of Q. These eleven conditions determine 
the osculant uniquely, although they are not linear. 

Let U=0 be the point v; t. e., 

UE aki tt + (b £& + bg Es) T? + eg Es? + (do E, + dy hs) v + e Es = 0. 

The sixteen common lines of the range of quartics Ug,t+kHg,=0 are the 
tangent to H at U counted twice, the two tangents from U to g,, the six common 
tangents of gs and H, and the six common tangents of gy and ga. The sia common 
tangents of gy and H are the three stationary tangents of the cubic osculant at U, 
each counted twice. These lines, since they are stationary tangents of the osculant, 
will each count twice as a common tangent of the osculant and any other curve. 
Hence the cubic osculant belongs to this range when writien in line form. 

Taking a curve in the form z, = (a,t)*, the first osculant is 

= (a; T) (a ar, 
which meets the line (w£) = 0 when 
(lT) (a tE) = 0. 


* * Trans. Am, Math. Soc., Vol. VIII, p. 19. 
t Each line of g, is a stationary tangent of two euble oseulants. Hence two conic osculants touch g, at 
each point and g,? appears as part of the envelope of H. | 
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Obviously the process ‘of india the line équation of the. osculant is the same 
‘as that of finding the Steinerian of ((a, i" £) = 0.* 
The highest power of v involved in. the line equation of the cubic point 
. oseulant of Q obtained in the manner just indicated is r*. If we eliminate. ¢ 
from the parametric line equations of the oscülant (page 217), v will occur as ' 
nigh as the sixteenth power in the resultant. pet 
' However, c, (and consequently the equation of the twelfth degree in T. 
giving the parameters of the points of. contact of the twelve cuspidal osculants) : 
_ 1s obviously a factor of the equation so obtained, ` 
These twelve osculants are curves of the third ‚class. 
The sextic covariant of U=0 does. not give proper osculants of Q This 
| covariant gives, neglecting the factor 54, . - 


; ies (8 a3 EL (ds, Hus) — 4a, Es s + Babe) + (i Ei + 5 E) a8 
i t 3ü6ata E + 2a E + E) (de Es + dale) 4 arch ER 
+ (bi + NEG) 
F 5 (8 0195185 (b, & +6 nbs) — 4 cn Fa (debs + du) 
Hé + babs)? (Ge d, E) 
= 20 (a Ë QE + 4E) — eb bar) 7 
(8 asbl (abs + dake) 7 coer be ko (bi Ey + bys) 
+ (b, & + bs T" 
Bu 2550 Er + by Es) (dy £ + dy E) — 4 ches Eo ES mS 
+ eg (dy E, + da Es) Ej) v 
— (8e ELE y) — 4 S (bs + dE) + (Es + daga)? = 0. 


For the quartic t’ (at? + 4ait + 6a,) — 0 we find 
TE — (3ma;— Sat) (at + 3a) = 0. 


Hanes J vanishes identically if U is. the product of two squares. If a. 
counts twice as a root of U, a is to be counted five times as a root ` of J, the 
sixth root of J being the fourth harmonic of a as to the two other roots of U. 

Hence each of the seven} curves obtained by equating tò zero the coefficients of 
7°, #5, eto., in J, touches the four bitangents of Q; also J touches Q at U. ` 








* I take pleasure in thanking Dr. J. B, Oonner for noting that the. curve of the above range which is the 
osculant must coinctde with the Steinerlan of ((at#)—0, and the obvious extension to curves of. ‘higher order. 

+ These seven curves ‘ean not be independent; and calculation shows that J 1s apolar to the sextic giving 
the parameters of the pointe of Inflexion of Q for all values of.Z,. pes å 
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We know that there exists a eyzyey; 
2 P= ga H U* — g, U* — AH?.* 


Hence the six tangents from U to J? are the tangents from Uto H counted 
‘three times. But U is on H, therefore the three tangents from U to J coincide. 
This means that the tangent to J at U is either a cusp tangent, a stationary 
tangent or a bitangent. It is easy to show that in some special case-it is a 
- bitangent; hence it is soin general. 

Jand Q have eighteen common tangents. If we substitute in J the values 
for & given in the line equations of @ (page 217), we have an equation of the 
eighteenth order in ¢ and the sixth order in c. 

The octavic in ¢ giving the points of contact of the bitangents of Q is a factor 
of this, the remaining factor being of the-tenth order in ¢ and the sixth order 
inv. Of this, (£—«7)* must be a factor, which says that the bitangent of J counts 
five times as a common tangent. Since this line is an ordinary line OF Q, 
Jand Q have four coincident common tangents at U.t 

The remaining factor is of the fifth order in # and linear in +. We know 
that if we ask that the point v of Q shall be on the tangent to Q at the point £, 
the equation will. contain (¢—7) as a oton: The remaining factor will be 
of. the form : 


(Bot) «* + 2 (80 g (b: tf = 0. 
The fourth harmonic of ¢ as to the roots of this equation in ¢ will be of the form 
c7 07 (tT + (i) 0. 
- Evidently this is the equation which gives the five other common tangents 
of J and Q. - 


| 86. The Meaning of the Disappearance of Terms. 


If k and m, be respectively the coefficients of t* and ¢™ in (a,¢)", it is 
evident that if thé relation 4 = X m, exists for one triangle of reference, it will 
“hold for all triangles of reference. If, then, by a change of parameter, we can 
bring the equations of a curve to a form in which such a relation exists, either 
the form is one to. which the equations of all rational curves of the given order 
may be reduced, or the relation involves some projective property of the curve. 





* Salmon-Fiedler: “Alg. der Lin. Trans.," p. 264. 
+ Stated dually: Q passes through a node of J, meeting one branch of Jin four saniet points, 
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' Thus the curve . ; ; 
3 a, = a, (f^ HAN) E eU +... Dé 


may, by a change of parameter 80 that mL, be put in the form 


mar" + o v7? + de. p, 
which, if we » change the reference triangle so that | 
y;—|«ac]|, „=lzad|, „=, 
N dar +, 
= of! v7? +4 ae +.. 
Ya =a” pet + et. 
whence we see that the curve has a cusp at 7 — o .- 


Obviously, . if a similar relation had existed between the coefficients of ¢ . 
and the constant terms in (a t)", the curve would have had a cusp at ¢=0, - 


becomes 


since, if we write i=; , we merely interchange the coefficients of E and in, 


Conversely, if a curve has a cusp we may write its equations 

qi =d, {7—8 +.. : 

Xp = Cyt? ? +... 

My = agé" + hi Teri. 
which, by a change of parameter leaving oo aided may be put in & form 
in which b, = =. | 

In this form one set of the Z, is t—0. Hence it follows that, if a curve 
has a cusp at = o, one set of the J, is (£—4a)":1 (t— 8) — 0. Hence, with each 
cusp a of a plane rational curve there is associated a definite point, 8, of the 
curve,” . 
On the other hand, the euuatione of the general rational cubic may be put 
in the form | 
met, di, -— n 

and for all reference Sinne 4=%b,. In this case the relation has no pro- 
jective meaning. | 





* Dually with each stationary tangent, a, there is associated a definite line, f. Thus, for Q wo see by 
inspection that c,:9--9 d, (65—0 Is apolar to the expressions for £, In the line equations of the curve (page 217). 


It, in the equations of the point cubic osculant at the point t = 0, we let t = „i ; “we have the coordinates 
of the tangent to the osenlant from the point of contact. Ü 


c 


On the Primitive Growps of Classes Sia and tune * 
| .Bx W.. A. Mannie. 


^ 


In the Comptes Rendus of Dec. 23, 1872, page 1754, JoRDAN published the 
results of his investigation of the primitive groups of the first 13 classes. The 
calculations’by which these results were-reached were *'long and laborious” and . 
have not been published. In view of the fundamental importance of the primi-, 
tive groups, it seems desirable that these proofs should be supplied. This was 
done in part by J6RDAN T when he determined all the primitive groups of class p 
( p a prime number), and by the present writer f in the determination of the 
primitive groups of class 2p, which contain a ‘substitution of order p and degree. 
2p. Nerro$ and Miter || have considered the groups of class 4, and their re- 
sults agree with Jorpan’s. The primitive groups of class 6, which do not con- 
tain a substitution of order 8 on 6 letters, and the primitive groups of class 8 are 
the object of investigation in this paper. Itis found that there are in all 14 
groups of class 6 and 18 groups of class 8. JOoRDAN's lists give 13 groups of 
class 6 and 15 of class 8. n t a | l 

The following theorem is restated in altered form from a memoir by 
JORDAN.T 

Tuzormm I. Let A, 4',.... be a complete set of conjugate substitutions of 
prime order p and degree gp in a primitive group G. The set A,.... generates 
a transitive group H. Let be an intransitive subgroup of H generated by a 
certain number of the substitutions A,..... Let there be a set of intransitivity 
(a,....) in Zsuch that none of the substitutions A,.... transform all the letters 





# Read before the American Mathematical Boclety (Ban Francisco Section), Dec. 19, 1908. 

1C. Jonpaw: Ldowville’s Journal, Ser. 2, Vol. XVII (1872), p. 868. ; | 

t Transactions of the American Mathematical Society, Vol. IV (1908), p.851. See also «On the Groups of 
. Class Ten," AMHBIOAN JOURNAL ov MATHBMATIO8, Vol. XXVIII (1908), p. 226. - VV f 
$ NETTO: u Theory df'Substitutions," CoLr’s translation (1892),'p. 188. 
| Minima: American Mathematical Monthly, Vol. IX (1902), p. 68. . Br 
4 Orelles Journal; Vol. LXXIX (1874), pp. 249-258. - ire A 


Pau 


236 -Mannina: On the Primitive Groups of Classes Six and Hight. 


` a of that set into other letters. Let b,.... be the letters of the other sets of 
intransitivity of I and let c,.... be the letters of H not displaced by I. Then ` 
in there is always a substitution B similar to A which connects a and b 
i transitively, and has not more than one letter c in each of its g ie This 





happens notably when the number of letters in the set a exceeds ge I, l ir pis 
odd, or q, if p= 2. "E 
Conotnany L. If p = 2, and the number of letters a,.... is exactly q, the 
theorem clearly holds unless, perhaps, when all the substitutions which replace 
the letters a,.... by other letters are of the form C= (ac) (aso) . . . - (a,6,). 
When, in this exceptional case, G is of class 2g, any substitution A,, similar to 
A, of I is of the form (a,@,)..-. (bib)... . where at least half the letters are b,...., 
| But 4,04,0 = (ajay). .: (ac)... is of degree not greater than 2g. Hence we 
‘conclude that every substitution similar to À in J, which displaces any of the 
letters a,...-, displaces all of the g letters à,..... This exceptional case can 
.not arise in a group of class 29 unless g is even. . We pu note that C and 
A, CA, C displace exactly the same 2g letters. f 
CononLany II. . Suppose that there are just q — 1 letters a... We can 
always find a substitution C similar to A connecting a@.... and b. uni having 
' in no cycle more than one new letter c unless duy substitution of H, similar to 
A, which. replaces all the letters a... . by other letters, has one of the four fol- 
‘lowing forms: poU 
0, = (ac)... (aq-s64-1)(Caa+3)s 
C, = (ac)... (ay 105 3) (5169); 
C, = (ei). ves Ce. 


- : Q, = (a$5)). - -  (a4b;)(a361) + - (er) 
. Where | 


€ 12A2g-—1. l 

It will be shown that C, and €, never occur in H, and that G occurs only 
when any substitution of J, which is similar to A, contains both 6, and 6, in 
different cycles, and displaces all the g — 1 letters a.... when q is odd, or: all 

but one when q is even. ` a oo 
: Let A, = (aya) .. .. (bibe). .. -be a substitution of I similar to A. The num- 
ber of letters b.... in À is at least g + 1. Then A,C,A,C, is of degree less than | 
2q and is not the identity. If A, does not displace the letter b, of O,, the same 
is true of 4,C,4,0,. Let A, displace b. Then 4,C,4,0 is at most of degree 


\ 
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2q + 1 and is non-regular, having one cycle of order 3 and the remaining cycles 
of-order 2. But in a group of class u, the substitutions of degree u and u + 1 
are regular. Passing to €, it is clear that A, must contain both 5, and 5,, and in 
different cycles. We write A, = (aja,)....(0,b')(6,0") and have ' 


OAs Cy = (6%)... (bb) 0") _ 
© D=A, 054,0, = (aya). > - - (6169) - - - - (B182)(8'0"). 


[fq is odd D is of degree 2q + 2, and if g is even, D is of degree. 2g. 

It is easy to show, in the same way, that in C, A is greater than 2, except 
possibly in the case of A= 2 and g=5, when there may be a substitution of 
degree 10 and order 5. 


so that 


Class 6. 


Since the primitive groups of class 6 which contain a positive substitution 
on 6 letters have been determined,” when the groups of class 6 are referred to 
in what follows we shall have in mirid only those which include no posue gub- 
stitution on 6 letters. i : 

The group G contains by hypothesis a substitution À of the form 


305 . biba . C103. 

There i is a self-conjugate, and hence transitive, subgroup H generated by all the 
substitutions similar to A. The degree of H is the same as that of G and 
hence H must displace more than 6 letters. Then some substitution of the 
series of conjugates A,.... must displace one or more letters new to À. Again 
one of these generators must connect transitively the letters of À and new 
letters. If 4’ is such a substitution, it can not displace more than three letters 
new to A. . Hence @ always contains a diedral rotation group of degree 7, 8, or 
9. We shall consider these three cases in succession and first merely determine 
from each of them certain transitive subgroups of H. | 
The diedral rotation group of degree 7 is itself a primitive group of order 14. 
In the second case the group {A, A'} is’of degree 8 and the substitution 

AA! is of degree 8 also. This product may be of order 4 or 2. 
Let the product AA’ be of order 4. The group J= | A, A’} is an intransitive 
. octic group. By Theorem I we can find a substitution A” connecting the two 
sets of intransitivity of J and introducing at most two new letters. Now G 


^ 





* MANNING: loc, cit. 
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can not contain two abenia of class 6 on exactly the same letters, for the 

- product of two such would be a positive substitution of degree 6. Then A” dis- | 

: places at least one letter new to J. . D l 

. If A" displaces just one new letter, the group K = { A, A!, A") is.a simply 

. transitive primitive group of degree 9. The positive subgroup is of class 8 and 

order 36, so that Æ has an invariant regular non- cyclic subgroup of order 9.- | 
Again, suppose A” to introduce two new letters; K is a transitive group of 


degree 10. Clearly X can not be primitive. ‚Nor can X have two systems of 5 ... 


letters each. Ifthere are 5 systems of two letters each, Æ is isomorphic to.the . 
' symmetric group on 6 lettérs and to cycles of three letters in it must correspond 
positive substitutions of degreé 6. This is inadmissible. 

' The product AA! may be of order 2. Then A and Al are commutative 80 
that A’ may be written ae . 055, * + didy. ` There will be another substitution A" 
connecting the set a,,.... with another set, and bringing.in one or two new 
letters. Let A" briüg | in just one new letter 8. Then we can write at once 
All = ac. df - as; for if two substitutions of class 6 have just ‘three letters in - 
common their product must be of order 3. This means that 4/ and A have just: 
four letters in common and their product is of order 2. The group {4, A’, 4} 

‚is of order 12 and has two sets ‘of intransitivity. The substitution A” can be: 
written either aja. --. or Qag..-.. By the principle just employed it is clear ' 
that we get either A" = aya, . bas. ecd or A" = aa . ba . cyy. In the first 
case we obtain an imprimitive group of order 36 which is a direct product of two 
symmetric groups, and in the second case a primitive group of order 120 
isomorphic to the symmetric group on 5 letters. 

Going back to the group 1.4, A'} we see that A” can not have two new let-: 
ters in different cycles. For we may write A” = asc,...., and since the product 
‚AA! can not be of order 3 it is of degree 8 and order 4 or e which is impossible. 

` Tt remains to consider the diedral group of degree. 9 generated by A anda - 
substitution of the form aus. bibs . ic. Here there are three sets of intran- 
sitivity of three letters each. By Corollary I to Theorem I there is a sub- 


stitution A” in the series A,.... of the form ajb,.... or ab,..... It is not 
necessary to consider ajb. . . ., since it is the transform of aj. ... by 
` Ayay + babs > 6365. 


But 14A, A} can only be one of the fundamental diedral groups already dis- 
cussed. | ; 
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Summing up, we have 4 fundamental ‘transitive groups, one of which must 
be a subgroup of any primitive group of class 6 not containing positive substitu- 
tions on 6 letters. We shall now take up these subgroups in detail. 

s 1. The Gi. 

Since all the transitive groups of degree 7 and class 6 are included in the 
metacyclie group, this G7, is not included in a larger primitive group. of the 
same degree. We ask if Gi, can be the maximal subgroup of a G$ y.s. The 
negative substitutions, of degree 8 in G? must be of order.8. Then among the 
positive ı substitutions of G* are some of order 4. But the portra pADBFOUR of 
GE is of class 7 and has no operators of order 4. 


2. The Gy. 


The 12 substitutions of class 6 in Gh, are made up of the 36 possible combina- 
tions of 9 letters, two at a time, so that a G of degree 9 including @%, can have 
no other substitution of class 6. Then @%,, if contained in a larger group G' of 
degree 9; is invariant. Let G! and Gh be the subgroups leaving one letter fixed 
of G and Gh respectively. The subgroup G{ contains G, invariantly; and has 
negative substitutions other than the 4 of degree 6. They can only be cycles on 
8 letters. Then G} is transitive and of order 16. If the positive subgroup of 
‘& is not the quaternion group, G’ contains more than 9 substitutions of degree 
8 and order 2, and since from 9 letters only 36 transpositions can be formed, 
‘two of these substitutions would have a transposition in common, so that their 
' product is a positive substitution of degree less than 8, an impossibility. Now 
the quaternion group is completely determined by a subgroup of order 4, 80 
that Gly, if it exists, is unique. It does exist and is a well-known group. It . 
may be generated by 12.34 , 68, 13.56.78, 15.47.89, and 1537.2846. We 
now show that @%, can not be the subgroup leaving one letter fixed in more than 
one GH. In GH, there will be a substitution B = (1a) (:.) (..) similar to 
A. Unless B is commutative with the 4 substitutions 24.58.67, 25.37.69, 
28.39.45, and 36.48.79, the commutator of Band one of them will be of 
degree 7 or less, and positive. Then B= la . 25.48 orla. 39.67; but 
24.58.67 X 28.89.45 X 10.39.67 = 1a. 89. 67, 80 that Gi is unique. The 
holomorph of the modular group of degree 10 and order 360 is of order 1440 
and is triply transitive on 10 letters, The subgroup leaving three letters fixed 
is of order 2 and degree 6, The quotient group with respect to the modular 
32 ; m ; 
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‘group is the axial group. Corresponding to the three subgroups of order 2 in. 


the quotient group are three subgroups of order 7 20, one positive of class 8, one | 


positive and negative of class 8, and one positive and negative of class 6. . “This last, © > 
group tontains GÀ. Since as completely determines @1%,,* Gi), is completely " 


determined by G?,. Since neither the modular nor the Mathieu group of degree 


. p” + 1 is maximal in a erp of degree p + 2; this one of Fire groups” 


ends here. "MED 
; 3. Ths Inprinitive HA, A og D CE: 


This group is a direct produet of two non- Abelian’ groups of sides 6. Its 


. systems of imprimitivity of three letters each can be chosen:in only two Ways. 


Any larger group of degree 9 containing H} must transform it into itself, since 


another substitution of class 6 which does not lead back to a previously con- 


sidered case can not be found.’ Let G be-this larger group and Gi its subgroup 


leaving one letter fixed. In G, there must be a cycle on 8 letters, which will : 
permute the two substitutions of class 6. Then the square of this cycle trans . ` 


‘forms a substitution of.class 6 into itself. This is an absurdity. Since the 
systems of imprimitivity of H can not be chosen in 4 ways,} there-only remains 
. the possibility that H is the maximal subgroup in a doubly transitive group @ 
on 10 letters of order 360. But this is impossible, for the positive subgroup of 
order 180 would have 36 subgroups of order b, and 45 subgroups of order 2, 

TAKMER at once: 189 operators. 


4. The Gin. 
If this primitive Gs is contained in a larger group G' of the same degree it 
- is invariant in it, since another substitution of class 6 où these letters can not 
exist. The subgroup: Gi, leaving one letter of G! fixed, transforms ` Gh, the 
maximal subgroup of Gi, into itself, and is intransitive in consequence. , Since 
the constituent of degree 3 is symmetric, an operator of Gj not in G, would 
lead to another substitution of class 6, which is impossible. Another substitu- 
‘tion B, similar to A, introducing one new letter ô, can not be determined subject 


. to the conditions under which A" = ua, . bia. Cy Was determined, Honce we 


can not pass to a group of degree 11 from G5. 
' There are in all 14 primitive groups of class 6,'of which 8 contain a sub- 


stitution of order 3 on 6 letters, and 6 do not. The ie are the Gio Gh, Glu, 


Woy G luo) and Giwe : 








* Dn Securan: Comptes Rendus, Vol. CXXXVII (1903), p. 87. 
t Transactions of the American Mathematical Society, Vol. VII (1908), pp. 499-508, . poe 
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| Every- group of class. 8 contains a. substitution À = aa, . bib, . cics . dydy. 
Any primitive group of class.8 contains a transitive subgroup generated by sub- 
stitutions similar to A. We shall first determine these subgroups and then take 
up each one of them in detail, seeking to find in what primitive groups, if any, 
they may be contained. 

If A, is a substitution similar to A introducing no new letter, ae product 
AA, is of order 4 or 2. 

Let (AA, = 1; then {4, A,} is a regular octic group. 

Let (44,) = 1, so that (A, A} is an axial group. There may or may not 
be a substitution ps similar to A on these same letters. Suppose that A, exists 
and that it is commutative with both A and A,. Then. 1A, A,, Ast is the 
regular Abelian group of order 8; all of whose ribellu are-of order 2. If A, is 
not commutative with both 4 and Ai, it must with one of them generate me 
regular octic group, given above. 

We now assume that besides the three substitutions 


| ads 5b. 616, . ads, ab, E God » Cid + Ch, -abs - Gb . Ody . Cadi, | 

of the axial group, the series of similar substitutions A,.... includes none dis- 
placing these 8 letters only. By the Corollary I to Theorem I, the series A, . 
contains a substitution A, connecting transitively the two sets of ‘letters in 
{4, A,} and introducing at most three new letters, with not more than one new 
letter in any cycle, unless there occurs in A,.... a substitution B of the form 
yy . A . bag . bga. This exception need not here be considered, since the 
group [B, (BA), (BA,)*} is the regular group all of whose operators are of 
‘order 2. If A, introduces one new letter, 1.4, A;, Ast is a transitive group of 
' degree 9, which contains invariantly a regular group of order 9. This is impos- 
sible, since the group of isomorphisms of neither of the two groups of order 9 
. contains an axial subgroup of class 8. Let A, introduce two new letters. 
Then J= (A, A,, Ast is. transitive. It can contain no substitutions of order 3, 
and hence is of order 40 or 80.. Then it has an invariant subgroup of order 5 
and degree 10. But the largest group on 10 letters which contains no cycles of 
5 letters and which transforms this subgroup into itself is of order 40 and has. 
negative substitutions, If A, introduces three new letters, one of the three 
products A,A,.... contains a cycle of 4 letters and is of degree 11, an pos" 
sibility in a group of class 8. | 


~ 
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In visi follows it is assumed that the. set A,.... contains no two D Pup 
tions on exactly the same letters. « 
| For conyenience of reference we shall now etate some propos: of which 
: eontinual use will be made. : | 
. No substitution similar to A can have just one letter in common with A; 
.nor may it have just two letters in common with A unless it is Dominae 
"with A, Suppose that B, similar to A, has just three letters in common with A.* 
The common letters must belong to different cycles in both A and B in order that 
(AB)! may not be of class less than 8. But when this condition is satisfied, B is 
of the form’ ajag . ag. a,b, .a,c, and (AB)? is of class 4. 
If À and B have just 4 letters in common, they generate a positive group, 
. and the product AB can only be of order 4, 3, or 2 Thé positive intransitive 
diedral groups in which AB is of degree 12 and orders 10; 8, and 6 are not 
generated by two substitutions of degree 8. We reject { 4, B}, ater (ABy— 1, 
"when it is a (4, 1) isomorphism between the intransitive DG}‘,} itself a stanie ; 
' isomorphism, and a G$, because a D@%? is included. With the product AB still | 
of order 4 and degree 12, {A, B} may be a (2, 1) isomorphism between the 
intransitive DG$* and the intransitive DG^*, We may write B, for example, 
as dibi. Cyan .Cotg- BBa, and hence (AB) = ab, . dybg. Cg. ous. If AB is of 
order 3, {A, B] is a simple isomorphism between four groups DG®* If B is 
commutative with À, two cases are to be distinguished as AB is of degree 8 or 12. 


If A and B have 6 letters in common, AB is of order 6 and degree 11, or of 
order 3 and degree 9. When AB is of degree 11, the subgroup {4, BAB} is a 
diedral group of degree 9, class 8, and order 6. 

Should the two similar substitutions A and B have just 6 letters in common, 
the product AB may be of order 5, 4, or 2. The product can not be of order 8, 
. for then { 4, B} would include the regular octic. 

Among the conjugates of A there must exist at least one substitution A, 
which connects old and new letters. The degree of {.A, A,} is equal to or less 
than 12. j ? & 

Let A, introduce just one new letter. If AA, is of order 9, | 4, A,} is a 
transitive diedral rotation group of order 18. | - 





* BoOHERT: Mathematische Annalen, Yol. XL (1892), p. . 106. 


+ By this notation is indicated g diedral rotation group of degree 8, class 4, and order 8. 
+ 4 » ` 
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The only remaining possibility is that AA, is of order 3, in which case 
14, A} is a simple isomorphism between the regular and non-regular repre- 
sentations of the non-Abelian group of order 6., By Theorem I the set A,.... 


- contains a substitution A, which connects these two transitive constituents. 


Suppose first that A, displaces no letter not in {A,A,}. Then in the transi- 
tive group 14, A, A,} any two substitutions of degree 8 and order 2 have just 7 
letters in common and their product is of order 3. Hence { À, A,, Ag} is of order 
18 and contains an invariant non-cyclic group of order 9. | 

Let A, introduce one new letter. Then $A, 4,, A,} is a primitive group of 
degree 10, The subgroup leaving one letter fixed must coincide with {4, 4:}, 
since it can not contain a subgroup of order 9 without including one of the two 
transitive groups of order 18 just determined. Hence G@={A, A, A,} is of 
order 60; whence it follows that @ contains 6 conjugate subgroups of order 5, 


‚by means of which it may be represented as a doubly transitive group of degree 


6 and class 4. This is the,icosaedral group which has one -and only one primitive 
representation on 10 letters. We note that the icosaedral group can not be written 
as an imprimitive group on 10 letters.* 

Let @= {4, A, As} be a transitive group of degree 11, with A, bringing 


in two new letters. As before, the order of G is not divisible by 9, so that it is 


at most 11.10.6— 660. That the order is exactly 660, is evident if we note that 
there must be 12 conjugate subgroups of order 11, each transformed into itself 
by 56 substitutions. This group, then, if it exists, is simply isomorphic to the 
doubly transitive group of class 10. on 12 letters, the modular group. Hence the : 
subgroup of order 60 in @ is icosaedral, and we are led back to the previous case. 
If A, introduces 8 new letters, we may assume that it is of the form 
a'd; . a4 — . ag — . d, —, 

where d, is the new letter introduced. by A,, and a! is some one of the larger set 
of intransitivity of 14, 4,1; a, 25; and a, are the 3 new letters. Now A, and A 
have just 4 letters in common and the group LA, A,} is of order 6 with 4 sets of 
intransitivity. Then A, displaces just one letter from each cycle of A.‘ Then 
A, has just 5 letters in common with A, or else with A,AA,,—with A, Bay. 
But the product A,A, can not be iof order 8, since À, and À, have no common 
cycle, nor can it be of order 6 and degree 11, since 14s d} can not have a 
transitive constituent of degree 2. Fe 54 ' 





* BURNSIDE: “ Theory of Groups” (1897), p. 179. 
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We now return to A, and assüme that it die two letters notin A. It. ` 


has.been remarked that the product AA, can be of. order 6, 4, or 2. In the last 
.case only (A and A, are o do the two new leitete a, and as. form a 
wa of A. . The group 14, A,}*i | 
1. Lu A mds Agba + C103 + Ayay 
E A= aya. bj. C6 - dds, Ai == abg. ab, . did, . 0104. 


Let 4, be a substitution similar to À connecting thé set of ue of .. 


4 letters in 1 A, 4} with one of the other sets. dt may be written GO, + with- 
out loss of generality. 


Suppose first that A, displaces no letter new to {4, A E In oiir that 4, : 


may not with A, A,, où A; generate one of the diedral subgroups already con- 
sidered, it must disc di, Ge di; de, C, and c. Then A, leaves fixed either both . 
| bi; b, or both as, bs. It can not leave a, and 6, fixed, for it is not commutative 
with Aj, as it would then have to be, Then put 4, m 2,05. did. 0405; but — 
A! As = ajb - bi. If A, leaves a, and b, fixed, 4, = dis - bic. 040. ON and | 
Aja = abo dub. 
, Let À, bring in one new letter. . It may be assumed that 14, A,, À} is not 
transitive. The letters may fall in sets of intransitivity in the following 6 ways, 
(6, 3, 2), (6, 5), (7, 2, 2), (7, 4), (8, 3), (9, 2). The third and fourth cases may. 
be immediately excluded since they include operators of order 7. In the first 
case the transitive constituents of degrees 6 and 3 must be in simple isomorphism : 
hence the constituent on 6 letters is regular and the entire group can not be of 
` class 8: The second case must be a simple isomorphism between two repre- 
sentations of the icosaedral group ‘or else include it. The class is 6. In the 
fifth case all the substitutions of class 8 will be in an invariant subgroup. In 
the last case there is an invariant subgroup in the first constituent corresponding 
to identity of the second. If this subgroup is of class/8, it includes one of the 
fundamental subgroups already discussed. If it is of class 9, the entire group ig 
of order 6, which is here impossible. j 

| . Let Ag contain two letters B, and @,, not displaced by. {A, 4,]. We may 
write A, = a,m,..... Suppose first that A, leaves a, fixed. Then {A, 4,} is of 
degree 11 and ordet 6, and A, has a cycle in common with À. Comparing À, 
with A, and Aj, this i is seen to be impossible. If 4 displaces a5, AA, is of order 





*This group need not be considered, aa we might restrict A, to substitutions which connect old and new 
letters, but it is found convenient to use it. 
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| The group L = |K, B,| is of order 120, and is & simple isomorphism be- 
tween a G5? and a GX, The remaining.6 substitutions of class 8 are 
Yı -bað 004 - diy, | aio : bayı + Cats . daßı, 
dayı + biò + Cu + dole, aag. Ciô - bya . days, 
20. by, em. HBr, Yıaz » DiC, » dich + Days. 
The subgroup of L leaving the letter a, fixed is intransitive in sets hbi, d, yy,, 
etc. Then it may be assumed that the substitution which connects the two sets 


of L is either l 
0, = ad, . agds . aaya . Yıßa, | 


Q= aid, . asd, . Bj. QE. 


. Now 1L, 7 is a primitive group of order 720 tsomorphic to pede!) all. In the 
group {L, O,} the conjugates of the product. 


10a + Dies + bao + Boye + Ady + Aad, I Bià . me l 
generate a self-conjugate regular Abelian subgroup of order 16, of type (1, 1,1,1). 
This fundamental group can readily be identified with the primitive G15j an by 
MILLER.* 
We return to the group K. The group {K, B,} = L is of order 36 and has 
one set of intransitivity of degree 9, and two of degree 3, There is one other 
substitution of class 8: ao. Cyyı « deity . de®. Consider now the two possible . 


substitutions E | 
GQ = api bb: - eis dhe, 


O, = ad, . ad, . 0 . Bye 


Since s = Bd, . Beds . ag, . cja; « Clg « y gives mA G and sLe = L, only €, 
need be used. . One constituent of M= |L, Gi} is the symmetric group of degree 
4 and the other is an imprimitive group on 12 letters, whose 4 systems are per- 
muted according to the symmetric group. The order of M is 144. The new 
substitutions of class 8 are: a,8,. b, . egy, . dye and 04, -Yıya + Aba» dE. There 
is only one form in which D, may be assumed: ' - 


dD, = ad. asd, . að. By. 


The group H = { M, D,} is imprimitive of degree 16 and order 576. Itis the direct 
product of two symmetric groups of order L- 


or 


and 








* MILLER: AMERICAN JOURNAL OF EN Vol. XX (1898) p. 239. 
* 
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It may now be assumed that the series A,.... contains no substitution 
which connects the set a,.... of K with a.... or 8,..... Let us consider 
{K, Bs}. This group has two sets of intransitivity, so.that a substitution of the 
form ax.... exists, where x is a letter of the set a4. ..., 8,....,—contrary to 
hypothesis. Finally 1, B,} leads uniquely to the substitution aô; . dia . baya: css, 
which connects the sets a,.... and ,..... 


‘In conclusion we have to consider A, = a0, . 6125 . as. diay, and the group 
{4,4;t. But by Corollary II to Theorem I, we know that there is in the series 
À,.... a substitution A, = ab'...., where b is one of the 3 letters b, by, ag. 
Hence this case is included in one of the preceding. | 


Nine distinct transitive groups have been determined, one of which is in- . 
cluded in any primitive group of class 8. We shall take up these subgroups one 
by one and find what primitive groups are determined by them. In discussing 
a particular subgroup use may again be made of any id theorems or pro- ` 
cesses employed in obtaining it originally. 


1. The Regular Octic. 


Our primitive group G contains the regular octic(J). Since A,.... generate 
a transitive group of degree greater than 8, there is a substitution B similar to 
A which connects some new letters transitively with the letters of this octic 
group. Now {I, B} can not be a transitive group- of degree 9, for I is not a 
subgroup of the group of isomorphisms of a group of order 9. If Z is contained 
in & primitive group of degree greater than 9, it is contained in an imprimitive 
group of degree 10 and order 80. That it can not be contained in an imprimitive 
group of degree 12, maximal in a primitive group, results from the fact that of 
the three subgroups of order 4-in J one is characteristic, so that there are but two 
interchangeable systems of 4 letters each with one letter in common. Now the 
group of order 80 can not have an invariant ‘subgroup of order 6 since the 
largest group of degree 10 and class 8 in which a subgroup of order 5 is invariant 
is of order 40. Nor, with 35 substitutions displacing 8 letters, can there be 16 
subgroups of order 5 and degree 10. 


2. The Regular Abelian Gà of Type (1, 1, 1.) 


This case is based upon the regular group (Z) all of whose substitutions are 
' oforder 2. It may be written: ; 


MANNING: On the Primitive Groups of Classes Six and Bight. 249 


1, . A = 12.84. 66.78, 
A, = 13.24.57.68,  Ay— 14.923.658 . 67, 
4,— 15 . 26 . 37 . 48, As = 16.25. 38 . 47, 
A,— 17 . 28 | 35 . 46, „= 18 . 27.36.45. 


Since the group of isomorphisms of the non-cyclic group of order 9 does not 
include Z, the new substitution B, connecting new letters transitively with the 
letters of J, can not introduce just one new letter. | 

If B introduces just two new letters, (7, B} is imprimitive of order 80. 
There are 35 substitutions of class 8 and 44 of degree 10, the latter in 11 sub- 
‘groups of order 5, since.{J, B} is positive. But 11 is not a divisor of 80. 

If B brings in three new letters, and bas not already two new letters in a 
cycle, ? can be chosen so that BA,B has one cycle of new letters. Then {J, B} 
includes a subgroup of degree 9 and class 8, an impossibility. | 


Let B ntroduce 4 new letters. The new letters must be in different cycles 
of B. The 4 old letters of B must unite by twos in three of the substitutions 
of Z and must be in different cycles in the remaining 4. Since the holomorph of 
I is triply transitive, we can write B= 1a. 26 ..3y . 48, the element 4 being 
fixed by the remark just made. The group J= 11, B} if of order 96, is 3-fold 
imprimitive on 6 systems. It can not be contained in & primitive group @ of 
degree 12. Nor can a substitution C similar to A be found introducing one new ` 
letter. We would have C= 1x. — containing three of the letters a, B, y, 4, 
` and three of the letters 5, 6, 7, 8, as is seen by comparing with B7 B', where 
B= BA,B. Then CA,C= «2.34. b/o/. Bly’ and (A, CF is of degree 8 or 10 
with the cycle (1x2), which is impossible. It is evident that G can not contain 
a substitution or subgroup on 13 letters, so that if C introduces two new letters ` 
{1, O} is imprimitive with 7 systems. Since the group according to which these 
systems are permuted can not be of class less than 4 and certainly is of class 4, 
the systems go among themselves according to the simple GJ. In the three ways 
of dividing the letters of J% into systems a is associated with @, y, ô respectively. 
The systems of K = |J, C} must conform to one of these three different group- 
ings. Let us suppose for the moment that a, B form a system of imprimitivity 
in Æ. Then the substitution C can be written az . By...., since K is doubly 
transitive in the systems. Further, since 7 is transitive, C= ax.By.1—.2—, 
if we choose. Comparing C with 1a.28.3y.40itis seen that the two.remaining 
elements belong to 5, 6, 7,8. Then 


+ / | T . . * 
. 250 Mannina: On the Primitive Groups of. Classes Six and Eight. 


15 . 26 
16 . 25 
17.28 
18 . 27 


O=az. By. 


The last three forms of O are the transforms of a first by 
| 56.78 = Er | 
u 57 . 68:. f 
| 58 . 67: 
respectively, and these substitutions transform J into itself. Similarly the 


groups generated by J and  '. 
p By . 26 
ax.15.17y.37 


à. 48 


1 


are doiena under By . 678.234. Then K={J, ax. By. 15.26}. Here 
the systems of imprimitivity can be chosen in only one way, so that Æ is con- 
tained in a doubly transitive group of degree 15. Then we can find a substitu- 
‘tion D similar to A introducing one letter 6 new to K. Since X,.J, I are all 
| transitive, we can write D = 0x. ao. 105.052. Comparing D with I we see 
that o, can not be one of the letter of Z, and that o, must be displaced by Z. One 
of the substitutions of J contains the cycle 10, and must be commutative with D. 
If 0, and o, are not also elements of J, some commutator (4,DY is of class equal 
to or less than 6. Then ojo, is also a cycle of 1o.... of I. Now comparing D 
‚with the substitutions of J’, the transform of I by ba . 68. Ty . 86, it becomes 
evident that o; = 9, and o, = 2, or oj — y and a,= 3, or o; — 0 and. og = 4- 
Comparing D with J", the transform of I by læ . 28 . 83y .48, we see that 
oj and o, are chosen from the elements 5, 6, 7, 8. If o, = B, the commutator 
of D —60x.12. aß .ag, and OBA,BC= 12.18. yó.«y is of class less than 8. 
If D=bx.ay.13.68 or —6x.25.14.67, (DOBA,BO) is of degree 4. 
“There remain only two possible forms for D: 


f Oa. ay 18.67 end s.a. 14.58. 


These two substitutions are conjugate under y. 34.78, a substitution which 
transforms the group K into itself. Hence we can assume p= Oa .ay.13.57 and 


the group GŒ = {K, D} is unique. The order of G is at least 81/2. The Abelian -` 


group of order 16 and type (1, 1, 1, 1) generated by 


D 


Mannina: On the Primitive Groups of Classes Six and Eight. 251 


12.34.66.78.08.yS.ay.Oy, 13.24. 57.68 . ay . BÓ . æn . y6, 
15.26.37.48.an.60.yx.ôy, la. 28.37.40. 0n . 6a . Tx. 8y 


is transformed into itself by G, and hence G is the group of isomorphisms of this 
Abelian group, whose order is 81/2. This group is known to be isomorphic to 
the alternating groüp.on 8 letters. . 

If G were contained in a larger primitive group @ of degree 15, G1, the 
subgroup of @ leaving 0 fixed would contain 6A. self-conjugately. The sub- 
group G must be imprimitive on 7 systems which’ it permutes according to a 
group of class 4, that is, the G4. Then G! contains a new substitution S of 
order 2 transforming each system into, itself. The intransitive head F of K 
contains two substitutions on 4 systems having in common any, two arbitrary 
systems. If Sisof degree 8 or 10 we can find two substitutions in F having 
two cycles in common with it, and hence one of them has three in common with 
S, so that when multiplied into Sit gives a product of class 4 or 6. If Shas 6 
or 7 cycles, F contains a substitution having 4 cycles in common with it. "Then 
Gi coincides with G, and @ with G. ^ — | 

We now pass to a & of degree 16. Recalling the determination of D, it is 
clear that Æ can be put uniquely in the form ya . a5. 14. 58. The conjugates 
of (34)(78)(a8)(zy) X E generate the regular group of order 16 all of whose 
operators are of order 2, and hence the new group is the holomorph of this 
regular Abelian group. - 

3. The Di. 


In this and all the following cases no two substitutions of order 2 can dis- 
place exactly the same 8 letters. 


Since the group of isomorphisms of the cyclic group of order 9 is the 
eyclic group of order 6 and class 6, this DG}, can not be contained in a larger 
group of the same degreé and class 8. "og 

Since the DG is only one-fold imprimitive, it is contained in a doubly 
transitive group of degree 10 and order 180, if contained in a primitive group at 
all There are at least 9 conjugate subgroups of order 5 in Gj, and hence by 
Sylow's theorem as many as 36. This is impossible. This case gives no 
group. - 
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its three subgroups of order 720 includes the + Ghe. If a transitive group of 
degree 11 and order 7920 exists, it is the 4-ply transitive group of Mathieu 
and leads in turn to the 5-ply transitive group of order 12.11.10.8.9." 

We now return to the fundamental group of order 18. Let A,,...., 4, be 
its substitution of order 2 in order as written. It may be assumed that there is 
a substitution B similar to A,, connecting some new elements with the elements 
of I, and such that {B, I} does not include one of the primitive groups we have 
already. es l 
If B introduces one new letter, 17, B,} is of degree 10 and gives nothing 
new. The same is true if B brings in just two new letters. If B connects 3 new 

letters a, B, y with the old letters of 7, we must write B = la . o . ogy . og. 
Since A, leaves the element 1 fixed, B.A,B = By... ., so that ou, is a cycle of 
A, and o; and o, are in different cycles of A,. The subgroup of Gp leaving the 
element 1 fixed is the group of isomorphisms of G$ of type (1, 1) and in it A, is 
invariant. Then J is invariant under this @%,, leaving 1 fixed. The cycles of 
A, are the systems of imprimitivity of @,. Further, the subgroup of G, leav- 
ing the system 23 fixed is transitive. Then B can be written la . 28 . 8y . 4(5]. 
Again, the substitution 23.66.89. 6y transforms J into itself and finally fixes 
the substitution B= 1a. 28 . 3y . 45. The group J= {1, B} has 4 systems of 
imprimitivity which are permuted according to a transitive group of class 2 
containing a substitution of order 3; that is, according to the symmetric group 
on 4. elements. Since (A,B) = 23 . 45 . 79 . By does not permute the systems, 
the subgroup which leaves all the systems fixed is of order 18 and J is of order | 
432. We pass from J to a group of degree 13. Since the systems of J can be 
chosen in only one way, it is contained in a doubly transitive group on 13 
letters. , Since in this G38 there are just 13 conjugate subgroups of order 18 
similar to J, each subgroup is transformed into itself by a group of order 432, 
having one transitive constituent of degree 4 and order 24. The other con- 
stituent is the largest group on 9 letters which transforms J into itself. Hence 
G88 is completely determined by its subgroup leaving one letter fixed. This 
group of order 5616 is the doubly transitive group according to which the 13 
subgroups of order 3 in the Abelian G4 of type (1, 1, 1) are permuted by its 
group of isomorphisms. This case is completed. ` 








* MarEIEU: Lioucilles Journal, Ber. 9, Vol. VI (1861), p.274. Jonpan: Liouvilles Journal, Ser. 9, Vol. XVII 
(1872), p. 851. : i 
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5. The Icosaedral GS ?. . 


This fundamental group is primitive. It can not be contained in a larger 
group of the same degree and class. It leads to a doubly transitive group on 11 
letters, simply isomorphic to the modular group G3". There is but one such 
group. Since in.a GS in which Gib? is maximal G5 must be transformed ; 
into itself by 120 substitutions, the triply transitive group of order 7920 is 
unique. It isisomorphie to the 4-ply transitive group of degree 11. 


6. The Imprimitive GH. 


This group is (2, 1)-isomorphic to. (abcde) +. Suppose GE, to be included. 
in an imprimitive @ of degree 12. The presence of substitutions of degree 10 
and order 5 requires that there be either 2 or 6 letters in each system of — 
imprimitivity of the larger group. If there are just two systems, G has an , 
intransitive subgroup of half its order. Then the letters of G2, can be arranged 
in two systems of 6 each, such that an intransitive head of order 60 is included 
in it. This head is a simple isomorphism between two icosaedral groups. In 
this head are included the 15 substitutions of class 8 of GH, which contradicts 
. the fact that the substitutions of class 8 generate the whole group. Now GH 
can be included invari&ntly in a Gi in which the systems are permuted accord- 
ing to a symmetric group of order 120 written on 6 elements. But GH can not 
be contained in a primitive group G' of degree 12. For G can not be doubly 
transitive, nor, 3s we shall show, can it be simply transitive. In the latter case 
G, would be a simple isomorphism between two transitive groups of degrees 5 
and 6 respectively. Now the only transitive groups of degree 5 which can be 
‘represented transitively on 6 letters include the icosaedral. This isomorphism 
is of class 6. We remark that the systems of imprimitivity of G$, can be chosen 
in only one way. Then Gy) may be contained in a primitive group of degree 13. 
In this larger group a particular subgroup of order 2 and degree 8 is transformed 
into itself by 40 or 80 operators. But the largest group on the same letters 
transforming this substitution into itself is of order 2*. 41 and includes no 
operator of order 6. em 
i : 7. The Primitive G3. 


We now consider the primitive G4. The subgroup G, leaving one letter 
fixed is of order 48 and is a (2, 1) isomorphism between two transitive constituents 
. Of degrees 8 and 6 respectively. If G is invariant in a larger simply transitive 


AUS 
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T. 


group G' of dei. 15,’ G, is invariant in G1, and the latter has dis same sets of 
intransitivity as G,. Now the head of the first (imprimitive) constituent in G, 
is the symmetric group of order 24, a. complete group; so that any group in which 
it is invariant is a direct product. But the tail of this constituent already con- 
tains all the substitutions commutative with each operator of the head. Nor 
can G5 be invariant in a doubly transitive group of degree 15, for the only 
other substitution of class 8 we can determine is B= 18.26. 35.e, bringing 
in one new letter x. Now {G, Bj has a regular invariant subgroup of order 16, 
and is of order 11,520. Any other substitution of class 8 we may determine 
leads again to B.- 


8. The Primitive. Gish. 


If another substitution of class 8 and order 2 displacing no new letters 


occurs in a larger group containing G155, we shall have either 12.... orla..... 
If it is 12...., we continue and see that it 15.12.68 . 79...., an impossibility. 
If itis la...., we get uniquely ia. 6d. 7e.5c. The substitution 3a . 6b . ae . 8e 


transforms | Gi, la. 6d. Te. bc} into GH. 
Since the subgroup .G, of go is a complete group, @ can not ibe invariant 
“ins larger primitive group. à 


9. The Pape HE 


The fundamental transitive subgroup i in this case is the imprimitive direct 
product of order (24). Suppose this group is invariant in a primitive group G. 
Now H has a characteristic regular subgroup of order 16 and H, has a charac- 
teristic subgroup of order 9. Since the non-cyclic group of order 9 admits no 
isomorphism of period 5 or 7, G contains no operator of order 5 or 7. Then G, 
is of order 36. 2 or 36.4 and can not be transitive. The transitive constituent 
of degree 9 in H, must be transformed into itself by G,. ` We détermine uniquely 
a substitution B= aab, + C404 + Coq. 8, . dele . y,0, which gives us the primitive 
‘Gé. The group Gi is not in turn invariant in a larger group. If on the. 
other hand Ay, is not invariant in a larger group, there must be another substi- 
tution of class 8 and order 2. It is uniquely determined as : 


B= ad, . add, . Yıßa + Volts. 


This group 1H, B} is a conjugate of | 
34 Fe À TP 


FEE 
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We have obtained the following 18 primitive groups of class 8 : 


9 9 9 0 0 

86) 72) = G^, | Gh, Gi, + Gio, 

10 11 n 13 12 : 18 

720) Go Gha, Cios GE meo; Gites 

E 15 16 18 16 18 
Go Ge Go í Goo, ; G Tio; "Gien 


\ 


In Jorpan’s.enumeration of the primitive groups of class less than 14, he 


mentions the groups of degree EE formed by the displacements to which 
the symmetric (alternating) groups on K letters a,b,c..:. subject the a) 
Binary products ab, ac, .... He states that these groups belong to. the class’ 
, 2K — 2 (to the class 34 — 3), and are primitive if X >4. These formulae for 
the class are incorrect. For this representation of the symmetric group the class 
is 2K — 4, and for the alternating 4K — 12 when KZ 6, 3K — 6 when KS6. 
A consequence of these formulae is that a simply transitive primitive group 

can always be found for. which the ratio of the agence to the class is greater than 
any given number. 


om 


SramforD UNIVERSITY. 


Minimatcurven als Örter von Krummungsmittelpunkten. 
| Vox E. Srupy. | 


g 


Die vorliegende Mittheilung enthält. eine Erzeugungsweise der. krummen 
Minimallinien, die, obwohl sie eigentlich recht nahe liegt, bis jetzt nicht bemerkt : 
. worden zu sein scheint, und einige sich daran anschliessende Entwickelungen, 
bei denen es sich im Grunde um eine Berührungstransformation handelt. 

- Wir benutzen die Methode und die Bezeichnungen, die kürzlich in den | 
- Transactions of the American Mathematical Society entwickelt worden sind. 
. (Vol. X, 1909; pp. 1- 49, citiert mit A. O., und Vol. XI, 1910, citiert mit N. 2) 


u 


Ex . Curven auf Minimalkegeln. | nc 


Der Formel, die zur Darstellung des Ortes der Krümmungsmittelpunkte 
einer EURE Curve dient, | 


ySz+R.B: {40, Nr. 10}, (1) 
lasst sich folgender Lehrsatz entnehmen : i 


Unter den unebenen regulären Ourven haben d mit constantem Badius der 
Schmiegungskügel die charakteristische Eigenschaft, dass ihr Toreionewinkel in 
constantem Verhältnisse steht zum Ba des zugehörigen Ortes der 
Krümmungsmittelpunkte. i 

Aus (1) ergiebt sich nämlich, mit Hilfe der Frenet’schen Gleichungen 


(4. C, Nr. 9), 
dy dR 4, | 
nr ÈS LE (2) 





also E f 
[vama tE). domm. m (3) 


woraus unmittelbar der Satz abgeleseri wird. Die unebenen regulären Curven 
mit constantem Radius R.der Schmiegungskugel sind theils solche der constanten . 


)- 
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Krimmung E a= + L theils sphärische Curven. Im Falle R= 0 aber ist 


nur der zweite Fall möglich. So sehen wir, dass auch folgender Lehrsatz gilt: 


Die unebenen Curven auf Minimalkegeln sind dadurch gekennzeichnet, dass die 
zugehörigen Örter von Krümmungsmittelpunkten Minimaleurven sind. 


Die Minimallinien, die man auf diese Art findet, kônnen niemals gerade 
sein, andere Besonderheiten aber haben sie nicht: 


Auf Jedem Minimalkegel liegt eine. einzige analytische Curve, die eine vor- 
geschriebene “krumme Minimallinie zum Ort der Krümmungsmittelpunkte hat. 


. Hiervon kann man sich sebr leicht überzeugen. Es sei o der Scheitel des 
gegebenen Minimalkegels. Der zweite Kegel, der die Curve (y), Ort der Punkte 
y, aus o projiciert, wird dann für die ‘zu construierende Curve (x) als Evoluten- 
fläche zu fungieren haben. Die Punkte o, x, y müssen nun ein rechtwinkliges 
Dreieck bilden, mit dem rechten Winkel bei y, und zwar ein Dreieck, dessen 
. Hypotenuse die Lange Null hat: Nennen wir z den Punkt in der Mitte zwischen . 
o und e, so ist z Mittelpunkt eines Kreises durch o, a, y, der.in die Minimal- 
gerade durch o und x und eine zweite Minimalgerade durch o und y zerfällt. 
Diese zweite Gerade aber ist Tangente an die Curve (y) im Punkte y. Man 
kann also etwa so verfahren: Man suche den eigentlichen Schnittpunkt z der 
Tangente des Punktes y mit dem gegebenen Minimalkegel, und verdoppele 
sodann den Vector (Minimalvector) von o nach z. Der Endpunkt x des ver- 
doppelten. Vectors wird dann auf dem Minimalkegel eine Curve beschreiben, 
zu der die Gerade oy als Krümmungsaxe des Punktes x gehört; y wird der 
Fusspunkt des Lothes von x auf diese Gerade, und der Ort von y also Ort der 
Krümmungsmittelpunkte für die Curve (x). Man erhält hieraus sofort 


way Uu 4 

Y= yi) V = 

Der in dieser Formel auftretende Nenner (y/y’) kann nicht identisch ver- 
schwinden, da dann (y/y) = const. folgen würde, die als krumm vorausgesetzte i 
Mimimaleurve also sphärisch sein müsste, was unmöglich ist. 


+= (uy) | (5) 
ist der zu © gehörige TN Krümmungsradius. Hat man aus (4) den Ort 
von « gefunden, 80 ergiebt sich aus diesem PGA der Ort von y nach der Regel 
(1), also 
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==, à, (ay: 





Vorausgesetzt ist hier, dass der vorgeschriebene Minimalkegel vom Anfangs- 
punkt der Coordinaten ausgeht. 


$2. Specielle Darstellung der betrachteten Curven. 


Wir nehmen jetzt an, dass die Minimalcurve gegeben und dargestellt sei 

mit Hülfe einer charakteristischen Function f (s) {deren dritter Diferential- 
quotient nicht identisch verschwindet!, und zwar in der vom Verfasser bevor- 
zugten Form: 





nei. lf s f AL 





geld iban e 
YB=—i.{fA—sfh} 
Man findet dann 
| | R'm— (YVER — Sh, YES Sor | (8) 


und 
az. [A eA}, 

a [E+ (9) 

i | 2h. (BA — at 


Vergleicht man diese Formeln mit den zur Darstellung der Curven auf 
einem Minimalkegel dienenden (N. GL, $ 1, Nr.7): 


I 








— _,1—8(P). „ —1+8°(P) —;,28(P) 
AS" "asp. han 09 
so ergiebt sich B 
m. af (9 — dS. f(s) 
SEs I’ dB” Re’ (11) 
und 
dP _.2ff,—f? 
ds Fe 


Man kann also zunächst durch eine Quadratur den natürlichen Parameter P der 
Curve (x) als Function von s bestimmen, und hierauf, mit Hülfe einer Elimination, 
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. die Function S(P). Die zur natürlichen Gleichung der Curve poe 
Function  (P) hat den Werth l ES 
- 1. 2v 
rate gehen wir von der B dan Mi inimalkegel (Nr. 10) p von 
. dem Gegebenen aus. “Diese Curve müssen wir als uneben voraussetzen, wenn - 
wir wieder eine Curve, und folglich eine Minimaleurve, als Ort ihrer Kriimmungs- 
mittelpunkte schied wollen. Es ist also (A. C., B. 34) der Fall & (P) = const. 
‘auszuschliessen, der sich ja auch bei der eben E umgekehrten Rech: 
‘nung nicht ergeben hatte (Nr. 12). Es ist mithin anzunehmen, dass 


S S' S. — 4 Ss! S" se + 3 S" S" S" X 0 | : (13) 

ist, womit insbesondere auch das Bestehen der. Ungleichheit 38" g" —28 s" = 0 
.gesichert ist. ` : 

Nunmehr findet sich 


ocv d (1-2 88)(8" 8" — 8 S") + 28 S' (S S — 88"). 





v 











Yi CES ‘9 i S! ( 3 S" S" 2 S S") $ | 
>. ee STYLE" S" — 88”) — 28° S(S8-— S8) | 

Y = 2 * S (3 S" S" — 2 88") | 2 7 l (14) : 
"m i S 2 S (8" S" LL S! S") + 2.8 S" = 

Js = 9. S! (3 SU 98! S ) 


Dies ist wirklich die Parameterdarstellung einer Minimallinie, deren Tan- 
gente in y den ebenfalls bekannten Punkt 4a enthält. Nennt man £ irgend 
einen nicht verschwindenden Vector, der zu dieser Verbindungslinie gehôrt, so 
wird £,: £ : Es E dy: dy: dys, und dann kann, da die ‚Gleichungen | VE die 
Proportion | 











A pin’ è 
dys EL mE AEE 
." nach sich ziehen (A. C., Nr. 44), der zur Curve y vee note 8 aus: den 
Mileiesongen À 
| s= Ei + tks = £s 
Es Ey — vb, 


gefunden werden. Bei Durchführung der Rechnung wird màn etwa = V — $2; 
setzen; man erhält dann , i 


Fe i $ 3. Na VAS m = dis) 
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Die Gleichungen (11) zeigen nunmehr, dass 
sss S' 5 - S" gv _ gt gu 
| ee Pu S Ape ~~ Sr h= S. (3 S" S" —928 S") (16) 
sein muss, In der That liefert die Substitution der Werthe (15) und (16) in die 


Gleichungen (7) das Gleichungssystem (14). Durch Elimination des Parameters 
P ergiebt sich schliesslich / als Function von e. 





Die abgeleiteten Resultate lassen sich kurz 80 zusammenfassen : 

Die krumme Minimallinie f = f(s) ist Ort. der Krümmungsmittelpunkte für 
die auf dem Minimalkegel . 

v? + 3 ia sg = 0 
verlaufende uides Curve S zz S (P). 
Ist die Function f(s) gegeben — so dass f" (8) xE 0 — 80 —€— P und S(P) 
aus den Gleichungen 
ps MP [Jg gu " as 
bestimmt. Es ist dann, wenn Ñ als Function von P betrachtet wird, der Differential- 
. ausdruck ` 
SS suas gu S" L 8 S" S" S" 
nicht identisch, gleich Null. 

Wird umgekehrt die Function S (P) dieser Bedingung gemäss angenommen, 
so dienen zur Bestimmung von s und f(s), also zur Bestimmung der Minimalcurve, 
die Gleichungen | 

— SS" — 28' 8” = SS)! 

Se Hi ; = Or SU 
| Es kann dann, wenn f als Function von s betrachtet wird, der dritte Diferential- 
quotient f" (8) nicht identisch verschwinden. 


83. . Minimalcurven, die aus anderen durch Derivation abgeleitet sind. 


Nach der vom Verfasser entwickelten "Theorie (A. C., $ 6) gehört zu jeder 
krummen Minimallinie ein sphdrisches Bild, ein Ort von Punkten auf einem 
beliebigen Minimalkegel. Dieses Bild kann aus einer einzigen analytischen 
. Curve oder auch aus deren zweien bestehen, die dann durch die Spiegelung am 
Scheitel des Minimalkegels in einander übergehen. Der erste Fall tritt dann 
ein, wenn die beiden Werthe des Differentials des natürlichen Parameters auf 
der Curve einen analytischen Zusammenhang haben; der zweite, wenn dies 
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nicht stattfindet. Entscheidet man sich im zweiten Falle für eine der beiden. 

môglichen Annahmen über den natürlichen Parameter, so erhält man auch im . 
zweiten Falle eine bestimmte analytische Curve als sphärisches Bild. Im ersten 
‚Falle - aber wird man sich die Minimalcurve doppelt ‘überdeckt denken, ent- 
sprechend den beiden Werthen des genannten Differentials. Sagen wir, die Curve 
‘sei durch die beschriebenen Processe orientiert, so entspricht nunmehr jedem 
Punkte der orientierten (einfach oder doppelt überdeckten) Curve eine völlig 
bestimmte Stelle des: Ben Bildes, an jetzt immer eine FRS due | 
Curve ist. . 


Wir wollen nun die im vorigen Duran betrachtete cie auf dem 
. Kegel aj + 2} +x5—0 mit dem sphärischen Bilde einer orientierten Minimal- ` 
linie identificieren. Dies efreichen wir, wenn wir die letzte Curve in der Form, 


— S? 
AJ, 


nm [ron En), 2 5 an $ 


y,z—i(F SH} REO) 





yoir—sk— 





darstellen, über den Werth der Wurzelgrósse 4/ F;(s) bestimmt verfügen, und | 
den natürlichen Parameter P aus der Gleichung ` 


PJV. as ^ í (18) 


bestimmen. P ist dann zugleich nee ee für das sphärische Bild 
der orientierten Curve: 





ys VR waits AB, mmdo > (9) 





(vergl. A. C Nr. 48).. Ist dieses Bild eine unebene Curve (A. C., 8.34), gehört 
also die gegebene Minimalcurve nicht zur Familie der gemeinen Schrauben- ` 
linien (A. C., 8.41), so gehôrt.dazu eine Krimmungsmittelpunktscurve f= f (e) 
(Nr. 7) die als Derivierte der vorgelegten orientierten Minimalcurve F = xii 
(Nr. 17, 18) bezeichnet werden kann. | 


` Die im vorigen Paragraphen entwickelten Formeln setzen nun den Zusammen- 
hang in Evidenz, der zwischen den charakteristischen Functionen F'(S) und /(s) 
der beiden betrachteten Minimalcurven besteht: Man hat nur in die Gleichungen 
(11, 15, 16) die Annahme dP:dS= VF, AG) einzuführen. Es ergiebt sich also: 
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Zu jeder orientierten Minimalcurve IFzF(S) 4 Fy, die nicht in der 
Familie der gemeinen Minimalschraubenlinien enthalten ist 
{4 F? F, — 18 Fa F, F5 + 16 F? $0}, 
gehört eine bestimmte krumme Minimallinie als Derivierte — Ort der Krümmungs- 
. mittelpunkte des sphärischen Bildes — die gefunden wird mit Hülfe der Gleichungen 
on F, — i? s 
l pepe, f (5) = 4 ps V Fs. (20) 

Umgekehrt ist jede krumme Minimallinie | f = f (s), fs (s) £0} Derivierte von 
œ" orientierten Minimalcurven, die durch die, Gruppe aller Schiebungen in einander 
übergehen. Diese Curven werden bestimmt aus den Gleichungen 

2 af 7e er 
Sz:s—-— Fm. 21 
| h 2 Vv 3 ( ) f ( ) 

Man überzeugt sich leicht durch Ausrechnung davon, dass jedes der Gleich- 
ungssysteme (20), (21) das andere zur Folge hat. 

Das einfachste Beispiel zu unserem Satze liefern die Minimalcurven 3. Ord- 
nung, betrachtet als Krümmungsmittelpunktseurven, wenn der Scheitel des 
Kegels x? + 03+ xi = 0 auf der Curve selbst angenommen wird. Jede solche 
Figur ist congruent zu der durch die Annahme /(s)=%8° gegebenen. Sie 
gehört als Derivierte zu © ebenfalls rationalen Minimalcurven 5. Ordnung. 


NEAPEL, D. November, 1909. 
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 Minimalcurven und Serret’sche Flüchen. . 


Vox E. Sroupy. 


In seinem Aufsatz über die Differentialgeometrie der analytischen Curven 


(Transactions of the American Mathematical Society, Vol. X, 1909 — weiterhin mit : 


À. Q. citiert) hat der Verfasser gercigt, dass bei: Jeder krummen Minimallinie die 


in der Formel 
gd cam dt 
dm =f E \ 


(x"/æ") 


zusammengefassten Functionen Du sind, die, sich ähnlicher . 


Eigenschaften erfreuen, wie bei einer regulären Curve die Bogen genannten 
Integralinvarianten. Es ist zweckmässig, eine solche Function als Curven- 
parameter zu benutzen. ‘Sie wird dann als ein natürlicher Parameter der 
Minimaleurve bezeichnet. : 
És soll nunmehr nachgewiesen werden, dass dieser natürliche Poele 
identisch ist mit der passend fixierten Bogenlänge gewisser Curven von. der 
constanten Torsion Eins. Diese Curven sind, in ihrer Gesammtheit, mit der 
Minimalcurve invariant verbunden und punktweise auf sie abgebildet. Sie 


.— bilden die krummen asymptotischen Linien auf einer bestimmten Fläche con- - 
stanter Krüramung, deren zweite Schaar asymptotischer Linien aus Minimal- 
‚geraden besteht. Man hat also, wie wir sagen werden, eine Róhrenflüche _ 


constanter Krümmung, eine sogenannte Serret’sche Fläche vor sich. Diese wird, 
nach einem Satze des Herrn P. Stickel, durch eine zweite Serret’sche Flache 
zur vollständigen Enveloppe einer Schaar congruenter Kugeln ergünzt, deren 


Mittelpunkte eben die betrachtete Minimalcurve erfüllen.* Für diese zweite 


Fläche findet sich, wie wir zeigen werden, die Torsion — 1 der krummen 
asymptotischen Linien. Es gelingt aber auch — mit Hilfe des hier neu einzu- 
führenden Begriffes Quasidistanz — die beiden Flächen im Voraus von einander 





* Die vollständige Enveloppe darf nach unserer Terminologie nicht Rôhrenfläche genannt werden. Eine 
Fläche ist für uns, in der Differentialgeometrie, stets ein analyttsohes Gebilde, 


„un 


TS 4 


AF 
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. zu trennen, so dass sie, bei gegebener Minimaleurve, jede für sich construiert 


werden kónnen. i os ` 

In gleicher. Weise Siin zu jeder krummen Minimallinie überhaupt 
unendlich viele Serret’sche Flächen, für deren einzelne man die (von Null 
verschiedene) Torsion der krummen asymptotischen Linien nach Belieben vor- 
schreiben kann. Wir finden, dass diese unendlich vielen Flächen noch auf eine 
andere Art sich paaren Ken, so nämlich, dass den krummen asymptotischen 


Linien auf einer bestimmten Fläche eines Paares die krummen Minimallinien 


auf der anderen entsprechen. Hieraus ergiebt sich unmittelbar die isometrische 
Abbildung irgend einer Serret’ schen Fläche auf eine Kugel. 

Beiläufig entwickeln wir noch eine charakteristische Eigenschaft der Flächen 
von constanter mittlerer Krümmung. | i 


$1. Hine Eigenschaft der Curven constanter Torsion. bo 


Zu einer sehr einfachen geometrischen Deutung des natürlichen Parameters 
einer Minimalcurve kommt man auf Grund der folgenden -Bemerkung: 
Trägt man auf den Binormalen einer unebenen Cure von der constanten Torsion 


7 eine Strecke von der constanten Länge w—ıT ab, so erhält ‘man (irgend) eine 


^ krumme Minimallinie. : 


Wir bezeichnen die Coordinaten eines Punktes X der urs constanter 
Torsion mit X,, X,, X,, und betrachten sie als Functionen des Bogens S der 
Curve. A, B,T seien die zur Tangente, Hauptnormale and Binormale der Curve 
gehórigen Einheitsvectoren, 80 dass ATIS 1 wird. Die Behauptung ist dann 
zunächst, dass die Formel | 

SEI VIDE - (1) 
bei bestimmtem Werthe der Wurzelgrósse 4 — 1, eine Minimaleurve liefert. 
In der That ergeben die Frenet’schen Gleichungen 











ASTR? d8—- RO T d8 T. 
bei Differentiation nach dem Bogen S die Ausdrücke 
=4—v ZiB, wae a v=is}— VL 
en A (2) 
_ 1T4—1.H | vV —1 1 
a = — ne la B —isi+ pe B+ pp Fs 
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. aus deren erstem unmittelbar (#/x)=0 folgt. Weiter aber folgt aus s: 


ACTE A 


also — bei geeigneter Bestimmung einer Integrationsconstanten, deren Werth 


gleichgültig ist — 
i Cae — (a a! al) gel! atl) _ Ls ug 
d 


E : 3 | 
(ET ~ T (3) 
Der natürliche Parameter P der ma (x) wird dem Bogen der Curve (X) | 


‘proportional. Insbesondere folgt: 


Ist T zz 1, so kann der natürliche Parameter de Minimaleurve mit dem. Bogen | 


der Curve constanter Torsion identificiert werden. 
Wir berechnen noch die in der natürlichen Gleichung unserer Minimaleurve 
auftretende charakteristische Function 


(0) = (a e (ZEY. (ea, 


* PET ntm DE 0) | @ 


Dies liefert, wenn D'als Function von p bekannt ist, eine Riccati’sche Gleichung 


für das Krümmungsmass der Curve constanter Torsion, 





iG ib ein e a 


Hieraus folgt DE dass die Aufgabe lósbar ist, Curven der Torsion 


T$ zu finden, die auf die beschriebene Art eine gegebene krumme Minimallinie 


hervorbringen, und.es zeigt sich, wie man alle diese Curven finden kann: 


Sei nämlich E eine von Null verschiedene Lósung der Gleichung i so be- - 


trachte man diese als Function der durch (3) erklärten Grösse & - $ und T. Pt 


bestimmen dann, als Funotionen von S, eine Classe unter einander congruenter | 


regulárer Curven von der constanten Torsion F Die Formel (1) liefert dann 


eine zugehörige Classe unter einander congruenter krummer Minimallinien. 
Diese gehören aber, nach (4), zur charakteristischen Function D = e( p); die 
gegebene Curve gehórt daher selbst zur gefundenen Classe. 


SA 


Wa. 
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Sodann kann man, nach (2) und (3), den Hinheitsvector T durch x, und æy 
ausdrücken, i 





pa ne, (6) 

die Formel (1) liefert also 
eV ah + Tia, | (7) 
| Jeder nicht identisch verschwindenden Lösung der Riccatt schen Gleichung (5) 
entspricht also eine reguldre Curve der vorgeschriebenen constanten Torsion $> aus 


der auf dem beschriebenen Wege die gegebene krumme Minimallinie abgeleitet 
werden kann Um SE o} : 
Der Fall, der ausgeschlossen werden musste, kann nur dann eintreten, 

wenn € eine von Null verschiedene Constante und überdies 

1 

7=® 
ist. Die Minimalcurve ist dann eine gemeine Zranscendente Schraubenlinie (A. C., 
3. 37), die auf einem Rotationscylinder vom Radiusquadrate 


1 
# 


geodätische Linie ist. Die Lösung Null der Gleichung (5) liefert dann nicht 


mehr eine reguläre Curve von der Torsion —-, sondern eine Huklidische Gerade, 


nämlich die Axe des genannten Cylinders. Den übrigen Lösungen aber ent- 
sprechen auch in diesem Falle reguläre Curven. 


Angemerktzu werden verdient noch, unter welchen Umständen dieGleichung 
(1) eine oder zwei verschiedene Minimalcurven liefert. Es hängt das davon ab, 
ob man, durch Beschreibung eines geschlossenen Weges auf der Curve (X), die 
Orientierung der Binormale, oder den Einheitsvector T, umkehren kann oder 
nicht. Ausschlaggebend ist hierfür das Verhalten des Contingenzwinkels dS: R 
(A. C., Nr.6, 8). Lässt sich dieser als einwerthige Function des Ortes auf der 
Curve (X) erklären, so erhält man zwei analytisch-getrennte Minimalcurven, 
andernfalls nur eine. | 

Bevor wir aus den abgeleiteten geometrischen Sätzen weitere Folgerungen 


^ 
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e? 


' ziehen, wollen wir noch einer besonderen Darstellung der: krummen, Minimal- | 


linien gedanken, die in unseren: Formeln steckt. 
- Nach der Definition des Torsionsbegriffs ist der Bogen Giod einer un- 
ebenen Curve von constanter Torsion proportional zum entsprechenden Bogen 


ihrer Binormalenindicatrix. Hieraus 'ergiebt sich unmittelbar die bekannte - 


Darstellung der Curven von constanter nicht verschwindender Torsion durch 
Quadraturen: Man verstehe unter T,(s)=£, (s): irgend drei Funotionen (ana- 
lytische, Functionen) mit gemeinsamem Existenzbereich, die den Bedingungen 


(JE) mi (EERE .. . (8 


| (Eg E^), 0 "n S (9) 
i ERA leisten. Dann liéfert die Formel | l 


z= f5) o eel = <i (10) 


alle Curven der song pres constanten Torsion —;, bezogen auf deren 


La 


| Bogen S = Ts als Parameter. 


‘Hiner Erlüuterung- bedarf, wie es scheint, die Ungleichheit (9). Im Falle 
(EEE), =0 würden die Formeln (10) offenbar eine Gerade, oder ein Geraden- 
stück liefern, also nicht eine Curve von constanter Torsion.* Es ist.ja auch 


von vornherein klar, dass die Binormalen einer regulären Curve nur so zu einer ~ 


festen Ebene parallel sein können, dass sie alle zu einander parallel sind, sowie 
dass in diesem .Grenzfalle, der von den regulären ebenen Curven gebildet wird, 
die Binormalenindicatrix als Curve oder Curvenstück zu existieren aufhört. 

Aus dem Gesagten ergiebt, sich ` i 


sav? fi Gev. 2. (9). (qp: 


Für die so dargestellten Minimalcurven ist p natürlicher Parameter. 

Die Formel (11) liefert.aber krumme Minimallinien auch dann noch, wenn 
man die Einschränkung (9) fallen lässt. Da an Stelle der. Curve constanter 
Torsion dann, wenn (E£'£")zz0 ist, eine Euklidische Gerade tritt, so hat man 


den schon genannten Fall der transcendenten gemeinen Mints pcnrenvenuolent 


vor sich. 





T 


* Die hiernach unerlässliche Einschränkung (9) ist, wie es den Anschein hat, bisher immer übersehen ` 


worden. Siehe zum Beispiel Darbouz (I, p. 42), Bianchi (B. 84), Scháffers (B. 252). 


eM. 
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Alle krummen Minimallinien erhält man aus (11) bereits, wenn man 
^/ T= 1 setzt. Gegenüber der früher von uns vorgetragenen hat diese viel 
elegantere Darstellung der krummen Minimallinien dureh einen natürlichen 


Parameter den Nachtheil der Mehrdeutigkeit. 


$2. ‚Röhren flächen constanter Krümmung. 
Wir betrachten jetzt die Gesamtheit der Curven von der Torsion — g .die 
À \ . 
zu einer bestimmten krummen Minimallinie gehören. Diese Curven’ werden 
auf einer gewissen Fläche liegen, und sie werden diese Fläche erfüllen, abgesehen 


“möglicher Weise von Stellen besonderer Lage. (wie sie in’ dem besprochenen 


Grenzfalle auftraten). : Ferner sind sie offenbar asymptotische Linien auf der 


genannten Fläche. - Diese hat .daher die constante Krümmung a Der 


Punkt x ist aber, für reguläre Punkte X der Fläche, einer der Krümmungs- 


. mittelpunkte; und ‘da das Quadrat des Abstandes zwischen x und X gleich — T? 


ist, so fällt der zweite Krümmungsmittelpunkt'zu X in denselben Punkt x. — 
Die’ zweite Schaar von asymptotischen Linien der gefundenen Fläche lässt- sich 
ebenfalls angeben. Nach (7) schickt nämlich der Punkt x seine Schmiegungs- 
ebene durch den Punkt X.* Da das Quadrat des Abstandes beider Punkte 
lediglich von T abhängt, so-beschreibt der Punkt X, wenn man, nach Anweisung 
der Gleichung (5), den Werth von E variiert, x aber festhält, eine gerade Linie, 
parallel zur Tangente der Minimalcurve in x. 


: Die gefundene Minimalgerade ist asymptotische Linie auf der betrachteten 


 Flüche, und dann nóthwendig zugleich, zweifach zählend, Krümmungslinie. 


Zwei bestimmte asymptotische Linien. der zweiten Schaar werden dann, nach 
einem bekannten Satze, auf je zwei asymptotischen Linien der ersten. Schaar 
Paare von Punkten bestimmen, zwischen denen (bei entsprechenden Integrations- 
wegen) gleiche Bogenlängen liegen. Dies ist der von uns schon auf andere Art 
begründete Satz, dass die Bogenlänge zwischen zwei Punkten einer asymptotischen ' 
Linie der ersten Schaar nur abhängt von der Parameterdifferenz der entsprechen- 


den Punkte der Minimalcurve, also nicht variiert, wenn man — durch eine andere 


R 
Lösung der Gleichung. (5) ersetzt. ` 





* Die Curve (x) ist zugleich asymptotische und geodätische Linie auf der Binormalenfläche von (X). 


tr 
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Pond ist klar, dass die betrachteten Flächen, für dic sich aus (7) die Para- 


meterdarstellung - 
X=2(p)+ T4 (p) + (p). q i IT 
ergiebt, zu zweien zusammengehóren, da die Substitution von — T an Stelle 
von T das Krümmungsmaass nicht ändert: Zwei solche Flächen werden dann 
. zusammen die Enveloppe einer Schaar von Kugeln. bilden, die ihre Mittelpunkte 
auf der gegebenen Minimalcurve haben, entsprechend dem Were — 7? des 
` quadrierten Radius.* 


Wir nennen Röhren fläche ‘ade MT Flache, die Enveloppe oder Be-. 


standtheil der Enveloppe einer Schaar congruenter (eigentlicher) Kugeln ist, 
deren Mittelpunkte eine analytische Curve erfüllen. Zu den Röhrenflächen 
gehôren dann alle Minimalebenen, Minimalkegel, und Tangentenflächen von 
Minimaleurven, und vou Flächen, auf die die gewóhnliche Theorie anwendbar 
ist, unter underen die, von denen wir soeben gesprochen haben. _ 


Ist die erzeugende Kugel einer Röhren fläche nicht zugleich Minimalkegel, so ist 


die Röhrenfläche die vollständige Enveloppe der Kugelschaar immer dann, wenn der 
Ort der Kugelmittelpunkte keine Minimalcurve ist. Ist dieser Ort aber eine krumme 
Minimallinie,t so besteht die vollständige Enveloppe aus zwei geradlinigen Röhren- 


flächen, mit IE gleicher (constanter) Torsion der krummen asympiotischen : 


Linien. 

Alle Rühren flächen von nicht verschwindender constanter Re und, 
abgesehen von den Kugeln, alle geradlinigen Flächen von nicht verschwindender 
constanter Krümmung werden auf diese Art mit Hülfe von Minimallinien construtert. 

Um im Falle der Krummen Minimallinien die beiden Bestandtheile der 
Enveloppe von einander trennen zu kônnen, muss man von vorn herein sich für 
den einen der in jedem Falle móglichen beiden Werthe von 7 entscheiden. 

` Zwei in derselben, einem Minimalvector » (n + 0) zugehörigen Minimalebene. 


gelegene Punkte c, X bestimmen nun eindeutig eine gewisse Bewegungsinvariante, 





> # Fast alle die genannten Eigenschaften hat bereits Herr P, Stackel angegeben (Leips. Ber., 1002, 8. 168 u. ff.), 


wo man such noch weitere Litteratur angeführt findet. Herr Stäckel macht jedoch keine ER Se das Ne 
halten der Torsion der krummen asymptotischen Linien auf den gepaarten Flächen. 

Wie man durch Construction der Minimalgeraden durch die einzelnen Curvenpunkte in den Schmiegungs- 
ebenen einer Curve constanter Torsion zu Serre? schen Flächen kommen kann, hat, nach mündlicher Mitthellung, 


bereits Herr Bianchi gezeigt. Offenbar kann man auch von hier aus die Sätre des Textes ohne Mühe entwickeln. j 
Kennt man, wie bei der Hanoht’schen Construction, von vorn herein eine krumme asymptotische Linie suf 


einer Serrat schen Fläche, so verlangt die Bestimmung der übrigen natürlich nur Quadraturen. 
f Eine Minimalgerade bestimmt keine Röhrenflächen. | 


vd 
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die nicht auch (absolute) Umlegungsinvariante ist, und die, Sent | 
| in ed à 
gesetzt wird, in der Form 


B9) . ES 


dargestellt werden kann (A. C., S. 25, 26). Ihr Quadrat ist gleich dem negativen 
Quadrate des Abstandes der Punkte x, X {= —(3/3)}. Sie selbst ändert sich 
nicht, wenn man z.B. den Punkt X auf der zugehörigen zu y parallelen Minimal- 
geraden verschiebt. Wir können diese Grösse etwa die Quasidistanz von der 
Minimalgeraden durch x zu der parallelen, Minimalgeraden durch X nennen. 

Im vorliegenden Falle kónnen wir, an allen regulären Stellen der Minimal- 
curve (x), 1=%+/ setzen. Da bei Darstellung einer krummen Minimallinie durch 
ihren natürlichen Parameter 

| ao) = (lo) | D 
ist, so liefert die- Formel (7) den Werth der Quasidistanz 


(Sao) — _ pæ al) — = 
Ga) Ge 7 


Für 7 =1.ergiebt sich insbesondere: 


Man suche in der Schmiegungsebene des Punktes x der m Minimalcurve i 


die Minimalgerade, deren Quasidistanz von der Tangente des Punktes x gleich der 
Längeneinheit ist. Der geometrische Ort dieser geraden Linien ist eine Röhren ‚fläche 
von der Krümmüng —1. Ihre krummen asymptotischen Linien -haben die Torsion 
Eins. Der Bogen dieser asymptotischen Linien zwischen denselben zwei geraden 
Erzeugenden der Fläche ist bei entsprechenden Integrationswegen und geeigneter 
Bestimmung der vorkommenden Wurzelgrössen in allen Fallen derselbe, und gleich 
der Differenz der zugehörigen Werthe eines natürlichen Parameters der Minimalcurve. 

Offenbar kann dieser Lehrsatz auch benutzt werden zur Definition des natür- 
lichen Parameters p einer krummen Minimallinie, der hiermit eine, man môchte 
beinahe sagen anschauliche, geometrische Deutung erhält. 

Die Darstellung der Röhrenflächen constanter Krümmung durch Formeln, 
die frei sind von Quadraturen, insbesondere die Darstellung aller algebraischen 
Flächen der Art, ist eine unmittelbare Folgerung unserer Theorie. Man leitet 
ohne Weiteres aus (1 2 die ‘Parameterdarstellung her: 

36 ` , 
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Reif tg print), 
nee, [sem 
As-ifien+ rit) rar | 


In der That ist die Gerade s = const. parallel zur Tangente des Punktes x (s), 


und für t= ergiebt sich offenbar ein Punkt auf der von uns coristruierten 


Parallelen, da x, sich von dem Vector mit den Coordinaten is, s, € nur um ein 
Multiplum des Vectors a/ unterscheidet. Das zu (18) gehôrige quadrierte 
Bogenelement: 


dxjax)= 27.46). ax ds di E a9‘ 


` hat wirklich das Krümmungsmaass _ 


$3. Isomeirische Abbildung der betrachteten Flächen auf Kugeln. 


Die vorausgehenden Überlegungen führen unmittelbar zur Bestimmung der 
krummen Minimallinien auf den Röhrenflächen constanter nicht verschwindender 
Krümmung, und damit zu deren isometrischer Abbildung auf Kugelflächen. In- 


dessen "handelt es sich hierbei um einen Specialfall allgemeinerer Sätze, die wir ` 


` vorausschicken wollen. 
Wir betrachten zuerst die Beziehung zwischen Flüchen constanter Krüm- 


müng und Flächen von constanter mittlerer Krümmung, die, dem Grundgedanken 
nach, von Bonnet angegeben worden ist. Der Bonne’sche-Lehrsatz lautet wie . 


folgt: t 


Trágt man auf den Normalen einer nicht mm Fläche der constanten | 


nicht verschwindenden Krümmung K Strecken von den constanten Längen. 


, 1 
E | J—ir= VE 


ab, so sind dié den verschiedenen-Wurzelwerthen entsprechenden geometrischen Örter | 


| * Die Formeln (18) sind identisch mit solchen bei Stäokel (B. 116), abgesehen von der Bezeichnung und von 


' der dort unbestimmt gelassenen Wurzelgréase. Die von Herrn Stücke] mitgethellte Formel für das Bogen- 
element und die daraus abgeleiteten Folgerungen sind iudessen irrthümlich. 
t Naoh Verbesserung von singes klelnen Dagtanuig alten, die auch in diesem Falle wohl durch die ganze 
Literatur gehen. 


t 


X 
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threr Endpunite zwei Parallelflächen zur gegebenen Fläche, mit constanten mittleren 
Krümmungen * 


Ln v= 
WK=— p 


Ist die Flache constanter Krümmung dagegen geradlinig, ist sie also eine 
Röhren fläche oder eine Kugel, so tritt $m ersten Falle an Stelle einer der genannten 
Parallel flächen eine krumme Minimallinie, im zweiten der Mittelpunkt der Kugel. 


Wir übergehen die evidente pues und ziehen sogleich die Folgerung, 
auf die es uns hier ankommt: 


Durch die Transformation des Bonnet'schen. Satzes, werden den asymptotischen 
: Linien auf den vorausgesetzten Flächen constanter Krümmung zugeordnet Minimal-: | 
curven auf den entsprechenden Flächen constanter mittlerer Krümmung. 

| Erklären wir, bei gegebenem Integrationsweg, als Quasidistanz zweier Punkte 
auf einer krummen Minimallinie den entsprechenden Werthzuwuchs eines natür- 
lichen Parameters, oder aber die Null, wenn die Minimallinie gerade ist, so folgt 
weiter: | 





Die Bogenlängen der asymptotischen Linien auf den Flachen der constanten 
, E: 1 | n 
nicht verschwindenden Krümmung K = — Ti gehen aus den entsprechenden Quasi- 


distanzen auf den zugeordneten Flächen von constanter mittlerer Krümmung durch 
Multiplication mit A T und M — T. hervor. ` 

Man kann sich auf der Flüche constanter mittlerer Krümmung ein Gebiet 
derart abgegrenzt denken, dass durch jeden Punkt im Inneren dieses Gebietes 
zwei in der Umgebung des Punktes getrennte Minimallinien gehen. Geeignet 
gewühlte verschiedenartige Paare gleichartiger Minimaleurven bestimmen dann 
gewisse Figuren von vier Punkten, die wir “ Elementarvierecke" auf der Fläche 
. nennen wollen.. Wir kónnen dann weiter aussagen : 

Auf den Flächen constanter mittlerer Krümmung haben in jedem Elementar- 
viereck die durch gegenüberliegende Seiten (Minimallinien) verbundenen Ecken 
. gleiche Quasidistanz. 

Dies ist zwar durch das Vorhergehende nur begründet für Flächen von nicht 





* Wir folgen dem vorwiegenden Sprachgebrauch: Mittlere AS = Summe (nicht halbe Summe) 
der réciproken Werthe der HAT TN ARE : 5 


y 
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‚ verschwindender mittlerer Krümmung. Dass indessen für diese, also für die 
(regulären) Minimalflächen, der Satz in Geltung bleibt, ist evident. * | 
Die im letzten Satze genannte Eigenschaft ist für die Flächen von constanter” 
mittlerer Krümmung charakteristisch. | 
Es sei =x(s,t) irgend eine Fläche, für die der Begriff der mittleren 
Krümmung überhaupt Sinn hat, nàmlich eine solche, die weder Minimalebene, 
noch Minimalkegel, noch Tangentenfläche einer Minimalcurve ist: | 


(a, 2/2, 23) À 0. 
` Die Coefficienten der ersten und zweiten zugehörigen aan Diffe- 
rentialform . l aT 
Eds? +2 F ds dt + gae, eds? + 2fdedt + gdt? 


werd dann, wenn 








DEV EG— P= ANEN Lp. 
uu wird, durch die Ausdrücke ite 
) | = = (x,/2,), F= (xx) GE (2/2), 
| red (mette), DSE (mas), Dg = (mmu) 
gegeben. Wir nehmen nun Minimallinien als Coordinatenlinien an, so dass 
Ezo G=0,.D=/—1i.P | 


+ 


wird. Es folgt dann 
D. (24/0) ze (m0) dv rd F, (2/0), 
Di (tule) =F. (mo), 
D. (%,/0) Eg. En + v — 1 F, (lo), 
und, nach kurzer Rechnung, i 
(Zu) = = e^ (2, Vag À reg) = =v —1. e^, 
(lu) g?, (au tu) F = va —1.g*. 
Die natürlichen Parameter der Coordinatenlinien werden also zu berechnen 
sein aus den Gleichungen 


(GE Py ZW —1. ejt=const.!, aay’ =— —i.g {8 = const.}. 


‘Unsere Voraussetzung besagt daher, dass e frei ist von ¢ und g frei von s. 
* Der Verfasser hat sich überzeugt, dass durch diesen Batz eine nicht unbedeutende Vereinfachung der 


Theorie der Minimalflächen bewirkt wird, und dass sich daraus aueh manches Neue ergiebt. ' Wir behalten 
‘uns vor, Bieraur in einer besonderen Abhandlung näher einzugehen. 
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Die Codazzi’schen Gleichungen lehren nunmehr, dass f sich von F nur um 

einen constanten Zahlenfactor unterscheidet (der im Falle der Minimalflächen 
gleich Null ist). Es ergiebt sich also für die mittlere Krümmung 2f : Fein. 
constanter Werth. 

Verschwindet weder e noch g identisch, so kann man p und g selbst ala 
Parameter einführen: Die Fläche ist dann nicht geradlinig. Verschwindet 
e oder g identisch, so hat man eine unserer geradlinigen Röhrenflächen vor sich. 
Sind e.und g beide identisch gereh Null, so ist die Fläche eine Kugel oder eine 
Euklidische Ebene. 

Aus dem soeben Vorgetragenen, aber auch schon aus den NNUS 
des vorigen Paragraphen ergiebt sich nun folgender Satz: 

Kennt man bei einer Röhrenfläche von nicht verschwindendem constantem 
Krümmungemass die krummen asymptotischen Linien, so kennt man bet einer 
ziveiten zur ersten parallelen Fläche der Art die krummen Minimallinien, und 
umgekehrt. Die Torsionen der Terümmen asymptotischen Linien so Da 
Flüchen verhalten sich wie 2:1. 

Wir betrachten die erste zur Torsion 1:7 der aeympotischen Linien 





gehörige Fläche als Fläche der constanten Krümmung ——- die zweite als | 
Flüche der constanten mittleren Krümmung — N T Le Wir berechnen, wie 


zuvor, den Hinheitsvector T (Nr. 6) aus der Riccati'schen Gleichung (Nr. 5), 
ersetzen aber die Gleichung (1), : . 

^ LV IT ET 
durch die andere | DANIAE | | 
- YTEr—2W —1. T.T. (15) 
Lässt man dann die Lösung der Gleichung (5), entsprechend den Werthen eines 
geeigneten Bar anetere q variieren, so wird der Ort der gefundenen Curven 


ON —i TA T , | 
YEa(p)— Fw "P + 2 Ta! (p) - (16) 


eine dem Torsionswerthe 1:27 entsprechende geradlinige Róhrenflüche, die auf 
Minimalcurven als Parameterlinien bezogen ist. 
In der That erhält man unter der Annahme 


205 al rn] in 
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für dus quadrierte TE TERN der Fliche (16) den Ausdrüdk 


OE AM TUAE (^ 9) 


dem das one Krümmungsmaass -im zükommt. 


Natürlich wird bei ungeschickter Wahl des Hour q die de (16) 
nicht die ganze Flüche darstellen, um die es sich handelt, sondern nur ein Stück 


davon. Dies Kann man aber immer vermeiden, zum Beispiel indem man R als 


lineare (in der Regel gebrochene) Function von g annimmt, was nach der allge- 
meinen Theorie der Riccati’schen Gleichungen statthaft ist. Man braucht dazu _ 
nur drei Particularlósungen der Gleichung (5) zu kennen. 

Es handelt sich schliesslich noch darum, die quadratische Differentialform 


— rm ô /1 | 
24 — lo ' 19 
| / IVT 5 (m) ap da l (19) 
vom Krümmungsmaasse Eins in die Gestalt | 
4dodr 
(c — 9) 


überzuführen. Die Theorie dieses Problems ist bekannt; sie, braucht uns hier 
nicht weiter zu beschäftigen. * 

Dass die vorgetragene Methode. nicht daran haftet, ie gerade der natür- 
liche Parameter der benutzten Minimalcurve als unabhängige Veränderliche 
dient, ist leicht zu sehen. Die zur Bestimmung dieses Parameters in der Regel 
erforderliche Quadratur (und Elimination) lässt sich ersparen. Zur Ausführung 
` der isomeirischen Abbildung der Fläche (Y) auf eine Kugel vom Radius 2/ — 1, T 
ist nur erforderlich die Lösung einer Riccati’schen Gleichung (keine Elimination). 

A . §4. Beispiele. 

Die ganze zuvor entwickelte Theorie lässt sich bis zu geschlossenen End- 
formeln durchführen in den Fällen, in denen die gegebene Minimalcurve zur 
Familie der gemeinen Schraubenlinien gehört {$ = const.}. Die zugehörigen 
Röhrenflächen sind dann Schraubenflächen mit Minimalgeraden als Erzeugenden. | 

`” Wir gehen aus von irgend einer gemeinen transcendenten Minimalschrauben- 





* B. Darbouz, Théorie des surfaces, I, Nr. 59. 
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linie, deren Parameterdarstellung wir in der. Form 
= = H = y gj Pp j 
HEN r.p, Ba gg =r Rin —— 


2 | Mir 
annehmen dürfen. Es folgt dann 


oE (jam, =. 


Sei zuerst 
T+ ir, j 
so ergiebt sich als Lösung der Gleichung (17), wenn zur Abkürzung 
der TT 





gesetzt wird, 


Dabei kann der mit VZT bezeichnaten Wurzelgrösse nach Belieben der Werth i 


oder der Werth —i beigelegt werden. Tragen wir den gefundenen Werth von r 
ein in die Formel - 


X(2,9) TH Eg a (p) + Ta" (p), (20) 


80 haben wir damit die zur Torsion E gehórigen Rôhrenflächen bestimmt und 


cer auf ihre asymptotischen Linien. Gleichzeitig werden bei Substitution 
desselben Werthes die zur Torsion ane gehôrigen Röhrenflächen auf ihre 
Minimalcurven bezogen, wenn man 


¥ (p,q) =2(p)—2V Ti. nes 


zog Otr) Qno 
setzt. 


Für das quadrierte Bogenelement der zweiten Fläche erhàlt man den 
Ausdruck 





DN ‘40 dp dq 
(dY/dY)z —47*. OU ET | (22) : 


dessen aweiter Factor das Krümmungsmaas Eins hat. Setzt man nun 


o(p)StgiVC.p}, v(g)E—ctgi v Ogh 


80 wird 


| (avjayy=—am dde dr. 2 (23) ` 
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Hiermit ist also die Fläche isometrisch bezogen auf eine Kugel, deren Parameter- 
darstellung 


ae ee ae Da Tg re a 
hear. D, Sar, de! h=— ir. ET | 











ist. 
Viel einfacher noch verhält sich der Grenzfall 
T=ir, 
in dem die erste der construierten Flächen die Axe der Schraubenlinie als aus- 
ne asymptotische Linie enthält. Man hat dann 


$ | it 24 —1: 
RU WT(p—gq)’ 
4dpdq — 


(d¥/dY)=— 477, 5 2279 oa" 


Hier vermittelt also schon die Substitution 
i gp, Tq 
die isometrische Abbildung der Fläche Y(p,q) auf eine Kügelflüche. 
In gleicher Weise behandelt man die algebraischen Grenzfälle der be- 
trachteten transcendenten Schraubenröhrenflächen, die sämmtlich erhalten 
werden, wenn man etwa von der Minimalcurve 8. Ordnung 


Late. À EE A. —. 4% 
amilt—i }, ay mi. + ep, mmm. p 


ausgeht, und diese, sammt den zugehórigen geradlinigen Röhrenflichen, hinter- 
her irgend einer Bewegung unterwirft. i 


NBAPEL, 6. November, 1909. 
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On Steinerians of Quartic Surfaces. 


‘By Jonn N. Vax DER VRIES. 


Connected with each algebraic surface in three-dimensional space are a 
number of covariant surfaces. Among these the Steinerian and the Hessian : 
play an important rôle. The Hessian may be defined as the locus of points 
which are double points on first polars, or as the locus of points whose polar 
quadrics have double points. The Steinerian, the reciprocal surface to the 
Hessian, may be defined as the locus of points whose first polars have double 
points, or as the locus of points-which are double points on polar quadrics, i. e., 
which are the vertices of these quadric cones.* The Hessians and the Steinerians 
of surfaces of the third order have been investigated by Salmon, Cayley and 
_ others. The Hessian has also been investigated for surfaces of the fourth and 
higher orders. In two-dimensional geometry, the Hessian and the Steinerian of 
plane curves have been treated quite fully by Hesse, Steiner, Salmon, Cayley 
and others. The corresponding work in ohe- Gunensipna) geometry has been 
done by Professor Newson. 

It is the object of this paper to investigate the properties of the Steinerians 
‘of surfaces of the fourth order. These Steinerians are surfaces of order 32; they 
are therefore not simple surfaces. The work of determining them is, as will be 
seen later, very complicated, and results have been obtained only in special 
cases. These special cases are treated in detail, the remainder of the paper 
being devoted to considering special features of the Steinerians of quum surfaces 
having certain singularities. 


A. The Developable Quartic. 


The polars of any point on an algebraic surface with respect to the surface 
itself touch the surface at the point itself. The tangents to the two branches of 
the curves in which the tangent plane to the une at that point intersect the 





“* Salmon: t Geometry of Three Dimensions," 4th edition, pp. 492, 493. , 
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surface or any of its polars down to the polar quadric are respectively scuba 
. The polar quadric of any parabolic point on the surface with respect to the 
surface itself is a cone. The point itself is not the vertex of this cone, but the 
tangent plané to the surface at this point touches the cone along a generating 
line. Every point on a developable surface is a parabolic point. The polar 
quadric of every point of this surface will be the tangent cone at such a point ; 
and, às two consecutive-generators meet in a point on the cuspidal edge, these ` 
tangent cones ‘will have as their vertices the points of the cuspidal edge. 
It has been shown* that the Hessian of a developable quartic is equal to the 
. square of the quartic itself; 4. e, every point of the surface is a point of the 
Hessian, The points of the Steinerian, therefore, which correspond to the points 
of the Hessian lying on the developable quartic exclusive of the cuspidal edge, 
are points of the cuspidal edge. The cuspidal edge of the developable quartic is 
. & unodal line. A unode is a double point whose tangent cone breaks up into 
two coincident planes, every point of these planes thus being a double point. 
The double point of the polar quadric which corresponds to a point of the ` 
. ‘Hessian on the cuspidal edge is therefore any point of the unodal plane at that 
. point. The points of the Steinerian corresponding to points on the cuspidal edge 
of the Hessian are therefore the points of the osculating plane. As this plane 
varies from point to point along the cuspidal edge and during its revolution 
takes in every point of space, it is evident that the Steinerian of the developable | 
‘quartic fills all space. There ts thus no definite Steinerian. 
This result can also be shown analytically. The developable quartic i is the 
: envelope of tangent lines to a twisted cubic, the coordinates of any ‘point. of 


which are given by 
peers sn cip dos 











that is, 
z 8 8 
45 i t 1 = 0, 
The equation of the quartic is obtained by eliminating ¢ from : 
3} x Y 2 8 | 
i e Pt 1|=0. 
3t? 2t 0 T \ 


Hliminsting t from 
y — 2x + at? = 0, and v — yt + e? = 0, 





' *Balmon: “Geometry of Three Dimensions,” p. 489. 
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we obtain as the equation of the quartic . 


s —2y z 0 
0 x —2y z 
= 0; 
| y —2% 8: 0 
0 y  —28 .8 


U cs (in y} — 4 (ys —2) (cay) 0; 
x8 — yar ye — P= wa — y =o 


_ being the equations of the twisted cubic. . Let (& m , c) be the coordinates of & 
point on the Steinerian, and (x, y, z,.8) those of a point on the Hessian. The 
equation of the first polar of (E, n, 5, 0) with respect.to the surface U = 0 is 


EL+nM+LN+oP=0, . dj (I) 
ias L, M, N, P are the first derivatives of U.with respect to x, y, 2, and e. 


„If the first polar of (E, n, Z, o) with respect to U= 0 has a double point, this 
double point must satisfy the derivatives of (I) with respect to x,y, g and s; viz: 


s(És — ne — Ly + oz) — 2a(ns — Xe + oy) + a(zs — yz) — 2/(ys — 2) = 0, 
— AE — qe — Cy + où) — 28(Fe— Any + Car) + Ay(ns — 2z + oy) 
— Las — yz) + An(ys — 2) — Alm — y?) = 0, 
T4 — na— Cy + où) + 4s(Ez — 2ny + Sx) — 2æ(ns — 202 + oy) 

— nes — yz) — 3£(ye — 2) — Alm — 9") = 0, | 
(Es — nz — Cy + ow) — 9y(Ez — Any + £x) + E(xs— yz) — 2n(xz — 3?) = 0. 
The equation of the Hessian is obtained by eliminating £, », ¢, and c from these 
equations, and the equation of the Steinerian by eliminating x, y, g, and s. For 

points of the Hessian om the cuspidal edge | 


V 


| x8 — ga = ys — P = ez — y! = 0, 

and the equations for the determination of the corresponding points of the 
Steinerian reduce to 
ok ne — Ly + oa) — 2a(re = als + oy) = 0, 
— (£s — nz — cy + ox) + Aylns — Wz + oy) — 2e(Ez — my + dx) = 9; 
—y(És — nz — Gy. + ox) — Sa (ns — e + oy) + 4a(Ee — Any + Sar) = 0, 
. (Ee — ng — by + ow) - 000 on By (Ea — 2ny + Sx) = 0. 
` Considering these equations as linear equations in the linear functions : ^ \ | 
Es — na — Cy + ox, ns— Xz+ oy, and £s— 96s + oy, 


(II). 


a 
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0 — 2s. 42 — 2 
2% 4y — 2x 0 
alae — yz) —ay(aa—y) =, mE 
«(za — y?) — aye —2) = 0, - | 
— sur — y) + y(ye — 9) = 0, 
8(28 — yz) 000 —- (ys — e) = 0. 
These equations are not independent but are uen to two independent 
equations, viz. : 5 


it is evident that 


== 0; 





that is, 


i. e., 


Thus only two of equations (II) are independent. Considering the first and the 
fourth, substituting /?, #?, t and 1 for x, y, zand s, we have 
| (E — xt — E? + ot?) — an — 20¢ + ot?) =0, 
P(E — nt — C + ot?) — ale — mt? + C09) = 0. 
These are, however, identical and equal to. 
E — nt — 3 — of? = 0, 
the equation of the lang plane of the twisted cubio, Q. E. D. 


B. The Surface ax’. + by? + ayzs = 0. 


. This —€— has four unodes, (0, 0, 0, 1), (0,0,1,0), (0, 1,0, 0) and (1, 0, 0 DE 
and four double lines, viz.: x = y = ô, z=2=0, y=8=0 and z=8= 0. 
The polar of the point (E, », ¢, o) with respect to the surface is 

E(2axs + yas) + n(2by2? + vas) + C(9by*z = wys) + o(2aa%s + a = 0. 

If this polar has a double point, this point must satisfy the equations 


£(2as)) ctu) telys). + o(4aze + yz) = 0, 
E(z8) + (202) + C(Abyz + xs) + ofze) , ^ —0, (III) 
Elyse) F n(4byz + x8) + G(25y?) + o(ay) =0, 

"E(4aas + yz) + n(ar) + É(ay) ^ +o(2ar) =0. 


. The equation of the Hessian reduces to - 
[2by2 + xs] [2axs + yz] ara — abi + aep = 0. 
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Tt is thus composed of two quadric surfaces, having the double lines of the 
quartic as simple lines, and a quartic surface having the same singularities as 
the original quartic. — > 

The equation of the Steinerian is obtained by eliminating a, y, z and s from 
~ equations (III) above; this is accomplished by multiplying the four equations 
successively by x, y, z and e, and then eliminating the variables from the sixteen 
equations thus obtained and the four derivatives with respect to x, y, g and s of 
^ the equation of the Jacobian. The equation of the Jacobian is. 


4aos, | etor, . n8+ cy, Aafe+ye+ fy + 4aox 
+= (s ot, ` Abeg, Ça + 4b + 4b0y +02, £r = 
77 | ger oy, £8-- Abnz + 400y tor, 4bmy, . yt eS. 
dafs + entr tart, tm ' £y m, . NE | ERO 
that is, 


J= ag 4 big ot + dot + agaty + Be + aye? + dg? + exes? + ffs + go? 
+ hs + Qu + dios + das + Le + ayy? + DE + cage? + dise 
coax + Age + ay + bay’ + cuis + dy + eye + fyz 
+ guys + Juge? + tea + Jayne + kay? + Lays? + mixyrs = 0, 


where "ME: 

a, = 16à*c*, 

5, = 165°, 

e = 165 
d,—16dR*, - 
d, = 198a*bco?, 
b, = 128a%by0%, 
e = 128a°DEX, - 
dy = 128aP bo, 
€ = 128a7bE*y, 
fa = 128ab'E6, 


ga = 128aB*y'o, 

hy = 128ab’kn?, 

i, = 480° — 8bEn*o, 

Je = 48a* 70 — SafnL, 

ky = 48a%£o* — Banbo”, 

= = 48b — 8h C0, 

a, = 32ab 0? + abe, 
im = 32aby%o® + 956a! l 70%, 
c = 82abFO + 956a PERL, 


f 
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= — Babe? + 2660 PE, 


= 64a? — 16akn~lo, 
H = 64b. — 16bEnko, 


. a, = — Anto? + 128abnčo? + 256890? — Sato! 
b, = — 400 + 198abEUSo + 266a*D E70 — 8bnê?, 


= = — 4kntc + 198abkn%o + 256a°Erts — be, _ 
= — Af?n6 + 198abEn0 + 256a? DEP — 8ako, 


“= = — Anl + 16akCo® . 
— 480" + 16bn00 
= = — 4Ẹno + 166En?l 


+ 256a*bECo® — 16abnl°o, 
+ 266abnê°a — 16abECo*, 
+ 2660 DEC — 16abFn0, 


= v v, s + - + wo € 09 


bl 


ooococococooosoco 


hi — AE + 16aP6o + 2566a?bP — 16abEr?7, 
i, = — 4x bo + L6akno? + 256a*bEno® — 16abn to, 
= — 4886 + 16bEng? + 956a EP? — 16abP7a, 
I = — Ano? + 16byf/o ..— + 256ab*y Lo — 16abEno?, 
l, = — 4ExÜ + 16aP 0o + 2660000 — 16abfwD,'. 
m= + 26aBEnlo | + 256ab£ndo — 16agg? — — HOS. 2 
The : Steinerian is ; eu 
ds, ds. Je 345, 3b,, Shy, 2s, to by, 9b, kss O45 263, U, lu, 20, 264, 24, m, 
4b, iy, Ča; 20$, U, Cas 3d,, 35, 3/3) ky, 2fs, Ja. U, 205, di, aft, 2h, Mi, 3j, - 
b, 4er, €, y 25,, Un Ja 2/8; Jay 3g», 35, 3/5, hy dis 2ds, 2h, Mi, 20,, 2g" = 
Jay hs, 44, a: 1 265, bis Ja 25, e Jis ds, 3Js, 36, 36, My, 2l,, 2h,, 2d, 


0,:0, 0, 0,,0,420, 0, 0, 0, 0, 0, 0,2a£, 0, 0, e, č“, n, 0 
0, 0, 0, 0, 0, 0, 0, c, J, 0, 0, 0, 0, 2af, 0, O,4ao, 0, » 
0, 0, 0, 0, 0, 0, 0, 0, 0, 0, c, m, 0, 0O,2a£, 0, 0,4ac, à 
0, 0,2a£, 0, 0, 0, 0, 0, 0, 0, 0, 0,4, 2, q, 0, 0, 0, c 
0, 0, 0, 0, c, m 0, 0, 0 , 25, 0, 0, 0, 0: 0 , 457, 0, E, 0 
0, 0, 0, 0, 0, 0, 0,46, 0, 0 , 2bn, 0, 0, 0, 0, dre ka. 
0,955 0, 0, 0, 0, 0, 0, 0, 0,4, £, 0, 0, 0, 0,0, 2, 0 
0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0,257, Š, 0, E, 0, 0, 0 , 400 
09, 0,0,.c, 0, n , 208, 0, 0, 0, 0, 0, 0, 0, 0 , 4b», E, 0, .0 
abi, 0, 0, 0, 0, 0, o,4n, E, 0, 0, 0, 0, 0, 0, 0, #, 0, 0 
0,,0, 0; 0, 0,.0, 0,28, 0, 0 , 4bn, 0, 0, 0, 0, o, 0, M. € 
0, 0, 0, 0, 0, 0, 0, 0,268, 0, 0, 0, n, &, 0, 0, c, 0,4 
, 0, 0, 0, č, n,4aË, 0, 0, 0, 0, 0, 0, 0, 0, 0,- , 0,0,0 
0,.0, 0,2a0,.0,,0, €, E, 0, 0, 0, 0, 0, 0, 0, 9 , 4aë, 0, 0 
.0, 0, 0, 0,949, 0, 0, 0, 0, n; E, 0, 0, 0, 0,:8, 0, 4ak, 0 
0, 0,:/0, 0, 0,2dc, 0, 0, 0,.0, 0, O,4af, 0, O, 0,5. ho: By ss 


~ 
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- 


By continued reduction this: tes to 


l A; F, H, E 

ie GB E, J 
I AEA 4 ) ) , = 0 
ARE Lu LÉGL , 

E, K, M, D 


where | £o 
| AZ — 8anfo* + 512abnčo? — 1536a D, 7o, 
= — 3200 + b12abEQ'a — 1536a?D Et o, 
0=— 32Efa + 512abEn?s — 1536ab En o, 
D zz — 32870 + b12abenl — 1536 WEL, 
EZ 16ënčo + 128abEnço — 768ab*Enbo, 
F= — ions + 64abwl?s + 96aEbo? — 384a*bEto?, 
G= — 16&fo® — 64abElo* + Ybbs — 384ab n°0, 
H= — 16n%0 — b4abyitc + 96akno? — 384a®bEno”, 
I = — 16£no? — 64abEno® + I6br?fo — 384ab*y%o, 
J = — 16806 — ‚64abEXo + 96bEn/ — 384ab Ene, 
K= — 16£«0 — 64abEn? + 96a£o — 384a!bE?Lo, à 
L=— 1660 — 64abEno + 96bEn?! — 384aP EXC, 
' M=— 16 = u + 96af*ra - — acd 
This reduces to 


407687 3488a424(1 : — sab)" Co" 8 (ako? + bo + Enke) 
— 9(1 — 4ab)(1 + 12ab)Ẹnčo} = 0; 
that is, each of the four di planes seven times and a ERDE m all the 
Re of the ee DRE" 


c. The Surface mp = - + by (xz + ys). 


This i is & quartic with a triple line in which two of the sheets which meet 

in the triple line unite in a single cuspidal sheet. The four equations which 
t must. be satisfied by points in order that they may be double points on the first 
polars of (E, n, Č, o) are 
| AE + On + DE + Fo — 0, 
CE + By + EY + Go = 0, 
FE + Gy 2 e ‘= 0, 
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A= 2y* — 9a' (uz + ys) —4az (ax + by), 
` B= 3? — 9D (ve + ys) —4bs (ax + by), 
. OF Amy — 2 (bs + as) (ax + by) — 2ab (za + ye), 
= — (ax + by —2ax (ax + by), 
F = — 2ay (ax + by), * 
G= — (ae + by) ah (ar + by). 


Eliminating E, n, ¢ and c; ‘the equation of the Hessian i is found to be : 


A, 0, D, F 
0, D, E G ER 
D, E, 0, 0| ^" 
) G 0, 0 
which reduce to x ' 
(ax + by) = 0, 


Thus for every point of the Hessian .ax + by — 0, and the corresponding PES 
of the Steinerian satisfy the equations 


E [29 — 2a? (us + ys +» [ey —2ab (ze + ye)] = 0 


Epio gab (za + ys)] + n [22 — 2 (ei + s)] = 0. | 
_ These are the équations of the line &=n=0; i.e, the triple line x= y = 0. 
' But, for any. point of the Hessian on the triple line x =y=0, the equations for 
' determining the corresponding points of the Steinerian vanish ua that 
is, the Steinerian is composed of all the points in space...’ 

| It can readily be seen by similar reasoning that the Steinertan du every quartic | 
having a triple line is satisfied by all points in space. | 


D. The Quartic u + Zus + &ty + ay + zst + Pog = 0. 


In this equation t, ug, etc., are functions of æ and y of degrees equal. to 

their respective ‘subscripts, the line wy. thus. being a nodal line on the quartic. 

The surface, the Hessian and the Steinerian intersect in this line zy. If the last 

three terms form a perfect square (zz + ys)’, the line is cuspidal ; ` for every point 

. of the Hessian on this line, the corresponding points of the Steinerian satisfy the ` 

. equation zë +sm—0. As the point moves along this scrolar line, the plane 
zb + en revolves about the line and the Steinerian is thus satisfied by all points ° 


d se 


and 
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In case the last three terms reduce to the forms a?zs or g?g, the cuspidal 
tangent plane remains the same for all points on it, and the points of the 
Steinerian corresponding to points on this unodal line are points of this unodal 


` plane. But in these two cases there are either one or two triple points on the 


line, and in every such case the points of the: Steinerian are all the points in space. 
E. The Quartic Scroll (az — ^f — - mys (xz — y?) * e (any T "ies = 0. 


This scroll has the line z = y —0 as a nodal line and xg — y! -8-—0 
as a nodal conic. The Hessian reduces to 
Alan — Pm (ze — 34) + Blaäy + by?)} + 4me(az — y| 4ace(ae + y) 
+ 4y*(axy + by?) —3m*y? + 8bayz} + 8*(a2z—y"){ 16a(ay + 3bz)(axy + by?) 
— m*y(4axz— m^y)(ax + y?) + 6bm*y' (225 — 3?) — 2(m* + 8b") y4 + 48 data |. 
+ Amys| ax(4ax — m*y)(a2z.+ y’) — 2by [6a22 +.8bayz + Zany? 
— (m? + 45)3?] } — yst{ Bax" — a*(m* — 4b)a?y + Am} = 0, 
and has the nodal conic as a triple conic and the double line as a quadruple line. : 
For a point of the dsl on the line z = y = 0, the Sorres ponding poun of the 
Steinerian satisfy ` 
ER) + n (ment ast) =0 
and l E (mzs +.as*) + n (255) = 0, 


. which is the line £ = y= 0 (that is, the nodal line), the original surface, the 


Hessian and the Steinerian thus intersecting in this line. 
Two points of the Hessian are pinch-points on the quartic; viz., 
2:y:82:870:0:—à:m—24/b 
and 9:9:2:8 2 0:0: —a:m 4-2 A/ b. 
Substituting the coordinates of the first in the equations. for determining the 
Steinerian, the points of the Steinerian corresponding to p point are found 


to satisfy the equations ' 


2a*t TA 2am / b + 4ab}n = 0 , 
and ^ (—2am vb + 4ab)E + 2b(m —2/b)n = 0, 
which reduce to the same equation; viz., 
a£ — J b(m —2 b)n = 0, 


the pinch-plane at the point. ` Similarly, for the: other pinch-point. 


For points of the Hessian. on the nodal conic zz— 3? = 8 = 0, the equations 
for determining the points of the Hessian and the Steinerian reduce to. 
‘ 88 m 
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2(s£ — 23» + eZ) + myo = 0, is 
m(z& —2yn + x) + 2(ax + by)o = 0, 
which are satisfied by | 
af —2yn + a 0 = 0; 


that is, the tangent line to the conic at any point of it. As the point passes 
around the conic, this line sweeps over Au plane. The plane of the nodal conic 
is thus part.of the Steinerian. — 
The points 00 æ:iyia:8=0:0:1:0 | 
and, .  æ:y:a:s= (m®— 4b); 4a(m*— 4b): 16a: 0 `. | 
are pinch-points on this conic. By similar reasoning to the above it is seen that 
—=0 and 164 —8a(m* — 4b}n + (m° — Lo + 2am(m? — 4b)o = 0, 
the pinch- planes at the two points, are also parts of the Steinerian. 
‘Similarly, in the case poc the quartic with a nodal conic having for its 
equation : ; 


gi — APNL —0, 
where gw B cance 
| = LR Dar die, 


PES, 
for points of the Hosts on the nodal conic aa? + by? + da? = g = 0, the corre- 
sponding points of the Steinerian satisfy _ 
. axÉ + byn + dso = 0, and ¢ = 0; 
that is, ts on ict Or ale cn, 2=0. 


F. 


In the case of the ruled quartic : : 

a (af + 2hes + be?) + Qay (a! 2 + 2h! 28 + Det) + ya + 2h" gs + WR) 0, 
having the two non- intersecting double lines wy and ze, for points of the. Hessian 
on either nodal line the corresponding points of the Steinerian are on the same 
double line; that is, the surface, the Steinerian and the Hessian intersect in the 
double line. — 

The same is true for the quartic > 
ay + Imayzs + i= = 0 
(where u, is a quadratic function of €, y, 2 and e) having «s and ye as intersecting 
` "double lines; and it is also true in the case of every double line on the quartic. 


. LAWRENOM, Kansas, November, 1908. 
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On the Determination of the Ternary Modular Groups. 
By R. L. BÖRGER. | 


Introduction. 
Tr in GF[p"] have 
been determined.” Closely related to this is-the determination of the binary 
groups of determinant unity in the GF[p"].¢ The subgroups of the special 
ternary group GF [p] have been found.[. The object of the present paper is 
to apply the method of the paper last cited to the group in G.P[p?]. The 
order of the special ternary linear group in GF [p°] is „(pP —1) (pf—1): 
"The subgroups of order a multiple of p, p! M (i = 6,5, 4) (M prime to p) are 
determined in this paper. The determination of the. groups of these high orders 
applies in particular to the question of the minimum index of a subgroup of 
total group. For ¿= 3,2,1 the method can not be employed and recourse 
must be had to special devices. 


Subgroups of Order a Power of p. 


The subgroups of the linear fractional group 7 = 





1. The order of the special linear:ternary group G in the GF[p] is 
p'(p—1i)(p*—1). Within G every subgroup of order a power of p is con- 
jugate with a subgroup of the group Gp of the operations 


1 -0 0 . D. 
dejes Og 1 0. à (1) 
As as 1 i 


with the ay ites in the GF[p*]- 
‘Since$ the commutator of G,.is of order p’ and every "operation is of. 





* Gierster, Wiman; Moore, University of Ohteago Decenntal ` Publications, Vol, IX cd pp. 141-190 ; 
Dickson: ‘Linear Groups." : ; 


t Made by Dickson — unpublished. 
+ Dickson, AMERICAN JOURNAL, Vol XXVII, pp. 189-202. 
$ The results in $$ 1-8 are proved in detail in AMERIOAN JOURNAL, Vol. XXVII, pp. 289-298. 
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Bo Bi: 
. order p, (p #2), there are - = subgroups of order p*. They are given by a 





linear relation modulo p, | 
l (dao, Am, Amos Am). | | (2) 

2. The commutator subgroup K of any group L defined by a relation (2) 
is of order p’. 

THEOREM: Ány group Ly defined by one linear relation (2) has exactly 
p'+p-+1 subgroups of order pt, defined by two independent relations (2). 
' The number of distinct nana of order p* of Gy is thus 

pb prF2ip- xpi. 
They are as follows: m 
(Ij) deo =g am + ham, am = lam + Mam [au = tag]. 
(I) 2454-945 + ham, am = lamt Mam [an F tag]. 
(II) dm = ham, am = lag + Mag. 
(II) dm = ham, dao = Maw. 0 
(IV) am = 0, da; = lap + M ag. 
(V) ggg 0, da = M dg. 
(VI). ago = 0, den = 0. 

Taxorem. The only commutative subgroups of order p* are those defined 
by [ag — 0| and {an — ag]. For the remaining o dz of order p* the 
So alot subgroup is of order p. 

3. "Turonkx. For p >2 the subgroups Gy» of the Gy, given in the first 
l column, are obtained by annexing to the two relations defining Gp. an inde- 

pendent linear homogeneous relation between the elements given in the Becond 
column. 
Gy. . ELEMENTS. 


(U) ams Gens ^an — $g io — À Ugo am — $ (v g + Wh) Gi. 
h ; h 2h 
fii — gya — (267) amam — 4 (A + + og) a 
(I) ap am, (m — g — le) aso — (A — v D) dar 4 digo — V ago Aggy — W Aie - 
(II) am. am, (2+ A+ Au) au — (1 + Aly) ag + 4m (1 Ahu— hr) ao. 
CO) am, am, (1+ hy) au — hv gy (li + hu — Py) als. 


(IV) am, dao, (1 + 7u) do ra — $ mv an. 2 
(V) Gms dm, duo — 9 dan + Em vois. | 
| (VI) "50, C, Ugo, Cn: 
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The u, v and w used in (I) denote i ; i 


u=}g(m—g—lu)— 4—7»), 
vzmvi—hg-—hlyu 


v=4mv(m— ae ee 


‚The Galois Field is defined by the irreducible congruence = up + v (mod. p). 
The subgroups of order p° of any abelian group G,» represented in the 
first column are given by annexing, to the relations defining the G, an inde- 
pendent linear homogeneous relation between the elements of the second column. 


‚4. 


Gs 
(Ia) 


an y 


git: 


wi, 
Ago; 


ELEMENTS. 
Gan Ano — 49 ag hama — 4 (v g + u h) hn, 
(one (ren) 


go — 1g 0m, an — $ laio. 


Ayo — 79 "mi, Og — 4 (A+ u m) Og - 


ago — 4A Gi, Os — $n Gio 
amo — Sv hm ais, ag; — (m + uh m) ais. 


ae -agn 


—t[k+vh(tk-+m)]aky, aun — (Uem EAE J- pA Ue 4- m) | aby. 
CUN am — do 
Asos Qz- 
— 4 (m +7 hk) ag, ca (+ hm + wh ds 
—EMy diy, dg — bm» dis. 
Amos Mur 


m 
ago — (EE + m) aĝa, du — A: 


^ 


Ugo; Fu — $M ab. 


Ago, su: 


k 
no — Y 7 Te Ne 
M313, As, Qa. 


[A= gthk+vkl+viem,. qm mk + ght AP + phl+ elm, 


k=—h/b.] 


The notation in first column meaning that es to the 
subscripts are 0, the others being destinct from 0. Thus: V,, means that _ 
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linear relation defining the Gp has /,— 1,20, 5,750; V, means that linear 
relation defining the G has /; — 0, 4, #0, L HO. 

The remaining subgroups of ander p are non-abelian. 

‚Lemma.* The commutator subgroup of any non-abelian group of order p 
is of order p. 

© Proof: If @, is a subgroup of invariant operations, the quotient group 
Gal G, is of ordei p. Hence G, contains the commutator subgroup of Gp. 
Bince a, is non-abelian the commutator is G,. 

It follows that the number of subgroups of order p° of Gis (Gp being non- 
abelian and operations all of order p) is p +1. Theÿ are given by annexing 
to the relations defining G an independent linear homogeneous relation between 
the elements of the first two columns in $4. 

The subgroups of order p are easily found. "They will not be written here. 


Subgroups of Order a Multiple of p. 


5. Lemma I. Every operation (By) a with a subgroup, not the 
identity, of G, is contained in the set: | 
Bar 0 0° Bu Bis 0 Bu 0 0 
Ba Ba 0 À; Bu Ba 0 J; Bu Be bs À- (3) 
Ba Be Ba Bu Bm Pm. Ba Ba Bas l 
Proof: Among the conditions for (Gy) [a] — [y] (Bo) are: 
But Buen + Bw en = Bn, . | (1) 


Ba + Buan + Ban = Buta + ba, (2) 
(o Bis + By tee = be, | - | (3) 
Ba + Ban am = Baya + Bas, (4) 

Bas + Bat = Burn + Bee Ye + Be, : (8) 

: Ba = Bas + Ya 8x. (6) 


If an 0, ag $ 0, ag É 0, then By = By = 0 by (1) and (2). | 

In like manner we treat the remaining cases and prove the lemma. 

Lemma IL. The only factors =1 (mod. pt) of (pP — 1) (p* —1)Eo are 
. 1ando. The proof i is similar to that in the paper f referred to and will not be 
given here. 





* Miller, Bulletin American Mathematical Society, 1897-98, p. 187. 
+ Dickson, AMERICAN Jouaxaz, Vol. XXVII, p. 191. 
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. Lemma III. Any binary transformation B = (83) , YF 0, ‘and all the 


E, = G D generate every binary teaabtopmation T of determinant unity. 


For proof, see reference above. 

Lemma IV. If a group G,, of order p° N w prime to p), contains a sub- 
group of Ga (a > B) of order p? and if P is an operation of G, permutable with 
G,., then P is permutable with Gs. ` | 

Proof: Suppose P were not permutable with Ge. It would transform 
Gs into Gla; and (G,s, Gle}, being of order a power of p, would be of order 
p**-° (where p° is the order of the greatest subgroup common to Gs and Gis). 
But for all values of c< 8 we have p*^7* 7» p^. Hence c= and Gis = Gs. 

Lemma V. The operations permutable with every group G» defined by 

Gg —0, kamt ham = 0 
are contained in the set (3). hs | 

Proof: By Lemma I, they are contained in (3,). A. Gy hr 
(By) (Bis = ba = = 0) it becomes Gi [yy], having 


Bu Ba — Pr Ba, 
| Yn— Be Oar og odes, m omg I 
icc NE FSi pdu P mw + pde, 


BSc 6 + p dis; Ê at pda. 


t 


Then ya = (Cie Ago + Css Amo + Y dis agu + 9 dos Aam) - 
+ p (dis apo + Cis Gen + U dis 0 + H dos aaa + Cai 6 + des an). 
Setting am == 0 and recalling the definition of Gp, we get the relation: 
(Ch + dig e) ag + (Padah F oiak + uda E) aga = 0. 
Since dy and ag; are arbitrary, we have 
Cyh+dygk—=0, egkt+dy(vh+ uk) = 0. 
Thus cy=d,=0, since the determinant of their coefficients equals 


P ae E, which vanishes only for the excluded case A= k= 0, since 
p'zup-rv was assumed irreducible. 

6. Let H be a subgroup of order p*N (N prime to p) normalized to contain 
G,. Then, by methods similar to those employed in the ‚paper referred to, 
we derive the following 
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Trong. Within G every subgroup H of order a multiple of p° is conjugate 
with one of the following : 
a) The group of all the p*f.g operations (3,) with ah =1, ag — 1, 
Os = an ag- 
b) The group of all the fp (p*— D operations (3,) with al = 1, 
ö dy gg — Op Og; = Og. 
| e) The group of. all no (p* — 1) operations (3) with af =1, 
gg gg — Ogg Ogg = aul, where f and g are any divisors of p?— 1. 
7. Let H be a subgroup of @ of order p*N (N prime to p) normalized 
to contain a subgroup G of G,,. Let the G be defined by 
li ano + h Gan + is a + l Gun = 0. 
(I). We exclude for the present the special case À =}, = 0 and the special - 
case. 7, = 4 == 0 (treated under II and III below), and treat here the general case. 
The number of conjugates to Gy is 1 + kp, 1 + kp?, 1+ kp, or 1 + kp 
(k being prime top). We treat these cases in turn. | 
(L). Let the number of conjugates to G, be 1 +kp. Then two groupe 
of order p* must contain a common subgroup of order p** and, by a theorem T . 
due to Frobenius and Burnside independently, H must contain an operation P 
permutable with Gp but not with Ge. Since neither 4 — 0, h= 0 nor 1, — 0, 
|, — 0 in the case before us, this common Gp, must have neither a, = 0 nor 
ag 220. Therefore the operations permutable with Gp are contained in (3,) and 
. P is also permutable with G,.. Hence P must, by Lemma IV, be permutable 
with G, in contradiction with the Probenius:Buynsidé Theorem. Hence the 
number of conjugates to G» can not be 1 + kp. 
(I) Suppose the number of conjugates to G is 1l kg. The case in 
which ay Æ 0 in the common Gp has been covered by the previous D ne 
. Let next a =0 in the common G,,.° The groups of order p° are then 


dg = EU "daz = 0 
But for either of these groups, the operation P is contained in (3), andas . 
before we conclude that the number of conjugates can not be 1 + kp’. 
(I). Let the number of conjugates be 1 + kp”. For the common Gy, 
we have the following possibilities: 


a) ag É 0, Gg 350; b) ag =O, ag zÉ 0; e) ag = 0, aa 0; à) mns ag =l. 


* Burnside: ‘Theory of Groups," p. 94, Cor. II. t Op. cit., p. 97. 
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The operation P for the G,, defined in either a) or c) is contained in (3)) and is 
therefore permutable with G,. In b) we note that G» must contain a subgroup. 
G defined by (5,) or (5,). The operation permutable with the Gin b) is con- 
tained either in (3,) or (3,), and we need only consider the case in which P is 
in (3,). Since under this hypothesis P is not permutable with either of the 
groups G,, defined in (5,),.(ö,), it will transform either of them into a new Gj, 
and {Gp Gh} is of order pt with a,=0. This Gy is not a subgroup of G@,,, but 
is permutable with it. Hence |G,,, G,| must be of order p°, in contradiction 
with the hypothesis on the order of H. Hence P must be contained in (3,). 
It will then be permutable with G,, contradicting the Frobenius-Burnside 
Theorem. A similar argument applies to the case d). We now conclude that 
the number of conjugates to Gp can not be 1 + kp’. 

(L) By Lemma II the only divisor of the order of-G of the form 1 + kp‘ 
is (p! —1) (p* —1).. If the number of conjugates to G were 1 + kp, the index 
of H under G would be p, whereas the order of LF {3, p*} is not a divisor of pl. 

(II). Let H contain a G defined by L aso + Lay = 0. : We shall prove 
that such a group H can not contain any operation (84) not contained in (3,). 
We first show that if any operation (84) has Bis, Ba not both 0, then JH 
contains an operation (yy) having y; = 0, yi — 0, Ya 0. 

a) If Bu — 9, — 0, while 8,0, this (By) is such an operation. 

b) The case 2, #0, By — 0, may- be disposed of by replacing (By) by its 

inverse. We need then consider only 


c) Ba #0. Transforming G, by By we get (yy), where 


Yn = Bw buon + Bis bn aa + Bis Bu ae + 1, l (1) 
ya = Bw Pre an +. Bis Bi Qu + Bis Pore, l (2) 
Ys = Bu Bio + Bis biaa + Bis Bes oes, (3) 
Ya = Be Buon + Bn Bu au + Bes Pa am, (4) 
Ya = Be Buan + Bes Bian + Bo Bos ass + 1, © (6) 
Yn Be Bis an + Bas Bis au + Bs Bos as, 07 (6) 
Yn = Be Buon + Bu Bu an + Bu Bu om, M (7) 
Yn = Bu Boon + Be Bis au + Boi Bes ee i (8) 
Yu = Bu Pin + Bm Pi cm + Bis Bis ts + 1, (8) 


where Bu is the adjoint minor of Bj, in |B,]. 


E 
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? 


We wish tò show that we can make yy = y= 0, y #0 by. properly 
choosing as, am, a. We can by a normalization of the operator (8y) make 


"Bu 0. without disturbing Bu: viz., by multiplying (ß,) on the left by Bau. ` 


Now suppose that Ye — 0. Then, setting a= 0, we. have the following: 
equations: ` 


Btn + Bes an = 0, | (8) 
gs au + Qs an = 0, . | (9) 
Bu au + Big ce = 0. (8): 


Multiplying (6) by Bæ, (9) by 9% and (3/) by Bg, adding and applying 
A=, we get ay==0. This is impossible if Br FO. It follows, then, that 
the operation (vy) fulfils the required conditions if B» +0. If gg = =0 we can 
set ag — 0 as before, and now put a4 — 0, thus making yk—yx—=0. Then, 
if yu = 0, we must have equations (6/), (9’), (3) true for arbitrary values of ay. 
From the previous argument these. equations can only be simultaneously true 


- when ay —0. Therefore the operation (yy) always has y, = ys = 0, Ya T 0. 


Transforming [o] by (yy) we get an operation 


1 0 0 


Kos A. da = Yon Oey + Ves ai + Vs Yu ae, 
isi dn "ba, = Yn da + You + Yu Yn a. 
Setting au == 0, Gg = — yg tæ, then bn = du = 0 and dy = vlog Æ 0 


if ag £ 0. 
Therefore, by Lemma III, the group H contains every PERS bradieformaon | 


of determinant unity on £,, £j. Hence it contains 


1-0-0 ; 
0 1 p (u arbitrary), 


0 0 1 
and this, together with By, By,, generates a group of order p°. But this 


contradicts the hypothesis on the order of H. 
(III) By a reflexion * on the left diagonal we may draw the óondlusion; 


with reference to the group Gy defined by 


ly dmo + Uy aga = 0, 


that it can not cdntain any operation (64) not contained in (&) H is then ` 





4 N \ 
* Dickson, AMERICAN JOURNAL, Vol, XXVIII, p. 9. 
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multiply isomorphic with the group of binary substitutions on £,, £, Qf order pt 
(¢ prime to p). ; 

We have now established the following theorem covering the results of the: | 
_ three cases I, II, III. 

THEOREM. Any subgroup H of order pë N of the linear ternary homogeneous 
group G defined by the relation c h 


lago + à ai bdan + Gin = 0 
| (in which neither I, = l, = 0 nor lj = 1, = 0) contains a self-conjugate ee Gs, 
, and within G H is conjugate with a group 23 operations given by (3,) having 
ah = 1, anag ag = 1. : 

If H contains a subgroup Gy» defined 2 the relation lj agg + l5 ag; — 0 or. 
[5 Agen + Kay = 0, His conjugate within G with a group of operations of the Jorm 
(3) or (3 a). m UR . 

Subgroups of Order a Multiple of p. 


8. Let H be a subgroup of order p* N normalized to contain a subgroup. 
G» of Gp». First, let G, be the special group P {an = 0}. We shall prove that 
it is self-conjugate under H. 

If the number of conjugates to Gy were 1 $+ kp (% prime to p), then H 
would contain an operation P permutable with the G,, common to two Gy of the 
conjugate set to which G, belongs, but not permutable with G, according to 
the Frobenius-Burnside Theorem. The operations permutable with the common 
Gp are, however, permutable with Gy. In the same way it follows that there 
can not be 1+ kp? or 1+ Ep? conjugates to Gy». Finally, there can be no 
group H containing a Ga having 1 + kp* conjugates. Indeed, by Lemma IT, 
such a group H would be of index p? under G. But the linear homogeneous 
group G is isomorphic with the linear fractional LF (3, p°) and, if such an H 
existed, L F(3, p’) would be representable as a substitution group on p° letters 
and also its subgroup the linear. fractional LF (2, p?). . The latter can not be 
. represented as a substitution on p° letters except when p — 3 (references in the 

| Introduction). No such subgroup H can exist when p = 3, for the order of G 
. when p= 3 is not a divisor of p*!. Hence the subgroup am is self- 
conjugate in H.. 

Next, by a reflexion on the left diagonal we reach the same conclusion 

with reference to | Om = 0}. 
40 
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Let H now be normalized to contain any one of the remaining groups of 
order 2, If the number of conjugates to Ga is, 1 + kp* (k prime to p, += 1, 2,3), ` 
H must* contain an operation P permutable with Gy. but not with Gy. 

i First, let ¿=1. Then the greatest common subgroup is of order p*, and 
the operation P is contained in one of the sets (3,), (3), (3). We shall not 
consider (3,), for the results obtained in case P lies in (3,) are immediately 
applicable to the case when P lies in (3,) by reflexion on the left diagonal. 
With this agreement the greatest common @, of two groups of order p* is of 


one of two types: ; / 
a) an E 0, ag FE 0; 


b) oy =0, ag É 0. 

The operations permutable with either of the groups a), b) are contained in 
the set (3,) by Lemmas II and V, and P therefore is permutable with Gy, 
` contradicting the Frobenius-Burnside Théorem. The number of conjugates to 

Gp under H can not be 1 + Ep. ` | i 
Next, let i=2or 3. Then G,., the greatest common subgroup, will A 
‘of order p? or p. P can not be contained in (3,), since that leads to a contra- 
diction of the Frobenius-Burnside Theorem. We consider P in the set (32). 
Any G of the set (p, 3) contains the subgroup Gp defined by ag = ag =Œ 0. 
The operations permutable with this Gp: are contained in (8,). Hence P in (3,) 
“is not permutable with @.. It transforms Gp into G/,; and | Gp, Gat is of 
order p*, G, having ay =0. Hence | Gy Gi} is of order a power of p higher 
than p', and this contradicts the hypothesis on H. Hence the number of con- 
jugates to @, can not be 1 + Ep? or 1+ p°. We have previously shown that 
the number can not be 1+ kp. Hence G,, must be Bein SIENS under H, 
and we may state the following 
Tuxonxw. Every subgroup H, of order a multiple of p*, of G contains a Rn 


conjugate group Gy». Within G, H is conjugate with a group of operations (3,) or - l 


. a group.of operations (33). 





* Burnside: « Theory of Groups," p. 94, Cor. II, and the theorem on p.97. . 


Groups of Transformations of Sylow Subgroups. 
By G. A. Mnie. 


$ 1. Introduction. 


The first part of the present paper is devoted to a study of some of the 
properties of a transitive substitution group which is a group of transformations 
of Sylow subgroups. In particular, we shall prove the following theorem: 
Jf the Sylow subgroups of order p^ in any group (G) are transformed according 
to an imprimitive substitution group, the number of these subgroups must be of the 
form (1+ I, p*) (1+ kp"), where each of the two numbers k, ky exceeds zero 
and a is determined by the fact that the largest number of common operators in any 
two such Sylow subgroups of G is p"-*. It is evident that a can not be less 
than unity nor greater than m. 

In the second part of the paper we delere some properties of the groups 
which involve certain given numbers of Sylow subgroups., In particular, we : 
prove that if a group G contains exactly three Sylow subgroups, these subgroups 
must generate & group of order 3.2", and this group is & characteristic sub- 
group of @ if it does not coincide with G; if G contains exactly four Sylow 
subgroups, these subgroups generate a group whose order is either 12. 3"! or 
24.3”-1, and this group is again either G' itself or a characteristic subgroup of G. 
À somewhat similar theorem is proved as BONS groups containing u Bix 
Sylow subgroups. 

The 1 + £p Sylow ne of giier p™ in @ are transformed according 
' to a transitive substitution group (Æ) of degree 1 + kp which has an (1, a)- 
isomorphism with G. The invariant subgroup (7) of @ which corresponds to 
the identity in Æ involves only one Sylow subgroup of order p^, since the . 
operators of H whose orders are powers of p must be contained in every Sylow 
subgroup of G. To every Sylow subgroup of @ there corresponds one and only 
one Sylow subgroup of K, and hence @ transforms its 1 + %kp Sylow subgroups 
of order p" in exactly the same manner as Æ transforms its 1 + kp Sylow sub- 
groups of order p, Gem. That is, the letters of the substitutions of K may 
stand for the various Sylow subgroups of order pP in K. 
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The ab (Kı) of K which is composed of all its substitutions omitting 
one letter involves one and only one Sylow subgroup of order p? and of degree 
kp. Moreover, if any transitive group has the property that its subgroup com- 
posed of all the substitutions which omit a given letter involves one and only one : 
Sylow subgroup of degree one less than, the degree of the group, it evidently 
permutes these Sylow subgroups in the same manner as it permutes its own 
letters.* Hence the theorem: - The necessary and sufficient condition that a transt- 
tive group of degree n is a group of transformations of Sylow subgroups is that its 
subgroup composed of all.its substitutions which omit a given letter nolo one and 
only one Sylow subgroup of degree n —1. | 

From this theorem it follows directly that the only symmetric groups which 
are groups of transformations of Sylow subgroups are those of degrees 3 and 4, | 
and the only alternating groups having this property are those of degrees 4 and 5. 
The symmetric group of degree 3 is clearly the only group of this degree which 
can be a group of transformations of Sylow subgroups, while the alternating and 
the symmetric group of degree 4 are the only two groups of degree 4 which 
have this property. There are three groups of degree 5 which are groups of 
transformations of Sylow subgroups; viz., one of each of the orders 10, 20, 60. 
Only two of the sixteen transitive groups of degree 6 are groups of trans- 
formations of Sylow subgroups; viz., the two groups of orders 60 d 120 
respectively. | 

Since K, is of degree kp, it follows directly that a group of hanea oas 
of Sylow subgroups can not involve any invariant operator besides the identity.T 
From this fact and the elementary observations of the preceding paragraph it 
. results that & large number of transitive substitution groups can not be groups 
‘of transformations of Sylow subgroups. In particular, it has been seen that no 
imprimitive group whose degree is less than eight can be such a group of trans- 
formations. We proceed to consider some of the properties of imprimitive groups 
which are also groups of transformations of Sylow sübgroups. 

$2. Imprimitive Groups of Transformations of Sylow Subgroups. 

Suppose that K is imprimitive. All the substitutions of K, must transform 

at least one system of imprimitivity of A into itself. The number of letters in 


“this system must be one more than the letters in one or more of the transitive 
constituents of X). Since each of these transitive constituents involves an 








è o " 
. * Bulletin of the American Mathematical Society, Vol. II (1890), p. 145. 
t Kuhn, AMËRIOAN JOURNAL OF MATHBMATIOS, Vol. XXVI (1904), p. 67. ` 
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invariant subgroup of es p`, ^ > 0, it results that the degree of each of these 
constituents is divisible by.p. In fact, if no two of the 1 + Ep Sylow subgroups 
of @ have more than p™~* common operators, each of these transitive constituents 
is divisible by p*, and hence the number of letters ina TRY of imprimitivity 
of & is of the form 1 + kp". 

Since the degree of K is divisible by 1 + h p it is necessary that the tatal 
number of letters in K is of the form 1+ p -+ kopt, where %, is divisible by 
1+ %,p*, and hence the degree of K is (1 + kip") (1 + &p*), where each of the 
numbers %,, ka exceeds 0. As K is any group of transformations of Sylow sub- 
groups, we have proved the following theorem: Ifthe Sylow subgroups of order p™ 
in a group are transformed under this.group according to an imprimitive substitution 
group, the number of these Sylow subgroups is of the form (1 + I p*) (1 + n°), 
where none of the integers k, kg, a is zero. The value of a may be determined by . 
the fact that two of these Sylow subgroups have at most p"-* operators in common. 

When p = 2, the theorem of the preceding paragraph does not yield any 
information, since every odd composite number can be represented in the form 
(1 +2k)(1+2%), where each of the numbers k,, & exceeds 0. Moreover, 
the dihedral group of order 2 (1 + 24,)(1 + 2 4;) transforms its Sylow subgroups 
of order 2 according to an imprimitive group, 4, and & being any integers ex- 
ceeding zero. It follows directly from the preceding theorem that 9 is the 
lowest degree for which imprimitive groups of transformations of Sylow sub- 
groups exist, and it is not difficult to verify that there are exactly five groups of 
this degree which are imprimitive groups of transformations of Sylow subgroups; 
viz., two of order 18, one of order 36 and two of order 54. 

Since the Blow subgroups of order p? in K generate a transitive group, 
it results that the operators in A, whose orders are’ powers of p must permute 
a multiple of p systems of imprimitivity of K. That is, the transitive group of 
degree 1 + 4, p* according to which the systems of imprimitivity of K are trans- 
formed is non-regular and involves substitutions of degree Zp. In particular, 
not only must the Sylow subgroups always be transformed according to a non- 
regular group, but when these subgroups are transformed according to an 
imprimitive group thése systems of imprimitivity must also be transformed 
according 4o a non-regular transitive ` group. 


$3. Groups Involving a Small Nante of: Sylow Sub groups of the Stans Order. 


The smallest number of non-invariant Sylow subgroups of the same order 
in any group is evidently three, and if a group @ contains exactly three Sylow 
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subgroups of the same order this order is 2", and the operators of G transform 
these subgroups according to the symmetric group of order 6. To the identity 
of this symmetric group there corresponds a subgroup H of @ which involves 
a characteristic subgroup of order 27-1, The subgroup.of G which is generated 
by the three Sylow subgroups of order 2” contains this characteristic subgroup, 
and the corresponding quotient group is generated by two operators of order 2. 
Hence this quotient group is dihedral and, as it involves only three operators 
of order 2, it must be the symmetric group of order 6. This proves the theorem: 
If a group G involves exactly three Sylow subgroups of order 2", these subgroups 
generate a group of order 3.2”. This group is evidently & a sub- 
group of @.if it does not coincide with G. 

Suppose that G involves four Sylow subgroups of order 3" and is generated 
` by them. These four subgroups are transformed under @ according to the 
alternating group of degree 4, since a group which contains a subgroup of half 
its order can not be generated by operators of odd order. The invariant sub- 
group H of @ which corresponds to the identity in this alternating group 
involves a characteristic subgroup.of order 8-1, and the corresponding quotient 
group (G) is generated by two operators (s,, à) of order 3, and we may stippose 
that these operators correspond to the cycles abc, abd in the given alternating 
group. ; 
Since (s, 5,)? is invariant under G, it results that 818, 8,8, are two operators 
which have a common square, and hence the product of one of these operators 
into the inverse of the other is transformed ‚into its inverse by each of them. 
By means of this property it is easy to find an upper limit for the order of this 
product as follows: _ 

(81887337) = 81 8581 8 81 82 81 8 + (82 81)" 81 8 61 83 8, 83 = Ga). 

Since (8; 8,)° is both invariant under K and also transformed into its inverse by a, s;, 
it results that its order is a divisor of 12. This order can however not be divisible 
. by 3, and hence it must divide 4. If ss, is of order 2, it is clear that X is the ` 
tetrahedral group, as it is generated by two operators of order 3 whose product 
is of order 2. On the other hand, if s,5, is of order 4, the two operators 818, 88, 
must generate the quaternion group, since they have a common square and 


(5597 8581 . 8188 = 8 8] 83 8] 8, = = (8, 81)? 838; . 83618183 — (88), 


. wow * . . E 
since 6183 — 5251 (88), and (s,8,)* is invariant under G”. This quaternion group 
is invariant under G', since sjs,5] = (as) 8,555, = (8381)? .8,8 . 681. Hence 
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{8, 8} is the group of order 24 which does not involve a subgroup of order 12 
whenever 8,8, is of order 4. 

These resulte establish the theorem : If a group contains exactly four Sylow 
subgroups of the.same order, they generate a group whose order is either 4.3" or 
8.3", and the quotient group with respect to the 3^1 common operators is either the 
tetrahedral group or the non-twelve group of order 24. If the order of the entire 
group exceeds the order of the group generated by these Sylow subgroups, the 
latter group is clearly a characteristic subgroup of the former. ) 

If G contains exactly six Sylow subgroups of order 5” and is generated by 
these subgroups, it must transform them according to the primitive group of 


- degree 6 and order 60. Hence G is isomorphic with the alternating group of 


degree 5. We shall first assume that m= 1 and that G is generated by the two 
operators 3,, 8, which correspond to abcde and aebcd respectively of the iso- 


morphic alternating group. Hence 8,8, corresponds to the substitution of order 2, 


ac.bd. We shall prove that the order of s,s, is either 2 or 4. It is clear that 
the operators of G which correspond to the identity in the alternating group of 
order 60 constitute the central of G; and we shall prove that the order of this 
central is either 1 or 2, and hence the order of @ is either 60 or 120. 

Since 818, 88, have their squares in the central of G and are conjugate 


under G, they must have a common square, and hence the product of one of 


these operators into the square of the other is transformed into its inverse by 


, each of them. By means of this property we obtain an upper limit for the order 


of one of the invariant operators of @ as follows: 

(81858185) = 81 8281858183818561 s, ef af = (818) af e$ 81 85.61 53 = (5159) (6165). 
As se corresponds to abd, and hence (sis) is in the central of G, it results 
that (8,8, (6188)? is invariant under G. "It is also transformed into its inverse 
by s:&, and hence its order is 1 or 2. That is, (s,5,)? = (ssf). 

On the other hand, sj5; corresponds to ae. be, and hence (a8 82} — (SE, 
Proceeding as above we obtain 

(1) = 81 83 8] 85 51 82 81 82 81 8881 83 = (8 8) 2,08 st 6,8, ste, 8, of 8 
= (#8) (s, 6,)° (68 62)" 8 8g = (63 98)? (8, 8)°. 

From these equations-it results that (s, 55)? = (ss) ^. Combining this with the. 
earlier result, it follows that (s157)* —1. As the order of #63 can not be divisible 
by 5, it results that (8) = 1 and hence (s,5,)? — 1. 

It is evident that (8,8) = (stas 51)" and hence 
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(88188) = 61 9, 81b el 8p Bt of od as cL of ed 8p ad of of o, of odo, 
= (81 6)" 61 6$ 81 8) 81 82818561 8281 65.51 Sy 81 85 81 8 8) 
= (18) (91 8)” 8} 63 81 82 81 8281 8g 818551 8, 61.65 81 8 61 55 81 
= (dd) (na)" ete = (oi (me) delati 
= (18) (8183) 81. 8183. 8§ = (8 a8)" (e, 8). 
From these equations it results that (e; 8) = ae) or (a) = (e868), since 
(5,55)? = 1. 
As (5; 89)” = (888182), we obtain i in a similar manner the following a 
(2,38% 8$)! — 8189318581 838189815981 84818881 8281828182 
== (as) 88818381828] 8951 52 81 8981 83 51393] 5531 85 
= (881) (81 82)” 63 61 62 81 88 81 056, 525155615531 9551635155 
í = (sia (6155) 8381888183 — (6351) (81 82)". 
From these equations it follows directly that (s, 8.) = (6288), and if we combine 
this with the result of the preceding paragraph, we have ‘nae. ($51)? — 1. Since 
. the order of ss? is not divisible by 5, it results that (&s?)— 1, and hence 
(8; 8)" = 1. If the last equation be combined with .(s,8,)®= 1, it results that 
(a) = 1 = (RA) (da). | Ä . 
Since 
c (8dy = shat abst = 6.655. n 1.4 = ad tel 
= sh 9) - 626] 855] = 888182818381 (828 co 000 
it results that (6252)? — 1. That is, s383, ss are two-operators of orders 4,3 or | 
2, 3 respectively, whose product is of order 5, and the square of the former 
is invariant under both of these operators. Hence they must generate either 
the icosahedral group or the non-sixty group of order 120 which is isomorphic 
with this group.: It is moreover clear that each of these two groups can be 
generated by two of its operators of order 5. 

When m >1, the six Sylow subgroups of order 5^ in G have 5"-! common 
operators, and the corresponding quotient group has six Sylow subgroups of 
order 5 and is generated by them... In fact, if a group has exactly p +1 Sylow : 
subgroups of order p" and is generated by them, these subgroups have pr! 
common operators which form an invariant subgroup, and the corresponding - 
quotient group involves exactly p+ 1 Sylow subgroups of order p ‘and is 
generated by them. The preceding. results clearly establish the theorem: 
If a group involves exactly sia Sylow subgroups of order 5", these subgroups 
generate a group whose order is either 12.5”. or 24. 67, 
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q-Difference Equations. 
Bx Rev. F. H. Jackson. 





$1. 
The properties of the g-hypergeometric series 
+ 0720-2), 0-20 29 -d0— 2. 
0—9)1—979) ag )1—2)0— qu" 

have been investigated by Heine (Kugelfunctionen, ed. 1878, pp. 99 et geq.); 
also by Thoms (Orelle’s Journal, Vol. LXX). In this note I wish to introduce 
~ a notation which will, I hope, be of utility in developing the theory of g-functions 
generally: For example, if we replace the differential operative symbol $ in 
the differential equation of the hypergeometric series F(a, 8, y, x) by 


[3] = (— 1)/ — 1) 
z[3.-- aJI + 8]y — BIS +y 1]y — 6, (1) 


a a g-difference equation with personas solutions corresponding in every detail 
to the solutions of 





we have 


a(3 + a)(3 + B)y — HS + ¥— ly = 0. 
If we define À, a symbol of operation, by the equation 


ana) = 292 — Ae) (2) 
then symbolically, in terms of the differential operator (3= =g 2) 
= 
A= 
E -p) 
Repetition of (2) gives 
— 1)P(gx) + gb 
Ahle) = (ga) E AS (ge) q ay | 


41 
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which i is symbolically 


eh? = M ES [99 — 1], 





and in general, j e o S 
g"^A^— [S] [S — 1].- . [8 — n+ 1]. | (3) 
We see that in case the functions on which we operate are differentiable in the 
range of the variable, we may write 
3 | im [5] = apent, 
limi mS S Ed ee 
limit [$][$. — 1] 5 n+1] 


—5(8—1)....(8—21)— 4^7, (Bode. (4 
§ 2. i 


The. well-known and very useful operational theorem. de 
a F(= Fd + me | . (8) 

. has its tounterpart in 

FS ]e™= 2" F[S + m]; 


for a" 
LS ere = (ga v, — 2702) /(g — 1) 
ote = a (gv, — v,)/(g — 1) 
: = an(g"o— v)/(g— 1) 
= a™[3-+ m]v; 


therefore 
i . [9 ]'a v = a™[S + m]'v. 
` This equation holds good when r is a negative integer; for, on writing 
[S -- mfo — V,  o=[S+m]"p, 
" ers + mV = ar V; 
. on operating. with [>], we obtain 
. a(S + m] V — [S] "a"; 
so that, finally, if F(a) denotes an algebraic function of a, we have symbolically : 
| F([S])o"v = ar F([S + m])v. 

(Coronary). It will follow that if U be any function of the fein 

“A+ Ba + Oe u | 


we have 


sins" Ps 00) 
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-$ 8. 


"Before proceeding to solve any PP equations, I remark that if the 
reverse operation A^ be named g-integration, and we use the symbolism 


As) Sec) (ge), (7) 

remembering that subject to conditions of integrability 
limit Syo(x)d(gz) = fo(x)die | (8 
limit S Deda) = f Stade, 0,8) 


then the g-hypergeometric difference equation will have a solution | 
i | : 


Que — gu — quc) aq) 
0 : 

reducing in the limit (g—»1) to 

f uf 7(1— uyr7?71(1— ux) ‘du 


Similarly, for the g-series 


Fale] lb] LJe]; 2) 


and equation 


| of} +] + 81 + 7]y— [IE HI OD e ty=0, 
we hàve an dd 
Sv — qui 97 — guy — gu) "i qua(qo) 


Of course (1— qu)" denotes the g-binomial product 


De pe gly. 


84 
^g- Finite Integration. 
It is well-known (Bromwich, “ Theoty of Infinite Series, ”. pp. 418—419) 
e ro limit i — 9/0) + af) + PP e 


. Consider 
Au = a) 
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which is | 
+ 1 
z B]u= 90), 


egre (En 


20 SOD te ++... tar) + O, 
SAGE) = 06 — HEE) + QB) + LO) ++ (0) 


C will be in general any function of multiplicative periodicity q. Such a 
function, for example, as 


4 





| log x 
exp (i loo 2) 
If in | (9) we expand (1 —q)/(1— 9?) in powers of à, using Bernoulli's coefficients, 
we find 


x 


Seia = = GE) eee 4 gieg 


+09) D1) ee], 10) 


Now limit = = 1, so sts in this form we see in detail how 





q=1 | 
f Plajda = limit DE Qn 
| § 5. 
| Solutions of Equations in Series. 
Since bas 
zd d ge ek ie 
Paes qi gh == 2 Gi = [a + n]er, 
F [3 + «][5 + Aa [n + a][n + 8]z^ 
and i 
gha” bga gilea 
[>+ eas q—1 
dq q^ l ge — " 
| SEES logs. = [a + n]a" d 


[3 + « [9 + B]e" log « = [a + n][8 + n]z^ log x + Ag^*"[8 fae 
tagata —— (a=slogg/(g—1)), (13) 
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it is obvious that if we substitute the series 

| E Aga? + Act + Aat + 

for y in the equation 

[> + «][9 + Bly — [S] +7— y=0 0, 

we obtain an indicial equation 
| [oe +y —1] 0 

with two principal roots 0 —0,1— y, and the usual infinity of roots involving 

the logarithm. Taking 


PAPA ET EU IC Er ep: {8 





n+ 6]. [i +6). DIE 2 
we find for the root 06 = 0, the solution 
Fé(Ho][2]Uy]; +), | = 


and for the root 0 = 1 — y a particular solution 


z^ F([a—y + [8 —y + 1] [2 — y]; 2) 
In case 1—y be a positive integer, say p, we substitute for y the series 


YA. + B, log sjat. 
M r=0 
Now if TI,[m] denote the q-Tl function analogous to Gauss’ II function, 


IL[m]— [m][m—1]. |... 


(df Z log IL([m])* be denoted Pn, we have 


mS d 
v. — À Im] + Inn 
where à = log g/(g— 1). The substitution of 
S'(A4, + B.loga)s* in e[a-- $][f + Sy — 18 — z]y = 0 
gives an indicial equation [0][0 — p] — 0; and if ` is to be a solution, 


oo 


Ša La + 0 + [B +64 reti — A0 + 7][0 —p + rje, 
O Blato + r][B + 0+ rja loge — - B,[0 + r][0— p + rje, 
À B,[a + 0 + pjg tyt = A.B;[0 + rg alt, 
AB,[B + 0 + rjg ar AB [O— p + rar) 





* Ptoo. R. 8. Lond., Vol. LXXVI A, p. 180. 
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must vanish identical. Hence 


A,[6 + 7 + 1][0 — p+r+i] 
pod as =0,1,....,p—1), 


a Ai; = 0. s 1 
So putting 6= 0, and SUR [s] [a +1).. [a +n2—1]=[a],, we finde, 
solution à 





[alle] - "n d. 
ETAT nn + elle eri +, ) log æ 


[a tn—1] [B]. [Btn] 
PLE Grip] 


nummer ay a" | (13) 
where’ ©, = ¥[n—1+a)+¥[n—1+6]—¥[n]—¥[n—p]. We see that 
n—lte qt? n a 4 
gq 
S wu. ep EF — E 


The solution, in case 1—y be a negative integer, offers no difficulty, and in 
fact we can use a Slight modification of Frobenius’ method to obtain these forms 








of integrals. Simply substituting Seat i in the g-difference equation, choosing ` 


el and aj[n—1+8+6].. [8]. 
" Ine. fella ne Tip +0? 
make a= cr), 80 that 


| ye(3)y = COFIO — pe’, 


+ 0]. + n "m 
y= 0X n hg en. 


Two particular integrals will be given by 








The first gives a constant multiple of aP F ([« + plie + p][1 +p], x). The 
second, after making C = 1, reduces to (13), given above. In case 1—y isa 
negative integer, — p, we write c= [0 + p]C and find two particular solutions 


given by ` | 
| TE 
Uli { ag lacs 
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The first of these gives F(a] [8] [1 + p], x) z); the T gives 
A rate + 29,2) ton 









SS Aa pl Pa: nn 5C. 
+ Lyte de 7111 i (14) 


$,— 4[n—1- a— p] + Vin — 1-- — p] Un] — M[n p]. 
| 86. 
The General q- Hypergeometric Series. 
Fy Mlo] ---- [or], [Bi] [83] ---- [il e), 


Frl — Bm 1]... rm ti), c 
` [2 — 86s][£8; — gs + 1]. .[8, — B, + 1], x), 


where m — 1, 2, 3,4,....,s and pem Bm is not zero or an integer, are solutions of 
[Ss + o4,][ SF as] -. (S+a,]y — [9][9 + &i — 1] -- [S 8, —1]y=0. (15) 
8T. 


Solution of [S +k] y =F (Va TEE of x). 
We transform this equation into’ - 
| y= E 4 Lv, 
= eps Ay. 


which by (5) becomes 


Expanding [2]? in powers of E 
order (yos io P. 
y=0+ a fye da: (q > 


= E B. = ES d r—1 
20 ouo Seer Etna (uL) æT. 
The solution of D 
[5 + a ][9 + a]. - er oan] = Y na xu "aeu EON 


by resolution of the i inverse operator 194 a] - -~ - [+ ii p into partial frac- : 
tions is obvious. Now an equation , 


asp(x) + ab(ge) + ARE 
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in which V is a given function of x and the form is to be determined, is equiv- 
Rien to finding a solution of 


[S + a][3 + 8]y — Y. . 


In RER such an equation as (16), given above, corresponds to 
a, (g^z) + a, i (^72) +... ab (gz) + a (2) = 
and d can be determined provided the factors of the Aa 


en T oaa. ar + Go 
$ 8. 
Definite Integral Solutions. 


To determine a g-finite integral form satisfying the difference equations of 
the g- hypergeometric series we proceed as follows: Let 


1 — aug’) 
(1 = euo fi SE A 


A(1 — au) = — a[n](1 — qau)", 
so that, using the formula for g-part integration, we have 
i 1 m— 1 
" m-i 1— uj" = — um — uy? + un(1-— uw}, 
Sea — qu) ma) ST (1 — qu) 


a 
Now in case n be positive, (1— u) vanishés when w= 1, 80 that we have 


u"7(1 zo — "m m qu), 
S oT S. 


which serves to dicate a function B,([m], [n]) corresponding to Euler’s Beta 
Function. If we expand (1—.qu)" as 


1— [n—1]qu + a p+.. | .+(—1} [esed gr Dur +. INS 


and take the g-integral: 
; 1 
ve — [n —1]gu + ...- Hd(gu) 


0 
term by term, we get 


cius "Eph eseguite 
Im pat ee nE Tel gp FAET en...) 


are known. 


we note that 
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PEN mE [m n4 r] 
SR] 
_ < [m+n+r] | | 
7  Umtmt]. A 
T (m)T (n) 


=T „(m Ton) 
where T', (m) is the basic or g-gamma function* whose difference equation is 
= Tín + 1) = [n]T (n). 
The above is a special case (for o — 1 — n, 8 =m, y =m + 1) of the well- 
, known g-hypergeometric series - Eo 











| E. F E] [8] lern, 
the sum of which is P. art) 
hy — & — $ 
RU Le s 


If now we consider 
i 


Set nyag *au) "d(qu) 


and integrate after replacing (1— gu) by its expansion 


Yu [a]x + [a]fa + 1] 0) 


[2] ! 
we find that this peoi is - | 
MOD - P pags, an) | 


provided B and y = B are both positive. 
| RT the double g-integral M E 


S $ a qut uu m EE qus) "dq 


if we expand (1 — g*uv)™ and interit ‘term by term the series which is abso- 
lutely convergent if |g|< 1, becomes 
1 


Seo ern toin FA DI dg) . Q5) 





* Proc. E. 8. Lond., Vol. LXXVI A, p. 180. 
42 
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. Replacing Fj([w][y][s], ux) .by the infinite series and taking the ER 
term by term, we have for tbe general term 





| EE e — 7) Ser 2 e rafu (1 — qu)'-*7d(qu), 


TAB + PE —8) yy 
T (ò + 7) 





so that (18) 





= e EA E =D pu Ll 
provided 8, à —8, Y, e — y be s positive quantities. 
$9. 
In conclusion, it may be of interest to note that 
[> + n][$ — n]y + zy — 0 
is the g-equation satisfied by a function 


€ 





Jug, 2) = [2] aT E a 2] rs + 2j T (3j [4][2n + EET L4] C + 
In case n be not a positive cs [2][4] . [3n] TRY be replaced by a suitable 
q-gamma function. r , 


[$ + m+ n][S + m —n][3 — m-En][$ —m En + [33] [23 — 2]2?y = 0 
‘is the equation satisfied by 
; aa 
Jaq, 2) X AC *) 


T > = Lam + $n + ar}! 
= 2 CN Tam F m F Br] F orp 2n F Belfer] 





gem mintar. 


The theory of these functions, apart from the g- -difference equations which they 
satisfy, has been discussed (Proc. L. M. 8, Ser. 2, Vol. II, Part III; Vol. IIT, 
Part I). 

We note that ~ 


{2m} | = [2][4] .. [2m] and A gs ic 1} MM 


$: 


On the Relation between the | Sum-Formulas of 
\. Hölder and Cesäro. 


Br Warzen B. Fog». 


L. "Introduction. 


1. If l mM 
yf ty th + setn Heo (1) 


‘be a series (convergent or divergent) such that for some positive integral value 
of r the expression 425, S% / D$? exists and has the value J, where it is understood . 


that 
SD =, bac HE, s Dew HN, 


ay mue dr tty bs d n, (2) 
JE EHE te) MS | 
n 7 N : , 








then the series is said to be summable for the given value of r in Cesàro’s sense, 
_ and to have the sum .* The same series is said to be summable for a given 
value of r in Hólder's gense, and to have the sum / when X anms where 
Ds, and 


DET HH), (3) 


it being understood that 8, has the meaning already indicated. 

In the following paper it is proposed to study the relation between the 
sums of (1) as. given by the two preceding formulas. In this connection we 
shall establish the following theorem, showing that the formulas are coextensive 
in applicability and in their rentag sums. , 

THEOREM. Jf the series (1) is summable for a € value of r by Holder's 
formula, it is summable for this value of. r by Cesturo’s formula, and the two sums 


aIt may be remarked that the value of the limit lis the same for all values of r for “tien it exists, 
. Cf. Bromwich, Infinite Series (1908), $8122, 128. 
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- are identical. Conversely, if the series (1) is summable for a given value of r by 
: Cesàro’s formula, it is summable for this value id r by Hölder’s formula, and. the 
two sums are identical.* . 


' | IL. Réduction of the Problem. 


2. We shall first consider the existence of the above theorem when the 


“expressions a), aD, eR, ...,,8, instead of being defined by (3), are defined by 
the following analogous syetém of relations: 





Pan = 


+ z (79 + of H.i H of). - (4 


To do this ‘itis desirable for our purpose to at once determine the n 
coefficients a (n, r), a, (n, r), ay (n, r), ....,a(n, 7) (each being a function of both 
n and r) such that for all values (positive integral) of n and r we shall have 

SY = adn, r) of + a(n, r) es +... a(n, 7) af. ^^ (6) 

Assuming for the moment the existence of such coefficients, let us suppose 

n to have some fixed value. . From ( 2) we have p 
$9 E UE (ntr + ieg — (n +7) fh, 
80 y that (5) may be writtén in the form es 

S (o (n +r + Lan, r) eft? + (n+r)[a,(n, 7) — a(n, n) stb 
+ (a + r= Dans 7) — an, D] 32 + 

(Ds) amo. () 


gr = = So + So, + ue a Sp 


{ 


Moreover, since 








*In his Dissertation entitled «Grenzwerte von Reihen bel der Annüherung an die Konvergenzgrenze " 
(1907), Knopp establishes the following result: If a serien (1) is summable for a specified value of r by Höl- 
der's formula, it is summable for the same value of r by Cesäro’s formula (l. c., pp. 20, 21). By use of certain 
established results relative to the limiting values approached by a function defined by a power series at points 

‘on the circle of convergence, Knopp then remarks that the two sums {must be identical. The present paper j 

may be considered to supplement these results of Knopp in two respects: (a) It establishes the equality of 
‚the last-mentioned sums without making use of extraneous theorems on, power series, thus affording a new: 
, and independent proof of Hélder’s original theorem (Math. Annalen, Vol. XX (1882), p. 685); and (b) it con- 


* siders the converse theorem. 


The method which we employ was suggested by the above-mentioned Investigations of Knopp. A 
different form of proof-has recently been given by Schnee (Math. Annalen, Vol. LXVII (1908), pp. 110-185), the 
latter appearing shortly after the present paper had been finished and submitted for publication. While 
Schneo’s proof thus ‘haa priority, 1t is believed that the importance of the theorem, especially in its bearing 
' upon tha theory of summable divergent series, justifies the publication of a second proof. The paper has, 
however, been considerably condensed owlng to the above circumstance, ‘ ] ` 
References to the literature of the subject may be found in the above-mentioned paper of Schnee.. . 
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we obtain by use of (6) the following relation: | . 
S£? = (n + r + 1)a(n, r)et*? + (n + 7) [a.(n, r) — adn, r) > 
2070 cR a(n —1, rst! + (n +r — 1) [an 7) — a. (n, r) 
+ a(n — 1,7) — a(n — 1, 7) + a(n — 2, 7)] +. 
+ e + 1) [a,(n, r)— aya(n, 7) + an(n — 1, r) — ne 1,7) 
Ted ext, r) — a(1, r) + a«(0, 7] at, (7) 
. From (5) and (7) it appears that the coefficients a(n, r) a(n, r), ....,a{n,r) 
must satisfy the following system of equations : l 


an(n, r 4- 1) zz (n 4- r — m +1) [a,(n, r) — an(n, r) + a4 (n — 1,0) 


ana 1,7) 4... arm 4-1, 7) | 
+ adn —m,r)]; (m-0,1,2,3,....,n). (8). 
Since SO = (n + 1)s®, as results from (2) and (4), it follows that 
an, 1) zn +1, a(n, 1)= a(n, 1)z....— a(n, 1) = 0. | 
If we start with these values (corresponding to r = 1), we may now compute by 
means of (8) the values of a(n, r), a(n, r), ....,a,(n, 7) for any given value of r. 
Thus we obtain in the first place E | 
an, 7) = (n + nn +7 — 1)... (n +1); 075 (8 


‘and when r22 (1<m<n),* 
r—1 (m 1 
as (n, exc 1)? TEST (m — nam + n) | 
(n—m+r-1).: e(n— mgr» (10) 


where o,(r), cr), .- PR are functions of r only determined by means of 
the relations 





eir) eden. ee dt 
Gr) = u) + 20,(3) 3 801(4)+ ....(r— 2)o,(r — 1) 
2 mir DE e Hate) 
a(r) = = 6,(3) à 20,(4) + 30,(5)+ +(r — 3)o,(r — 1) (11) 
= =at- " + (r — 3)o,(r —1): 
oun) m oar — 1) = 1. 





|: *Inthe condensation of the present paper already referred to, the netunl demonstration by mathematical 
induction has been omitted. ` : 


tS 


À 
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Similarly, it is desirable to at once determine the set of coefficients a,(n, r), 
a(n, T), ....,a(n, r) for which the following equation is satisfied for all (positive 
integral) ee of n and r, it being understood that SP aP, ....,8 are deter- | 
mined by (4): 


Wan ay SOA an o) so, Hess ann, 7) SP. - (12) 
Since SP = St) — Soit relation (12) may be written in thé form 
85) = a(n, 7) ST + [a,(n, 7) — our, r)] iod + [a,(n, 7) —ay(n, 7)] Sp 
. m ` : Tec [o4 (n, r) = an(n, r)] Sp. 
Moreover, from (4) we have 
oe) = pred = -E i ra + aff), +....+ ep]. 
Thus : l 
ae Hi = - 14 aln, r)S(*? + [ay(n, r) — a(n, 7) + a (n — 1 , TS D 
+ [a,(n, r)—a,(n, r) ea i “oe r)+ € pst 
+ à PES 
ia bo = An de r) E an(n — 1 EN E 1 Án 
decal, r) — ag(1, 7) + &o(0, 718 p». | 
The coefficients a(n, r), a(n, 7), ...., &(n,7) must therefore satisfy the 
following ayain of equations: > — : 


O(n, r + 1)= = TII [o.(n, r)— iai r) + Om—(n — 1, T) 


— Gs a(n— 1, r) +. b a(n —m +1, 7 anm r)]; 
(m='0,1,2,3,....,n). (18). 


Now we know in particular that s nn . Whence, a(n, 1) = YU 
' a(n, 1) = a(n, 1) = = an(n, 1)= 0, and, starting with these values (ċorre- 
; sponding to r= jos we may compute: by means of (18) the values of a(n, r), 
as(n, T), ...., an(n, 7). : 
Thus v we obtain 


: ax(n, P XO Y | | (14) 


and hen r>2 (1 £m£n) 








1 - © = 
a, (n, T) = (n+r)(n-+r—1)....(n—m+]) 2,0) Pain m, r),. (15) 
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where P,(n,m,r)=1 and P,(n,m,r) (1Sg<Sm) represents the sum of the _ 
products of the factors (n + r — 1), (n +r— 2), ...., (2 +r— m + 1) taken g 


at a time, and where sfr), Ta(r), .. .., 7, ,(r) are functions of r only determined 
by the following relations: , | | 
tr) =14+24+84....4(r—1=4(r—1) + (r — 1), 


ar) = Eu + 37,(3) + 47,(4) +... + (r—1}n(r —1) 
=H) + De 
tr) > = 37,(3) + 4v,(4) i bv, (5) +. temir) . (16) 
= ar 9 + v — ER 1), 


T(t) = t e ear = n= = e = ij 


,(r) = Tru(7) = 72 (7) = Tr = Talr) = me 0. 
It may be observed at this 2 that if we place 
| So i 





; Pas De «(n +1)’ 
we shall bave, as a result of (12), (14) and (15), “4 
a = TP Bln DTE e + Bal IEP, A. (17) 
"where: i de ; 
: P 
Bala, 7) = “FMW HF D).. T hae + ce m—o(M, m, v); 
(1<m<n), (18) 
the expressions Pn, m, ij and ¢,(r) being ‘those indicated above: 
In view of these results we may now state the original problem of §1 as 
follows, at least when the u sf”, af, ....,8 are defined by (4): 


(a) Given 





Sp = Y an, T od 
mal . 


mee a(n, 7) (0€ m Sn) is determined by (9) and (10). To show that if 
— gm s = 1 then m S00/D(? — L. This last equation may also be written in the 
form 22 S?/n'—l[r! since ` ; 

sn rl So 

Dy = (n + in t ay pu +r)' 





(b) Given 
= > Fal, 2, US 
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where Bon, j= = 1 and Bnn, r) (1Sm&n) is Jelerminei by` a To show 
that if lim Tm =1 then. umm et 


TI. Ausiliarg Theorems on Limits. E 


3. In order to prove statements (a) and (b) of. J 2 we shall make use of the 
following general theorem in the theory of limits : | 


(OL Let &, Ce, Cp, - +++, 0, be a sequence of gant (real or complex) such 


that Uc, =g, and let bn), a(n), b(n), -+ <., b,(n) be a set of n noas ofn 
each of which is: positive’when n is positive, and such that, 


um biln) + Be) + bim) +--+ Bm | 
EM EA E Em m = constant 20. 
Um B,(n)c, + b,(n)e, + b,(n)eg + HER + b(n)e, = 
eben) + in) + bin) ++ bln) 
In fact, we shall have under the above hypotheses c, = g + bine 0; 
go that, having chosen an arbitrarily small positive constant e, we may detér- i 


mine a value m such that for all n > m we may write the following relations, in. 
which for brevity we place b(n) = b,, b(n) = h , ete: 


be + bste +... + buts 
dh +8 +. +8, 9 


~ Then 























[padhat wees +8nCm—J bitbit.. et Tu Ds F Eme bmt et : : +25, 

E mE | b, + be F ; P 

[rat hes +; Eats = gl V Pat E ets: uos 
: ++... + m | Ch Th c. 








br 5. E bit bs t.e ton 
Ope en) 
where € is the AND of the quantities |c,]; |o], :... ‚|Cm|- ‘Thus the truth 
of (I) becomes evident. ` ‘ | ee 
We add that in case the functions b,(n), y(n), ..++,6,(n) are not assumed to’ 
be positive, we obtain in like | manner the following result: 
(II) Let ci, Ca, Cs, ...:,0, be a sequence of quantities (real or complex) 
such that $ c, — g and let ln), b(n), ....,b,(n) be a set of n functions of n 
satisfying the following two conditions: i M. 
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lim | By(n) | + Ibn ) T. ETT NM 
AT b(n) + b(n) + : + 6 n (n) , : 
| Bmar() [+ Ib. (n) e: + | ban) | _ x; {X = constant independent of n, 
den) + Bin) +. + b,(n)| € n D> m = constant. ' 
Then 


m — constant > 0, 





lim bi(n)e + ba(n)ca +: + bn). _ 
me b(n) + b(n) +. = Xn) — 


IV. Proof of Theorem. 


4. We turn now to the m of statement (a) of § 2. 
From (IT) it follows that if m s =7 we may write 











Saal, 7) , 
nes UR =I, (19) 
Dan(, 7) | 
t fii] 
provided we can show that 
D len) —— 
um mcn-mid 0; m= constant independent of n, (20) 
> ay (n, r) ` | | 
mal 
À a, 7) x. [E= constant independent of, 3 m 
n <A; n > ny = constant, - gH) 
Te] ` 


From (5) and (9) the relation (19) i is seen to be eiui vili to the following: 
EY CSS — (n + )( +r—1).. + 16] = LE Um De (n, r). 


Thus, statement (a) will follow if we can establish (20) and (21) together with ` 
mig relation . 
"TS = i . (22): 
, mal. ' 
Now, from,(10) we see that when n = œ the numerator a (20) becomes 
infinite like »'-?, it being the sum of m, terms each of which has this same 
43 
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, property. However, the denominator of (20) becomes infinite like n° when 
n= œ. To see this we note that from (10) we have 


Sent à = STD en: Diei m +) 


Ziji l 
(g— i) JE e ane eer ee 


wae 


wC y, )« — k)! > 2 
37 mE yi a N) (k-4-r—1) 
| (E4r—2)....(k--g). (23) 


Moreover, we may write 
IU o. 
(n —k—g +1)! 


= E in [P ktg E+ g). reg P+) + HO}, 


= (n — Bn — 1). (n — h— g-3) 





where 6,(4) is of degree p — 1 in h. The second member of (23) may therefore 
be put into the form 


ne ander 1) (b+r—2).. 
00 Gg—p t2) + +08) 
2 (—1)n"?* -[(n-ctr(ndr—1).-- (nt g—p 1) 
=- Ses Qe p)!(p—1)! it ET 
+ 4.0) 


where sj, (n) is of degree p in n. Thus, it not only appears that the denominator 
of (20) becomes infinite like n” when n= œ, but that the coefficient of n" in 
the same expression is 











— 1)P+! 


S- Yu, (g— p)! pis 1)! (r—g Fp) =% nt. 


Equation (22) may therefore be replaced by the following : 





1 
rl^ 


1 Da (9e D= 





(24) . 


_ From the above ons it appears that equation (20) is satisfied; also 
equation (21), since the same reasoning shows directly that both the numerator 
and denominator of (21) become infinite like n” when n= œ. It remains then 
but to establish (24). ` 
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“Tf we BRA the first member of (24) by 
the form 


using for this purpose 


1 
TEES 
FM I n | 
ri Cr+I tex 
and subsequently writing 

(r—9! _ 





(r Fiyi =pl- st 1)! —(r— 9) (r — 9) 1], 
“we obtain 
il o jc Uer Ig M 
E iL (4) 
Fer 


which, by: use of M becomes 


E *Xc 1yo,(r + je, 


But this is the expression obtained Pon the first member of (24) by replacing r 
by r + 1, and since (24) is at once verifiable for r= 2, it follows that it is true 
for r=r. Hence, statement (a) becomes established. 
We proceed to establish in an analogous manner statement (b). Since the 
: coefficients B, (n, 7) (0 € m Xn) are all positive, we may ey employ in 
this case the result (I) of $3. 
Thus, we know that if m 7 =l then 


Sant n, Tin 


je mi = (25) 





provided that | 
25 Bata. ues 





jm men-m = 0; m; = constant independent of n 
Bm(n, r) \ D | | 
mal : 


But equation (25) is equivalent to . | 


) 


2m [s — Tg] = p 1 + lim off) == 1m a SE (n, t). 
m=l ` 
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. The desired result (b) will | therefore lew if we can establish (26) ehe 
with the relation 


an Samar S og ^ (a) 


Moreover, relation (26) will follow at once as Boon as (27) is established, 
‚since it appears from (18) that the numerator of (26) vanishes when n =œ, it ` 
being the sum of m, terms each of which has this property. It therefore remains. 
but to establish (27). | 
If we now waite ts expression for 


Ženi (n, r) 
. as determined by (18) it is ey a to be of the form: 


X J (n; id Tr), 


where Ain, r) = xu 


dur and Fa, r) (25 g &r— 1) is determined by the following: 


Jin, r) = nr Yon — Ly + for — 2)+ sers T4). 
a Thus it reappears that p=» a(n, 7) = 1, so that (an) may. be replaced by 


1 VS eo) =r], 


gl ; 
This relation i is now oy established, since we have | 


Gus [ St |=: done ra] +. 
f Mes : + [r-ı(r) T rT,a(r)] + pate) 
which from (16) reduces to | 


(1 DI 1). 


i 


The theorem of $1 thus NN chien provided the expressions a, 
ai”, af, ...., e? are defined by (4). 
` 5. " remains to show that the systems (3) and (4) are equivalent in the 
sense in which we have just shown (2) and (4) to be equivalent. In order to _ 
avoid plat of notation let us suppose hereafter that the expressions 6, a, 
8, .:.., af of (3) are called YO, yg, y®, :..., yt? respectively. 


AE 
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"We proceed to determine n coefficients y(n, T), Y(n, T), --.., van, 7), each 


_a function of n and r and puch that for all oe values of sess quantities we 
shall have 


Yn = y(n, ne + r) en sia yaln, r)a. (28) 
The process by. which this may be ere out closely resembles that by 
which the coefficients a(n, 7), a(n, 7),.-+-,an(n,7) of (b) were determined, and 
we shall therefore merely indicate the essential steps. 
From the relations 


a = (n + 1) of? — natty, . i 
ril — (n e j r) (29) 
i =r Fr ribi Ty. Piece) 

in a wath (28), we find that 


qun + D = LE v) — ya-in, 7) + yon — 1, 7) 
— Yan — 1, T) +. — y(n — m + 3,7) + yon — m, Ns ; 
RS (m — 0, 1,2, A n) (30) 


n +1 
n +2 Thus 


ny 
yd, ne n 4- 2) oe 8).. ..(n 4r) 


Moreover, since we have in like manner yı(n,2)=0, while y(n,r) as just 
determined is such that, y (n, r) — y(n — 1, 7) vanishes like 1/5? when n= œ, 
it follows from (30) that when n= œ the coefficient yıfn, 7) vanishes like 1/n*. 
Bimilarly, we find that y,(n,7) has the same property. More generally, it 
appears that when n= œ the coefficient Yn(n, r) (1 SmSn) vanishes to as high | 
an order as that of the expression' A 


—m+1 , | 
n ee Ga) G+ 2484....4m), 


Now, we have by inspection ß,(n, 2) = 





the order of which is the same as that of T In other words, 
2 ur 
jim 7 et 7) — constant (0 inol.); (1S mEn). 
When „us? =! we may therefore write | | 


i. (n, r) ef Pu = 0, 
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and hence S ET ; 

| M gp da Gin, E "s 
In order to establish the converse of this result, we proceed to determine 

the coefficients b(n, r) for which the following relation is satisfied : 


a = &n, 7)ys + OR, r) ya b eee b(n, T): P. 
From the relations i 


= (nr + D — (n + ny 
) ‘ a 








eee 
we find that 
nln, 7 + 1) = Vin ^ +I mc [À,.(n, ies m(n, 7) + Min — 1,7) 
+ òin — m, r]; | wa ..,9). (31) 
be (81), together with the special ae don, 2) = "n , O(n, 2) 
sn, 2) =... = = (n 2) = 0, enable us to show as in the preceding case that 


if {= 8@ = 7 then Uy — 7, thus completing the proof of the theorem of §1. 
ANN ARBOR, August, 1909. 
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Sur wn Exemple de Fonction Analytique Partout 
Continue. 


Par D. POMPEI. 


J'ai démontré, par un exemple (Comptes Rendus, 28 novembre, 1904), l’exis- 
tence des fonctions analytiques partout continues. 

Voici cet exemple, sous sa forme la plus.simple: 

Considérons, dans la plan de la variable, complexe v, un ensemble Æ: 
borné, parfait, partout discontinu et d'aire partout non nulle. Désignons les 
points de cet ensemble par 4 et par les autres points du plan. La lettre u 
désignera donc les points du plan lorsqu'il n'y aura pas lieu de distinguer si ces 
points sont des ¢ ou des z. | | 

Cela posé, définissons une fonction $ par les conditions suivantes: 


e(-1 PM 


Maintenant la fonction dont il est question est définie par l’intégrale double 


| (au sens de M. Lebesgue) 





étendue à une région (R), du plan, contenant tous les points ¢ de l'ensemble Æ. 
Par do je désigne l'élément d'aire au point u. 

En chaque point du plan l'intégrale double nous donne une valeur bien 
déterminée de F. | 

La fonction F, ainsi définie, est continue dans tout le plan, donc continue 
aussi sur l'ensemble Æ des points singuliers. | 

On sait que jusqu’à présent tous les exemples de fonctions analytiques 
connus présentaient cette particularité que les points singuliers étaient, en même 
temps, des points de discontinuité. Le question s'est posé alors de décider si 
c'était là un fait essentiel tenant à la nature méme des fonctions analytiques ou 
un pur hasard. En d'autres termes: une fonction analytique uniforme peut-elle 


‘être continue sur l'ensemble de ses points singuliers? 
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C’est pour répondre par l'affirmative à cette question que j'ai construit 
l'exemple rappelé ci-dessus. = j 

' Mais la fonction F a été considérée souvent comme non concluante, notam- 
ment parce qu’elle est identiquement nulle si l’aire de Æ est nulle. 

Dans ces conditions M. Denjoy a cru utile de montrer, dans une Note des 
Comptes Rendus (3 mai, 1909), que la fonction F est un exémple probant. 
M. Denjoy précise certaines questions, pour. lesquelles je m'étais rapporté à la 
théorie du potentiel logarithmique, et en particulier la question de la continuité 
de F en tous les points du plan. 

Mais Pinégalité donnée, à cet effet, par M. Denjoy n’est pas assez S 
C’est pourquoi je me suis ropo de reprendre la question de la continuité de’ F 
et de rectifier, à cette occasion, une affirmation de M. Denjoy relative à la dérivée 
F' de F.. js x i 

. Je tiens, d’ailleurs, à reconnaître la rigueur et l'élégance avec c lesquelles 
M. Denjoy met en évidence les autres propriétés de la fonction F. Ainsi il 
démontre que la fonction F n’est: pas identiquement nülle et. ‘qu’elle admet tous ` 
.les points ¢ comme DR singuliers. - | | 


2l Continuité de la fonction F. 
. , Pour démontrer que la fonction F (u) est partout continue on doit chercher 
une limite supérieure de la différence c | 
| a |F (w) — F(w)|, 


w et u" étant deux points quelconques dans le plan de la variable Somploze u. 
M. Denjoy trouve, aux notations près, l g 


FW F(u) <k | — -wl log Pur DE 2 


* étant une constante indépendante de w et w'". Mais on voit bien que cette - 


_inégalité ne peut pas avoir lieu quels que soient les points w et u". 
Je me propose de montrer que la fonction F (u) satisfait, dans tout le plan, 
à la condition de Lipschitz : 


. |F(u) — F(w^)| <k |w — v, 
k étant une constante indépendante de W et w. 
On a 





eve yt | (3) | 


(B) 


F (w) — F(u") = (wW — w) pe 


‚I 


2 
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“en désignant Bao par (B) u une région du plan contenant tous les points Z de’ 


l'ensemble F, 

Tout se réduit done à la recherche d'une limite eas. pour le module 
de l'intégrale du second membre. 

Pour cela je partage le plan tout entier en deux moitiés par une droite (D) 
perpendiculaire sur le segment wu”. et passant par le milieu ie F a de ce 
segment. í 

Maintenant j'observe que 


t 


CET |< Fer 








Jm u — u (R) 
en posant : - 
r ajocat, | ' 
p! = |u — u”|. i 


8 la droite (D) partage la Ras (R) en deux parties* on aura 


a» 7 77 is Lt E. 


en ‘désignant par (2’) la partie de ( (R) qui contient le point et par (E) la partie 
de la région (R) qui contient le poins u". 


Pour calculer 


r=; wer do. 
"nous matine V'origine des coordonnées polaires au point w. Alors . 
| do = 7 . d0 .dr' 
. et l'intégrale J’ devient Sin 4 
2 © P=f $ arap. 
Q^) 


Intégrons bo par rapport à 7’ en laissant 6 Saut On aura 


r= x de [3 $ dr, 
p étant une certaine fonction de #, G de la forme du périmètre de (E). 
Mais , 
i | "dr 
| [3 fans <S p 


© *On peut évidemment supposer que le périmètre de la région (A) est une courbe convexe. 
44 Tu l 





\ 
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puisque &, d’après sa définition, est nul en chaque pout u=e, et égal à un en 


chaque point u=% - 
Appliquons maintenant à l'intégrale du second membre le théorème de la 
.moyenne: il viendra 


g” 


[Z= Era 
0 


en désignant par p” la moyenne des Ea de 7” lorsque r varie de 0 à 9’, 


x 


l'angle # gardant. la même valeur. 


Mais, comme on a, dans la région (Æ”), 


r<r 

et seulement pour les points u de la droite (D): 
vr, 

on conclut - . ; | 4 
A <1 

| p 
ou encore - | 
| 0<a(f)S1 


u d’où 


aof a(0). d < 2m. 


Le même Ber 8 "applique à l'intégrale 





l= f 2 do 
(RIN T p 
et l'on trouve | 
: I" < 27 
d’où, pour 
= $ 
E Í (u — wu) (u — u") e 
|I] < 4m. 


Alors l'égalité (2) nous donne 
IF) — F(u')| < 4m |w — -w. (3) 


C'est done cette formule précise qui doit remplacer l'inégalité (1) de 
M. Denjoy. 


m 


4>. 
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82. La dérivée de F est bornée. 


Dans une autre Note des Comptes Rendus (9 août, 1909) M. Denjoy traitant 
des fonctions F(u) partout continues, et précisément du cas où la dérivée Æ” (u) 
est bornée, ajoute: ‘Cas dont on n’a pas jusqu'ici formé d'exemple." 

M. Denjoy pense done que la dérivée F” de la fonction F, du & précédent, 
n'est pas bornée.: C'est, en effet, ce qui semblerait résulter de l'inégalité (1) de 
M. Denjoy. Mais nous venons de voir que cette inégalité peut être précisée et : 
remplacée par l'inégalité (3) de laquelle il résulte évidemment que la dérivée 7" 
est bornée. 

C’est done le contraire de l’affirmation de M. Denjoy qui est vrai: on n’a 
pas encore formé d'exemple d'une fonction F(u), partout continue, ayant la 
dérivée non bornée. 


§3. Auires propriétés de F. 
J’ai déjà dit que M. Denjoy s’est occupé, en dehors de la continuité, d’autres 
propriétés de la fonction F. Je me propose de chercher une limite supérieure 


du module de F(u), quel que soit u, dans le plan. | 
On a, par définition, 


A oa 
F(u) = Sf. ecu do. 


Mais F étant, en dehors de l'ensemble E, holomorphe et nulle à l'infini le 
maximum de |F| correspond à un point de E. Nous sommes done amenés À 
étudier les valeur de || pour les points ¢ de Æ. 

Prenons done un point © et cherchons une limite supérieure de | F(ÿ)|. 
On a 


FO) = f, ghz do 
d’où 
POIL [2a 


u] =r. 


Prenons comme région (R) un cercle, ayant le point { comme centre, con- 
tenant dans son intérieur tout E et contenant sur sa circonférence au moins un 
point de Æ. Ce cercle est unique et bien déterminé: soit p son rayon. 


en posant 
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Mettons Vorigine des COOAORRÉSS au centré Ÿ de (R) et prenons des coor- 


données, Dr - Alors 
d cu ere 

d'oà ME 7 2 

E Of 2 do=f .dr.a6. 
1e l I: ° Ja? BW l 
J’augmente cette intégrale en prenant, partout dans le cercle (R), 9 =1. 
Donc | | un 
$ : an : p 

F ad dr. 
| irr ff ae f dr 

` Ou, enfin, `» 


[PO] < aap. 


i] 


Mais en variant le point Ÿ pris comme centre de (R), la plus grande valeur . 


que peut prendre p c’est à, diamètre (Jordan: I, 28) de l'ensemble Æ. 
Donc Von & 
| MPO] an ò 
quel que soit le point u, dans le plan. 

Umvznsrrá DE JABBSY (ROUMANIE), Décembre, 1909. 
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‘Symmetric. Binary Forms and 3avolutious. — Continued. 


Br ARTHUR B. Costa. 


§ 11. Introduction. 

. This paper is a continuation of two others under the same title in this 
Journal.* The numbering of paragraphs and theorems follows that of the 
earlier papers. | 

As a preliminary to the study of the symmetric form H, some facts and 
formulae which refer to the forms H; and H,, are necessary. 
The binary cubic 


(ay = — [at sala ta, + 3,01 23 — atf] 
will be represented by a point X in a space S,, and the binary cubic, (ax), 


‚similarly one will be represented by a plane U if we write 


X= , AL, = — 8aha,, Ay = 3 adi, a 
U, = U—ada, ^  U,—ad, B= 


Evidently point X and plane U determined bj the same e cubic are point 
and null-plane in the null-system set up by a cubic norm-curve, Mg, in Sj. 

The condition that the four points, Xa, X, X@, Xw, or the four planes, 
Uy, Ug, Ug, Uw, which represent the cubics, (ax), (ba, (ex), (dx)®, shall, 
respectively, lie in a plane, or lie on a point, is that the four cubics be linearly 
related. The condition that plane U given by (aa and point X given by (bay! 
be incident is that the cubics be apolar. The formulae of transition are | 


(101) (Xp Xp Zo Xu) = 9 (ab) (ac) (ad) (be) (bd)(cd), 
(Uy. Up Ug, Uw) = (ab) (ac) (ad) (bo) (bd) (cd), . 
ils = Ge 
* Vol. XXXI, p. 188 and p. 855. 


+ In writing the binary form which €— à to (7X) we , shall, as a matter of convention, isai put 
first in the apolarity condition the cubic which corresponds to U. . 


— 


V 
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. The symmetric form 
) Hs = (a a)? (as as)? | 

is represented by a quadric. The point pair, (a z)*, (5a)*, is apolar to the quadric 

if (aa) (a, b — 0. The three values of x, determined by H, when a, is given 


are the parameters on N, of the three points in. which the polar plane of the - 


point, cj, on N, asto the quadric meets N;. 

From (15) and (16) or directly from (101) we find the binary comitants of 
the form H,, which correspond to the quaternary comitants (polarized) of the 
quadric. The formulae are, \ 

(102) A y = ay ay = = (a, ay (a a) a (aa) (as as) = uar 

(aa a" u) (a.a! a^ v) = (a àj) (a, al^) (a1 ai") (as a4) (as 04") (a4 af!) 
mE (a #4) (212) (0123) (as) (a) (o 23) 
. = (ay RS (as T)’, 
(a a! a! at = ne (a, a) (ag az) 
= (aal). . (af! af!) (aga)... (a a", 


NN, = (21%) . (ax) (a 29) | 
be the œ? quadrics which contain M. A member of the system is singled out 
by the quadratic, (a x}, which determines the two. tangent lines of N, which also 
lie on the quadric. 

The apolarity of the quadrio HM, 3 in dre with all the quadrics con- 
taining M, d.e, ; 


Also let : 


(ada a" NY = (u) (a2) (a3) = 0, 
has been found i in (23) to be the condition that the form H, s determine an invo- 
lution 7,3. If this condition is satisfied and, at the same time, (a a'a! a = 0, 
then H, s in planes is the square of the double point of H, s, and this double 
point must lie-on Ng. The parameter of the double point is the sixfold root of 


(amy (ax) — 0. The I, consists of an Z,, and a neutral point, the double 


point itself. In fact the quadric cone H, and the quadric cone which projects 
N, from the double point of H, a are eut by any plane in apolar conics in the 


. involution relation of § 6. 


If Hs is a pair of planes, the condition, (aa! o N P=0, is satiated: but 
it is clear that H, , will have the involution property only when the axis of the 
planes cuts N, twice. The /,, is then made up of two points, each neutral, 
whose parameters are determined by. the axis, and an hi. 


~ 
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812. The Form H,,-as a Oubic Surface. 
Writing as usual l | 


H, s = (a 2) (ae 2)? (as 2) = = (ai a) (as ta)" (ol ay) m.s, 
we recall the representations of B. as a parametric spread and an apolarity 
spread with respect to Nj. 

If a, c, % satisfy the relation’ H, , =0, the planes of N, with these 
parameters meet in a point X of the parametric spread which is manifestly 
a general cubic surface, Dj. If 2,,...., a, are an involutive set of H,,, the 
corresponding five planes of N, form “an inscribed 5-plane of I'y” (§ 3). 

If a, £a, % satisfy the relation, HM, = 0, the points of N, with these 
parameters form an apolar triad of the apolarity spread which is also a general 
cubic surface, ©. The point X which represents the cubic (aœ) = (a/z)* (a' x)? 
lies on G if (ma) (asa P (a = 0. If m, ...., £ are an involutive set of H, s, 
the corresponding five points of N; form “an tonte 5-point or Aj; of Gy" (8 3 

From (23) the identical vanishing of the form l 


(103) (ax) (aga)? (as x) (a, 3) (ay) (as y) = Co ga — 39193 Ya + TA 


where the symbols a are defined in (102), is the condition that H, s be an J, 3. 
This gives three relations, c, = 0, each of the ninth degree in æ, which must be 
identically satisfied. If C, has an A}, on N, with parameters 2,,...., æg, the 
' polar quadric of any one has the other four points as'an A} ,, whence it is apolar 
to all the quadries containing M; and for this particular æ the form (103) vanishes 
independently of'y. Hence the quintic (zæ), i= 1,2, ...., 5, is contained 
_as a factor in the three equations, c, — 0. If O, has a second A}, on N, with 
points entirely distinct from those of the first, the equations, c = i of degree 9 
must be satisfied by the parameters z,,...., 2 of the two 4$ 4s and must 
vanish identically. Thus Hy, is an Js if i it sias two distinct date sets. 
Again let a, x, be a neutral pair of H,,. Then the polar quadric of x, as to €; 
has a double point at a, and vice versa; 1. e, the point pair xı, 2, on N is a ' 
pair of corresponding points on the Hessian, H, of Cj. Each polar quadric is 
apolar to all the quadrics on Nj, whence each equation, c= 0; has the factor 
_ (ææ) (wa). If then H,; has five distinct neutral pairs, the equations, c, == 0, 
must vanish identically and H,, is an Z,,. Since the general J,, arises from 
the meets of a plane rational quintic, RP, with lines of the plane, and since the 
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neutral pairs of L s correspond to the six double points of RP, the existence of 

five neutral pairs must imply that of a sixth. Hence: 
(104) If the form H, 3 has two distinct involutive sets, or if it has m (ana à 

| feror six) neutral pairs, the form is an I, s. 

. This algebraic result can be-applied to the parametric spread, T. If Li, Le 
is a neutral pair of H, s, the planes x, and x, of N, must meer.in a line of the 
surface T. Two neutral pairs of. H, s UE: two lines of T,, necessarily 
skew. Denote by L, and M,, i= 1, 2, , 6, the two sets of six lines of a 
double six of T,. Then, if Hy is an La x has the six skew lines L; of a 
double six of I, for axes. Using the dual of the theorem that on a cubic surface 
there is a system of oo? cubic curves which cut a set of un L, twice, we find, 
corresponding to the 72 sets of L, on T3, 72 systems of œ? curves N, with a set 
of lines L, as axes. On each X, there i is a system of o? five- -planes inscribed in 
T, and in an J, 5 on Ne. These c curves N, will be called " parametric involution 
curves of T3." i 

We shall now seek to determine the I, on the involution curve M. 
Keeping in mind the connection of Z,, with RP, we shall call the parameters 
of the double points d, of R®, æu,.2, respectively, i = 1,2,...., 6; and call the 
parameter of the further meet of the line d,d, with RP, d,. The same notation 
is transferred to the parameters of the planes of N,. If a line cuts RP in five 
points, the corresponding 5-plane is inscribed in l,. The inscribed 5-planes of 


T, on N, which contain the neutral pair c4, 2%, each contain three other planes _ 


whose parameters are determined by a pencil of binary cubics, whence the pointe 
X of T, lie on a line. Since every other neutral pair is contained in some one 

cubic, this line cuts every line Z, where E x: à, and must be M;. Thus the three 
| planes of N, on any. point of M, together with the two planes of N, on L, make: 
up an inscribed 5-plane of Ty. Let M,L,, iz: b, be the meet of the lines M, 
and L,. The planes on M, L, are 2%, 2,5, dx and on M, L, are 241, Tiss doi 
i. e., the plane d,, of N, contains the line WL, UL, 

The double six Z, M, is a self-dual sane Korallen: and ‘determines, in addition . 
to the point spread on it, a cubic envelope A4. On À, of course, the lines are ` 
double lines. The other fifteen double lines are M, L, M,L, All the planes 
of N, are planes of A; two planes are on each line Z,, one (namely d,,) on each 
line. M L, M,L, and none on each line M,. If therefore the planes of A, be 
mapped on the points of a plane II in the well-known way — by coordinating 
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the six lines Z, to the six fundamental points d; of I1— the planes of N, are 
mapped on a rational quintic R9. This RP can be only a projective modification 





of RP. For the 15 lines did, cut AP in points with parameters Ty Yi Ler, 
Ws, dx which are precisely the points of R® out out by the line ddp. Hence 
the Z 4 of RP i is the same as that of Rg. Since the 7, ; of Rf? is cut out by the 
lines of II, it will be cut out on N; by the œ? cubic curves on Ag ‚which have 
the six lines M, as axes and which have, therefore, five planes i in common with 
N,. Summarizing the above, we find that: | 

(106) If two distinct b-planes of N, are inscribed in T,, or if N, has five (and 
à fortiori, six) lines L, of T ae axes, then there are œ? 5-planes of N, inscribed in Y, ' 
and lying in an Is. There are 72 systems of œ? involution curves Ns. The L à 
on N; te cut out by the system of involution curves whose axes are the six lines M, 
which form with L, a double d of Ts. “One finds thus, among the « 5 inscribed five- 
planes of Tg, 36 systems of oo f ‚each an Pange ROMA by a double six of B 

Asa corollary there a 


(106) The rational invariant system of an R® coincides with the simultaneous ` 
rational invariant system of a cubic surface (after the adjunction of the irrationality 
which separates one of the sets of six lines of a double six on the surface) and a cubic . 
éurve with the six lines as axes. ME 

This corollary differs in geometric statement, and not in essential algebraic 
significance, from that derived at once by mapping the plane of R® on à cubic 

 Burface by means of the ı six double points of RP. 


$13. The Apolariiy Cubic Surface of the Forni Ls. 


We have seen that if C; is the apolarity surface of an J,,, then the norm- 
curve N, can be defined to be a proper cubic space curve which cuts the Hessian, 
H, of €, in six pairs of corresponding points. Such cubic curves will be called 
‘apolarity involution curves” of Op. Ñ s contains six absolute constants, while 
€, contains four at most. If, for the general s, €, itself is general, it must 
have œ? involution curves. But if O, is necessarily subject to Æ conditions, it 
must have œ *** involution curves. We shall prove that ( is general by actually 
finding involution curves of the general surface. : 

Let the Sylvester pentabedron of CG be 2;,25,...., 25, where x = 0. 
Denote the five Blues æ, by Il, their en lines of N by Tl,,, and their 


45 
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~ 


ten points of intersection by IL,,; t, k, [= 1,2, . ..., 5, Take for the équations 
^. of Qand H i 








=A S LE Eo, 
The lines II,, are on. A 5: the du e are PIN points of H. "Thé polar 
quadrics as to C, of points on IL,, are cones with double points at Il,,,; inpar- 


ticular the polar quadrié of II,,, is the pair of planes m. EM Im — n 
p q ikl p p a du aa E 


which will be denoted respectively by Ge 2) and Ce un? The cae of 


polar quadric cones of points on II, have four common generators, 


J 


, eae 
These lines will be denoted by ( i de | 
Thus the plane (i s) contains the six eee en: 2)» Gin and 
x 2 ts The lines of a pair such as SO + 2, meet in a point ILa, while 
the lines of the pair ( n A = meet those of the pair E z id in the four 


. points E s A - where for example und 4 i 1 m dehotes the point with 


coordinates a, , — aa; 3). — % — (a — aa + in à Evidently there are 


. 40 points ei 2 > “sr the 8 just written being the poles of the "pince IL, of : 


the Sylvester pentahedron. 
To obtain another property of the 40 lines (as eh £2) quite useful for our 


purpose let y be & point on i, whence © H is its corresponding point and Zy,— 0, 


a? 
2G = . The pointe y and © = will lie on a line with IL, : if Ay + d e, 
1 
GJ=t k,l Henke y satisfies the relations 5 - 5 = # ; i. e., it lies on one er 


i k lU R 


the four lines ae 


M 
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Cillesting these facts, we have: - 
(107) There is a set of 40 lines each of which passes through a double point of H 
and meets H further in a pair of corresponding points. The four lines ( d a d 
the point Yl. Cones on these four lines are the polar quadrics of points on the line 


IL. isting el and (LR are skew; the lines ( $ TT. 


) meet in 


+ ++ + + + | 
Ce im are skew ; while the lines Gy i) and (£ are incident at 
the point it s E which is a pole of IL, and tn the plane & i) which ie 


a part of the polar quadric of Thimna. 


Two other groupings of points will be used. The eight poles of the plane 


t kim 
+++ 


according as the number of negative signs is even or odd. It is evident from 
the coordinates of these points that: S 


(108) The eight poles of IL, divide into two tetrahedra t, , and t, _ which with 


the tetrahedron +, = IL Iy IL Iin form a desmié system. The 16 lines of per- 
ikt i 
+++ 


IL, jamel , divide into two sets of four denoted b taq and t,_ 
y x y n4 


epection of the-system are 


We consider now the five points er 4 ar w which we denote collectively 


by (+ + + ++) and singly by Pi, ps, :---, ps. The five points are poles of 

the five planes IL. The ten lines which join them are on the ten points Il,,. 
4 k P 

(4 i The mixed polar 

planes of the points two at a time are the planes et =); We find in all 16 


The ten planes which join them are the planes 


such sets of five ‘points corresponding to the 16 symbols (+ + + + +). 
A fairly inclusive statement of the incidence relations. in our configuration 
ia this: | | 

(109) The 40 poles of the five Sylvester planes can be divided in 16 ways 
‘into sets of five points such that each set of five points and the ten planes on them, 
together with the Sylvester five planes and the ten points on them, form a Desargues 
configuration (15,, 20,). Jn each configuration ten lines are determined by the 
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Sylvester planes ; the other ten lines are found among the 40 ( M T i Each of 
_ the siateen configurations is Bay potum as to a quadric of the type | | 


d, d qood 
uad uo Pu ee, 





Writing à, symbolically as az E Sa +) We have the plane equation of 
the polar quadric of a point x, a,b, ¢, (abou = 0. If x and y are corresponding : 
| points on A, then | = mE 

| 05 ba Cn (ab eu = p.uj 
and - 
ay b,c, (abou) = a.u. 
~. Let a =a} be any quadric; it determines an “associated cubic surface," 
C, = a, b, c, (abcaP, the locus of points a whose polar quadrics are apolar, to a. 
O, contains the ten points II;,, and as a changes C, runs through the linear 
‘system of cubics on these ten points. C, meets H in a 12-ic curve, the locus of 
points which correspond to. the points of the octavic curve in which a meets H. 
Let æ be a point on H, a, and C,, and let y be its corresponding point. Then 
y lies on H, C,, anda; te, the sextic curve in which a and C, meet cuts H 
in twelve pairs of corresponding points. | 

(110) There 4s a system of œ V sentic curves, the a of quadrics a with their: 
associated cubics C, -which cut he; Hessian of a cubte surface in twelve paire of 
“corresponding points. 

If à contains a point II;;;, C. Honi the line I1,,. Ifa contains the. 
four points v;, C, contains the four lines IJ,,. Hence the plane II, which meets | 
C; in these four lines must be a part of C,. ‘The other part.of C, must be a 
. quadric which also is on the vertices v,. Thus each quadric on 7, determines 
another of this same kind. Let us consider this correspondence for the case 
1—5b. A quadric on 7; is S bytes = 0, where i, k = 1,2, 8, 4 and th. The 

Li Gy 


5 | | 
polar quadric ofæin planes is X. an Tan: This is apolar to 2 Deut 
à : Lm n=1 44 


if ap Min En = 0 4. e., fa, 5 Dora ak a in = 0. Hence the relation 
£k-l |o) TD 
"between Shure, — 0 and its ei “quadries 5 bly ax = — 0 is given by 


! bis = a$ af by, , bls = aba by, bis = 08 05 bas 
. by, = af a$ bi, 1 ba = af ag big, ba = af af by. 


H 
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^ Evidently this relation is involutory and the two nets of quadrics 
A am EE) Cy Tg __ us v (Fim 0, 

aida Aga Ag Ads Q104 Ag Ag 
a, Bed) = s (25 +t) +r (B5 EN iuc —0 
| 4" Og Q1Qg , My Me Qia Ag Ag 
are each self-associated: Denote these nets by Qs, and Q, respectively. The 
net Qs; is on the eight points + and 4, ; the net Qs- is on the eight points 7, 
and 4_. On account of the involutory relation each quadric of the one net 
meets each quadric of the other in a quartic curve which is on the four points v; 
and which meets H further in four pairs of corresponding points. Since each 
quadric in a net is associated to itself, it meets H in an Raus curve which has 
double points at the vertices of 7, and which contains œ! pairs of corresponding 
points. Hence: 

(111) The ten nets of quadrics Qa on the eight: points of *, and t+ meet H 
in ten systems of co? self- died bib! octavic curves. The meets of the nets Qi, 
and .Q,_ determine five systems of « * quartic curves on the vertices of v, which meet 
H again in four pairs of a and points. The meets of the nets Qi and Qs. 
deter mine forty systems of œ * quartic curves which pass through Il,mn and meet H 
again in seven pairs of corresponding points. | 

To locate involution cubic curves in one of the forty systems aes "mentioned 
let us take, to fix ideas, the nets Q,_ and Q;.. Their quartic curves of inter- 
section pass through Isg. Since, as we shall see, an involution cubic curve 
can not ju general pass through a double point of H, if one such quartic curve 

‚is to degenerate itito a line and cubic curve, the line must pass through IIgs 
and meet H again ina pair of corresponding points. It must therefore be one ` 


of the four lines (eke va d and we shall take it to be (S ni oe The net Q, 


is on the base‘points 7, and é: Since these are desmic, the cones of the net are 
found in four pencils with double points at 4,. Of the vertices of hr , à single 
| 9.8 
4 Fr 


The. -pencil of cones with vertex at p, and on c, and. has the base- -generators 
123 235 1 3 5 125 
er EI (+44) (G44). Similerly, in the net Q.. 


' * Here and elsewhere one of the fve coordinates, the negative of the sum ot the other toun, is indicated 
by the stroke \.- ; 


p 


3 
one, namely p, = y d, Os, X, &,* is found on the chosen. line 
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tisse dea cele pendit df à ith vertex at a point 123 d 
gle pencil of cones with vertex at a point p, on +++) 98 
pr i 1 2 3 2 3 6 135 125 
this has the base-generators ( 1: 7 D HR Amal (+44) 
According to (107) the common generator ofthe two pencils is met by each of the 
other three base-generators and each one of these three meets a definite one of 
the three in the other pencil in a point j,, t= 1, 2,8. Hence every cone of the 


one pencil cuts every cone of the other in the line " is x and a cubic curve ` 


on the five points pi, ps, Ps, Pa, fy... Moreover every such cubic curve lies on 
a cone of each pencil. Making use of 192) we obtain the desired result: 

(112) There are 16 systems of œ? apolarity involution curves of a general 
cubic surface C4. Hach system is the totality of proper cubic curves on one of the 
16 sets of five points (+ + + + +). ` 

^ We still have to show that, for the general 4, ,, the involution curve N; is 
` found in one of the above 16 systems. Note first that N, can not meet a line’ 
Tl,,. For if it meets Il, at a point, it must contain the correspondent of the 
point, IL,,,: in which case it could not meet H in six distinct pairs of corre- 
sponding points. Denote by Cie, the chord of N; from the point II. 

"Since the polar quadric of any point on M; is apolar to all the point quadrics 
on N,, the cubic surface C, contains N, if the quadric « contains Ng. -Let 8 be 
a quadric on Nj. Then 8 and C, meet in a sextic curve made up of N, and 
another cubic curye N, which cuts N; in five points and H in six pairs of corre- 
sponding. points. Hence N, is also an involution cubic and we find from the. 
net B, ©? involution curves N, which will be called “incident” curves of MN. 

Let B, be the particular quadric on N, and the two points Is and Ila 
Then C, contains N, and the lines II, and Hg. The plane II, meets C;, in these 
two lines and. & further line which must contain the point IL and the three 
points where N, meets IIs. Since this-is impossible, TI, is part of Cp, and Bs — 
contains all four points v,. C, contains N, and the same four points, whence 
‘Os, is Tis. B5, or B is à self-associated quadric (see p. 341), which we shall 
suppose to be in the net Q,_. Similarly, there is a self-associated quadric 6, 
on N, and the points +,, which we shall suppose to be in the net Q, . | 

. The pencil of quadries B. +28, contains N, and Cig; the associated pencil 


Ca, + À Ca contains N;,. Cigs, and II; it is in fact 9 8, TA PE By. Each quadric 
. ' è 4 5 | 
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of the pencil meets its associate in Nz, Ci, and a conic. The locus of these 


os cs Ww y. 4 5 F : 
conics is evidently the plane a E 0 or ( = . The conics form a pencil 
on the points Q1» ds, Qs, Where ( B p meets N,, and the point g where C 


meets c +) But each conic of the pencil together with C,, is a degenerate 


“incident” involution curve N, and must cut H in six pairs of corresponding 
points. From the symmetry of the case it is necessary that these pairs be 
distributed as follows: three on the ‘conic, two for the meets of the conic with 
Il, and the point Ili on Gg, and therefore one further pair on C. This 


1 2 3 


oua) let it be 


requires however that Cj be one of the four lines 


1238 
+++ 


contains the line 


). But one verifies at once that if 8, is a quadric in the net Q,_ and 


1 2 3 
TEE | 
f, is a cone of the net°Q,_ with vertex at p, These two cones meet in the 
given N, and they are also precisely the cones used to determine one of the 16 
systems of involution curves already found; ¢. e., the general involution curve 
is found in one such system. The two possible choices of B, in a net Q and, 


123 
c EE 


, it must be a cone with vertex at ps. Similarly, 


Bina net Qu and the four possible choices of the line give rise to 
the 16 systems. 

(113) faster we have shown that: 

In addition to the ten singular planes of the Cayleyan.congruence which contain 
a point 11,4, and line TL, the lines of the congruence being on the point, there ts a 


set of twenty singular planes ( $ M) . Such a plane cuts the Hessian in the line Tl, 


and a cubic curve which contains œ! pairs of corresponding dne whose joins 
envelope a general cubic, ` . 

We remarked earlier that if the apolarity and parametric spreads are of the 
same dimensions they are covariants of'each other and a common involution 
_norm-curve. In our present case the connection between I, and €; can be readily 
exhibited by means of the null-system or correlation set up by N. The planes 
Ti, Ta, £g Of N, which meet ina point X of T, are transformed by this correlation 
into points a, Xs, x, on -M which form an apolar triad of C,. Hence I’, is 
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transformed into a cubic envelope £j whose planes cut N, in apolar triads of Cz. 
The six lines L of T, become the six lines L{, joining the pairs of corresponding 
points in which N, meets H. Hence these six lines of the Cayleyan congruence 
belong to a double six. The six lines M, of T, become the cross-lines, Mj, of Li. 
The cubic envelope A, on the double six L, M, becomes a cubic surface D, which : 
has the double six Lj M;. Making use of (105), we have the theorem: i 

(114) An involution curve N, of C, cuts H in six pairs of corresponding 
points: The six lines of the Cayleyan congruence so determined are skew lines Li of 
a double six. The cubic surface D, on Ng, on the six lines Li, and on their cross- 
lines M}, contains co? cubic curves with the chords Mj. These curves cut out on N; 
the given Les. 


§ 14. The. Apolarity Spread of the Rational Plane Curve of Order n. 


Some of the ‘foregoing results concerning the apolarity cubic curve in &, of- 
an RP and concerning the apolarity cubic surface in & of an Ej? can be readily 
generalized. . The RP establishes its Z n-z, the involution cut out by the lines 
of the plane. This we express by means of a symmetric form, 


Hi. ne = (am)? (Ay xy)? (as ag)", 

The apolarity spread of the form is a cubic spread, C/^-?, in S, , referred to a 
norm-curve, N, ,. . The condition that H,,, be an s is the identical 
vanishing of a form, F, of order (n — 2} in æ and symmetric in x; and a, of 
order (n —4) in each. The argument of $12 for the case n= 5 can be extended. 
If Ay ns has an involutive set, y,, Ys, ----, Yn, then F contains the factor, 
e (&y)....(x7,); or if H, n- has a Sat pair, Yı, ys, then F contains the . 
‚factor (og (wy). If the number of these distinct factors bé greater than 
(n— 2), F' must vanish identically. | 
(115) The form H, „s is an L ns if it has an ‘integer hen greater than 
Ce of distinot involutive sets; or if it has an integer number greater than a? 


(and à fortiori equal to ec tino) of distinct judi pairs. 


À geometric statement of the theorem is this: f 
(118) If a norm-curve ‘in S,_, contains more than = distinct antorthic 
seis A®,-of a cubic spread OP, or if it cuts the Hessian of O{°-® in more than 


oo =: pairs of corresponding points, then tt contains œ? Aj ya of Cy” which 


lie à in an Lines. 
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We are concerned mainly with the case of an Z „s and the R® from which 
it originates. cp? cuts N,_, in the 3(n — 2) points whose parameters give the 
flexes of R®. Caporali has shown for the cases n = 4; 5 that if n — 1 points of 
an Af, of OP- lie on Cf", the n-th point also lies on C(^-?. His method of 
proof applies equally well to the general case and we translate the result thus: 

(117) Jf (n— 1) flexes of a rational pane curve of order n lie on a line, 
an n-th flex also lies on the line. 

We have seen that CP and 0» ‚were general cubic spreads. gp? bas 

$(n* — 6 45 + 115 — 6) absolute constants, while the E? has 3 (n — 3) absolute 
constants. Certainly, then, when n 5 6, the apolarity spread of an J,, , is a 
special cubic spread. It would be interesting to know more of the conditions on 
the spread and of the location of the involution curves than is\indicated in (116). 
These questions are answered in He paragraph for only two kinds of rational 
curves. 
Take first the R® with an (n— 1)-fold point. The 4, , has a set of 
parameters, A, ...., Ants such that any two of the set are a neutral pair. 
: There is on N,_, a set of n — 1 points such that any two are apolar to the cubic 
Q9. Using these as an (n — 1)-point of reference, ({*-®. becomes 


| | M see + a |a, 

whence: i i 

(118) If Qp-» can be nu a8 à sum of (n — 1) cubes, any one of the 
oo ?0-9 proper norm-curves Nas on the points of its orthic (n — 1) -edron is an 
involution curve. The Azze of Cj? on such a curve lie in the L ng of an Re 
with an (n — 1)-fold point. 

To obtain the second kind of R® considered here we assume that Cf? Kas 
an orthic n-edron, Il, I, ...., IL,, and then prove that it has involution 
curves. Using the n-edron as a basis of reference, we have 


Of -== 2 PL where 55 a = 0. 
i=1° 


L 
> 


The Hessian of order n—1 is 
1 . n a? 
Hoc. 

12 


If both Xy, — 0 and X À a =0, the. points Yi and 25 A i are corresponding points 


on H. H has simple points on the spaces IL,, double points on the spaces 
46 : i 
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Il, ete., the notation here being. similar to that of the preceding paragraph. 
The configuration of poles of the spaces: II, obtained there exists for all values 
ofn greater than two. “In particular from thé n sets of act poles one. can in 
2^ ways pick out n poles like the folowing: 


Ya Pi = MG, E . 08, pes A. Apy 
‘1/a Ps = m, ag — a, A, | *, 5 ny 
l/ag ps = 0, Oe Qg — a, >, Ans 

ea Ce D EE $e ue née nin : runden een ee ; 
1/an p, = Mr Q5, — 93, oet ny | An — Oy 


where a= Xa, and Xp 


The point p is. & pole of II, and the line p, p, Pr passes through the (p3) 
fold point IT, m n..... of the Hessian. 


serie $ 


A norm-curve on the n points Pı and the point y is unique. Its para- 
metric equation is: | 


(119) 1/0 % = "E as TB t + Go 18. fy eee + an Tn ins 
l/ay x, = a 21 fg ; + as 23 fg +... Han 9n bn) 
A fag tie == ay Bl n + as BB ty m Toca 82 by, 


1/0, m = a nli + ag WB t) + ag WS note, 


| n i(t- = 2) 


= A4 SE and 4, = ; 
XC 


: The parameter of Pi is 4 m ; the parameter of y 1B o. When £ = 0, we 





have the point 


ECT s (58s... ya 
oo = [a ($2) 2G a)]A (4). 


’ Since y can be any point. on Nas, let it be on í H, whence 


<= Su) n) à, a | FRS P 


whence 
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t.e., x” is the Grandu point of y. “Hence AN, , cuts H in pairs of corre- 
sponding points and is an involution curve. 

(120) If a cubic sprea Of? in Sng can be expressed as a sum of n cubes, 
one can pick from the 2? . n poles of ite n orthic S, ys in 2"-1 ways an n-point 
with the following property : the n points and the 4 n (n —1) S, ys on them together 
with the n orthio S, js and the 4 n (n —1) points on them form a Desargues con- 
figuration (a section of the complete (n + 1)-point in S,_:). Every proper norm-curve 
Np- on such an n-point cuts the Hessian of Cj? in 4 (n—1) (n— 2) pairs of corre- 
sponding points and contains co" Ag ?g of OP- which lie in the I, „s of a rational 
plane curve R® which is subject to (n — 5) conditions... ` 

For Cf"? has only n— 1 absolute constants and only & — 3 are added in 3 
the choice of an Nas». i 

With each of the 2"! systems of involution curves there is associated a 
quadric with regard to which the corresponding Desargues configuration is self- 

polar. For the particular n-point, p,, this quadric is 
LE Mey LA 
ut 


On 

Let Q, be the polar quadric of a point z as to Of^ 9. Then 

__ &— a vj c : wn. 

PE TG, ag A ger Or ae 

i.c, Q and Q, touch along the space II,, which space has the same pole, pi, 

as to both quadrics. Thus p, and any self-polar (n— 2)-point of Q or Q,, in II. 

is a self-polar (n—1)-point of Q and Q,. But it is known that all-the œ" 

norm-curves in our system cut II, in self-polar (n— 2)-points of Q. Thus p, and . 

the n—2 points in which II, cuts N, , constitute a Laud (n — 1)-point of Q 

on N, ;. . The existence of one such.set implies that of œ! sets which lie in an 

I,n-,, and Q is apolar to all the point quadries on Nps. In this Z n-a each of ` 

the n sets of points (p, and the points on IL) is also a self-polar (n— 1)-point of 

of a polar quadric Qu hence with the point p, forms an Af, of Cf. A similar 

fact is true of the polar quadrio of any point on Nos) and we shall verify 
the theorem: 


- (121) Y Q= = at Li the quadric associated with the system of, œ "8 involution 
curves. in which the nod Nas! lies, then the polar.quadric of a | point T on Bes 
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hae in common with Q a self-polar (n — 1)-point whose (n — 1) vertices t are. on 
Ne. 2 (1, n—1) relation between * and t is | 


DT TI fae l zo 


where the pour of the brace indicates the first polar of 7, and where 2X is tho 


a. 
(n—2)-4c in t of (119). 
| . The point t —« and the n—1 points t determined by « together constitute: an 
Af, of OP, whence by varying v in the (2, n) relation 


danke HN) _1 el = 
| (ra fii (¢— IE AC DE e} o, 
a singly infinite quadratic system of Az y& is obtained. 
' Note first that in (119) a 2 =a (14) 4, and the a, n — 1) relation, 
D 


can be written | E : 
(cR 


Let + take the value #1. The polarized term becomes . 
1 - > ; 


*(¢— 2) tat. Ta t], 
which i is cancelled by part of the second term, whence ihe result i is pa 
y 


Similarly for 7 =t, the (n—1)-ic int heben (4 — "ES We have identified 

these (n—1)-ics as self polar (n—1)-points of Q and two alone. are sufficient to ` 

define the pencil. We have also identified the n-ics (t 2) = as A? Js of 
1 


Oy», The œ? Ags lie in a linear system which must contain the ©! given 
. by varying v in the (2, n)1 relation, since they have n known members in common. 
We shall recur to the meaning of this (1, n— 1) relation with regard to the 
underlying R® in the next paragraph. 
It is evident from the analysis that our entire apparatus is determined by 
the choice of the n-space IL, of the quadric Q for which the n-space: is. orthic,. 


x 


v 
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and of the N, , on the orthic n-point n of Q which is the polar of the given 
n-space II, as to Q. Since M, , contains one orthic n-point of Q, it is known 
‚to contain c? which lie in an 4,3. These are the c? canonizant sets of the 
2(n—2)-ic determined on N, ;, by the 8, ÿs common to Q and N, ,. In this . 
. Jens all the sets of our given Z ns are found. To prove this, we have merely 
to show that if c and y are points o on N,- their polar space as to Cf? has a 


pole as to Q which is on the line zy. The condition that x and y hes on Ms 
is-the vanishing of the matrix 


& o | 
di, Og 
Li Yı ae ; Tn Yn i 
2 3 2 
a as Ay 
n n EA 
Q5, Qa ` An 
SE E. i 


Each determinant of this matrix is, for given y on Ns a APRES" on Nag; 
é..g., the first determinant is 


7234 Cie aCe) 
03% 1 Oe | Ua ds NN: lg | O4Q47^ 
= 1334(% . 2,2 2), 3 a2 ( — 2) (8 — 0) 
a/ \ag © Vas a Nay Og 

ACT LE fisted =O. 


But the vanishing of the matrix is also the condition that constants x, À, u, v 
can be found such that 


xi AAT AED aX prXu-0; 


IN 


i. e, that the polar space of xz ay as to Q is the polar space of xy 
as to Of, ao 


The n-space IL determines an n-point, one of the points being — (n — 1), 
1,1,....,1. This n-point is perspective to the n-point p,. The center of per- 


spection.is the point. a — a, às — a, ass dg de Dually the 


n-point p, determines ‘an n-space- as to the n-space II, and the Sra 
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\ 
of perspection is iA ri The some Desargues configuration ‘determines 


n en 1 such Sy 8. "The op 9? is defined by the requirements that it have the . 
orthic n-space II, whose poles as to or are points p,. 

(122) Given a quadric (Q) apolar to all the point quadrics on a norm-curve 
(Noa) in Spa, then there extsts oo? n-points on thé norm-curve which are orthic to 
the quadrio and which lie in an I, 4 3. If one of these n-points (p,) be isolated, 
its polar orthio n-space (Il) as to the quadric determines with it a unique Sis 
(z&=0). This S, , is the polar space of the quadrio as to a unique cubic 
spread (Cf) which has the same orthic n-space with the same poles. The norm- ` 
curve is an apolarity involution curve of this spread and the I, ,_4 of anthorthic sets 
on it ts contained in the T, ns- | | | 


$15. The Perspective Curves of Stahl. 


In an article* entitled “Zur Erzeugung der ebenen rationalen Curven,” 
W. Stahl develops some, properties of rational envelopes, E, perspective to a 
given rational curve, R®. His mode of treatment applies only to envelopes 
whose class, m, is less than n. The method here given f is quite general, though 
it appears that a natural upper limit for m is 2 (n —1), the class of RP. 

Let = (A,7)" and x, = (lt)", i= 1, 2,3, be respectively the rational 
envelope #®-and the rational curve R® in arc form. The (m, n) relation 
between + and f, 


MN + Gas (uy + so" (50^ = 0, 


expresses that the line 7 of Em and the point t of R, are incident. The relation E 
expanded in powers of (rt) is 





(123) > owas, | Tu T ad Eh) a)... 
RS DD. p pen 1 (A. 9)" (k " + = o 


‘ 





sito Annalen, Vol. XXX VIII (1891). Bee.also an article by R. Schumacher in the same volume. 
+ Of. F. Moyer, Mathematisohe Annalen, Vol, XXIX (1887), p. 447; and H. Brill: “Ueber rationale Curyon 
und  Begelfächen,” Münchener Berichte, 1886, . : 


) 
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By definition Æ, and R, are perspective if like-named line and point are 
incident, The necessary and en condition for this is that (ré) be a factor 


. of (123) or that the (m + n)-ic, i (A, 8)” (i, ey, vanish identically. If R® be 


given, this imposes m + n + ilios: homogeneous conditions on the 3 (m + 1) 
` constants in the forms (A,v)". Thus there is à system of «?"-^*! rational 
envelopes of class m. perspective to a given general RẸ. The arbitrary constants 
of the system occur linearly in the parametric equation of the envelope. The 
multiplicity of the system increases with m, , but there is in the general case a 
n—1 ; 





lower limit, m 


Let È (u s)" (Ke) =Œ 0, and let é be a root of È (hn 1) (4 8)"-1 (a). The 
(m—1)-th polar of « =s as to this (m + n—2)-ic has'a root £ — s, whence the 
line += s of E, touches E, at the point (— s. Since the perspective relation 

‚is dual, the point 2=s of R, lies on E, at the contact of v =8; i.e, E, and R, 
touch with the common element, v —t=s. | The requirement that the 
(m + n—2)-ic have ‚a root s is a linear condition on its coefficients. Thus, 
as long as 2m—n+1<m+n—2, or m «2(n —1), E, can bé uniquely 
determined by essigning am —n +1 of its m+n—2 contacts with E,. "The 
remaining 2n — m — 3 contacts are then determined. Hence the sets of con- 
tacts of E,'s with E, lie in an involution. - _ 

(124) The rational curve R, has ci*"-"*. perspective rational e En 
which, when expressed parametrically, lie in a linear system. - Each E,, touches R, 
at m 4- n — 2 points. If m< 2(n— Jd these contacts lie in an involution, 
m-n, 30—8—m * s 

Since the € expansion (128) i is linear, the parametric gum of two perspective 
E,,8 is a perspective Em. 

Let us ask further under what conditions. the contacts of En can be assigned ` 
so that its class reduces to m —1 due to the presence of a common linear factor 
in the m-ics, (A; vy". Let (A 7)" =(p v).(u,7)". Since the Enis = (us gy 


is also to be perspective to ns Xu DM (%,8)" = 0. Then Es is completely 


determined by giving 2m —n—1 of the contacts i Fi L) (u, 8)? (7, e — = 0. 
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On the other hand, the incidence condition of the degenerate En 18 


, 
(p7) («vy Gi)” = 0. 
Its expansion is l 


[69.2 X (u,5)"7 (L^ vj. + mn ed {™ =L (p8) È (1) ao)" (hoy 
taion Qa] apes 


T" qa 





: 
Since Z (u, s)" (L 5) = 0, ‘the degenerate E, must occur in the family of per- 
1 . 


_spective Ep’ s. By polarizing as to p the identity just written and from the 
iud symbolic identity, two new identities are obtained, . | 


i (m—1) (up) (us)? (l 2i +2 n (4 p) (u e)" d a 
| Sup Fa) =. 3 (cl) Qu)" AUDE 


by means of which the second term of the expansion of the degenerate Ep . 
can be written as. > 


aed en "ET TP a 


n+m et 


If, therefore, of the 2m—n-+1 arbitrary contacts of Em, 2m—n are chosen 
which are ‘the contacts of a perspective E, ,, then, however the remaining 
contact (p) is chosen, the E, so determined is actually the perspective E, 1. 
Thus the ANDERE, of contacts of perspective E,'s contains as neutral sets 
the m -- n —3 contacts of perspective Emy 8. 

The E,, ;8 have 3n— 5 contacts which can be chosen at random; the 
E,«.58 have 3(n— 2) contacts which lie in an £5, ;,, whence these contacts 
form sets of 3(n — 2) points on À, whose parameters are apolar to a form, P, 
of order 3(n — 2). From the well-known properties of neutral gets we have 

(125) The 3n— 5 contacts of an Es, s perspective to the general R,, determine 
the Eyn_a. There is a set, P, of 3(n— 2) points on R, at each of which a single 

perspective Ezma has a contact of order 3(n—2) with R,. Every perspective 
Ern-n-ı touches R, at 3 (n — 2) — k points whose parameters are an apolar set 
of the form P. | 
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To obtain ‘the parametric equation of the perspective Em, let E, and En 
`. be respectively 


w = GT + a, TT ded "OR 
a = Bet ++ core + Bn TE 
Uy = yep + yv S F eee Ym TE 
and i l , | 
= (at)" = at? + a O7 85 + aH? GE ogee + ant, 
gy = (bt)" = bott + b e214 4+ 50973 0 +... +88, 
| n= (et)" — e t tat. tote. | 
Let also (at) = ay 7 + a UT +... + ant, ete; let 8°, 49, PU 
g97—^*? be the parameters of the i gaod: contacta; and let (u g)-—0 be the line 
of E, with parameter v. , The perspective Kondition and the given contacts fix 
the ratios a,, 81, y,. The additional equation, (uz) = 0, permits of their 
elimination by means of a determinant of order 3(m +1). A slight modi- 
fication of this determinant gives these results: | 
The perspective point of an E, with contact 6 ig . 


Qy' By - Cp 0 . 0 "0 
a b, e a | by Co 
(dy 5 b Cg | a b, | Ga. Îles 
0 0 0 ay PE 
0 0 ' 0 . A2ef(as?) 2a49(bs9) 2a (c80) 
Ty Ly Ty Le T1 Tg T3295 .. Ta Xe. | Taty 9 
1 The unique perspective point of an R; is, 
E dg -. bo " 0. 0 0 : 
ay bg dy. by Co 
. dy b.. Gn a, b, A | =0. 
d ag bs Cg ds. b Cg 


0 0 0 dg b ,@ 
Hm Tyly Tils RÜ Tolg Ty Wy 
The perspective conic of an À, with contacts 8 and s® is 


a b 0. 0 0 0 0 0 
a ba a. b Co 0 0 0 
ag bg Q&Q. Q E a ao bo u 
Gg Ug A. Q a. b, .. G.. 
0 0,0 am , b CE es b, li: = 0 
0 0 0 oO: 0 0 bs 
,| 9 . 0 0 (asp (ba (os: T 28P (ba) dep (c, 
0 0 0 (as? (ba9)9 (cs?) 2sf(as?)* 2aP(ba?y 2af(cay 


qe Ut? 7% 5% HH Gr. Ty Er | T3 Wy 
| 47 | k 
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bac 


ess. 


Let {5} denote the matrix 
l ay b, Cn 


of the coefficients; let J38} {8} {dt---- |] | 


D 














denote the matrix formed by placing a series of. matrices {3} side by side, each 
one line lower than the preceding one, the elements not otherwise provided for 
being zero; let a matrix like || 25,(a4)* 25,(bs)* 28,(cs} || be denoted by 25,|(as)'|, 
and a matrix like ||z22, «125 722;|| be denoted by vi|z|. In this new notation 
the three determinants just written are | 


| 48h 484 jl 











15434 + | 
— o, [HSE WE), | 9 Nas P| 29| as? || _ 
o1 Bale [rapa] 7 | [o] (aay EC En 


| Tle] male) wel 
The J, , of contacts of perspective conics ofan R, is 


jh 43} 18} 

lo| Kas®P| 2P | (aF 
jo] [Cast] 23P|(as9y| 
"loj [Cae] 2P | (ae? 


Similarly the equations of the perspective conics, cubics, quartics and. 
quintics of an À, are 


* 


9: o [iN LS 

joj [as] BaP | (as0F] | =0, 
vile] «|| . lal 

[Oj sP|(as®f| 28] (as?*|. 35g" |(ast)| 


AN Re Nee M ED HE LAU Md. = 0, 
ELE 18} 48} 13k 
0] s| (as®)] PD lady] 360 (as) ] 48| (as) | _ o 


j 


$e 9 * a 9 9 9 €. soser oh c9 o9 t 9 39 a a à 9 9 $e 9 9 s n nero 


"e| Ama Ale ale] re] 
18 jet à ; ô àt ò} 
10] «£*|(as9)*| 241752? | (a8) | afa" | (as)*| 48$" | (a8®t] Bap" | (as F] | — o 
& 9 9 9 o o 9 9 wwe * we 9 €9 vy à i c n R9 9 on o9 9 oa à 9 oc 9 c9 o9 e. 9 ot 9 og. 9 t 9 n s 9 9 Q 9 9 9 non ^ Zr n n n v ? 


ale deals) Are Aue mie We 
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where in each case a sufficient number of contacts, 6®, s,...., must be given 
to complete the determinant. In each case also the involution of contacts 
is obtained by assigning an additional contact and dropping the condition 
(ux) = 0; +. e, the last row is replaced by one like those that immediately 
precede it. 

The above examples suffice to indicate the equation of the general Z,, per- 
spective to Fen, m<2(n— 1). We have further that | 

(126) The vanishing of the matrix I 181 {df .... 4d} || formed from p 
matrices |ö} gives the hij condition that an Bun or the conditions that an 
Raster have a perspective E, pi> 

The degree of the contact involutions in the bent coefficients, 6,, 4. e., 
in the three-row minors of {6}, is seen to be m+-1, whence 

. (127) The degree of the form P in à, is 2n— 3. Its apolar forms of order 

3(n—2)—j lie in an involution of degree 2n — 3 —j in à. 

Returning to the original incidence’ condition (123), let the coefficients of 
both (v2) and (rt)! vanish. Then Æ, and R, will be called “doubly perspective." 
‘ They must touch at every point of R, and are merely dual forms of the same 
locus, If then, we require that E, have a doubly perspective Fz,» 1, this 
imposes the condition that À, have a cusp. The equations of condition number 
(m+n+1)+(m+n—1)=6(n—1). The 6(n—1) coefficients of Ej, y, 
can be eliminated from them by means of order 6(n—1), which is the cusp 
` condition of degree 2(n — 1) in à. For the RE; this determinant is easily. 
manipulated into the form 


jp {8k [3E 484 


|o] [æl Joj (ol 
| 0 | | ay | 2] ag| jo] = 0, 
E |O] ja] 2]a| 8100 


[o] je 2|e| 3]a| 
jo! [0] 2|as| 3 | a,| 


which again can be indicated more briefly by 
pl, oppo oc 
{dt 248} 319 


where {ð} denotes the matrix | ô} with the row |as], deleted. In the general 
case we find that | 
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~ 


( is) The cusp condition of R, is the vanishing of the OUTRE 


]i PE sss HE jt 

18} 2/8] .... (2n— 4) 48} (2n — 8) 1,1 
of degree 9 (n — 1) in à. | 

. . This is included i in the more general theorem: 

^ ' (129) If R, be actually of order n (ie, åf the n-ics (1 1)" have no common 
factor), the condition that it have h ouspe or their equivalent is the i of ii 
matrix 

St DEEST [ap 16} | 
jee E iE are (2n—4—h) 481 CHEF EE i| 








which expresses that it has a doubly perspeötive Bun. © A s 
The existence of doubly perspective envelopes of class mS 2(n—1) explains 
why the contacts alone are no longer sufficient to determine the envelope. Thus 
if E, in lines is w= (ur) "7? and E, is a perspective envelope of class 
(m = 2(n—1) + k, then the c **! envelopes u = (A, v)" + (p 7)" (à, TPO 
obtained by varying the coefficients of (pr)* are all Dep and have the 
‘same contacts as Fm. ks 
If, from the incidence condition (123), the factor (c1) ie removed, ‘the. 
resulting (m—1,#— 1) relation ‚between + and t has a certain number of in. 
vólutive pairs iol. are thé pairs of parameters of the double points of R, and 
the double tangents of Em. They are found by eliminating + from the two 
equations (A T)?-1(1:)^3 — 0 and (At) (Iz). The resultant is of order 
(m — 1%} + (n — 1) in t and gives the (im — 1) (m — 2) + (n — 1) (n —3) double 
` _ point and double tangent. parameters and the m +n — 2 contact parameters 
which are degenerate involutive pairs. Since the double point parameters 
always satisfy the (m — 1, n — 1) relation, if R, has a cusp, the cusp parameter 
satisfies the relation and counts as a contact; whence ` | 

(130) If E, and R, are perspective, E,, passes through all the cusps of R, 
and E, touches all the flex-tangents of Bm. ... 

The form P of order 3(n — 2) and of degree 2n — 3 in à, has apolar forms . 
of order 3 (n — 2) — j which lie in an involution of degree j + 1 in the coefficient 
of P and therefore of degree (2n — 3) (J +1) in à. According to (127) the 
actual degree of this involution is 2n—8—j. The outstanding factor of degree 
2(n— 1)j must be the j-th power of the cusp condition. For, if E, has a cusp, 


E 
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thé cusp is a contact of all perspective E,/s. It must therefore be the contact 
of those envelopes of class 2(n — 2) whose contacts all coincide at the points, ^ ' 


P=0 (125) Hence P —0 is the cusp parameter repeated 3 (n— 2) times, 


and the contact involutions when formed directly from P must vanish iden- © 


tically. These involutions are now (disregarding the cusp contact) apolar forms 
of a form P, of order 3 (n — 2) — 2 and of degree (2n —3) — 1 in à. Hence ` 


(131) Jf R, has à cusp, the covariant P ts the cusp parameter repeated 3 


3(n— 2) times. If R, has two cusps, P vanishes. If R, has h cusps, the contact 
| snvolutions of perspective envelopes are (omitting the improper cusp contacts) the 
involutions of forms apolar to a covariant P, 9 order 3 (n — 2) — 2h and of degree 
(2n— 3) —À in à. 
The following fairly evident theorem He the connection with the 
preceding $ 14. | 


(132) The (m—1, n —1) relation, (A v) (1)? = 0, ean be une du | 


perspective En and R, if m — 2 linearly independent forms (u*r)" exist such that 


(uxt) (ux A)" (Lt) 1 =D, or also if n—2 linearly independent forme (m, t exist | 


such that (A v)" (Imy)" (m,v) = 0. From a relation satisfying the given con- 
‘ditions E, and R, can be thus constructed: With regard to a norm-curve Np in Sn, 
the m —9 forms, (uy v^, are represented by m—2 S, ,'s which meet in a plane E. 
The Sm-1 8, v, of Nm cut E in the lines, v, of an Em. If + and t satisfy the given 
relation, the two S, ;& of Np, v and t, meet on E in the point t of a rational R, 
perspective to Ep. In particular any (1, n — 1) niano determines an. R, referred 
to Us perspective conte. | 
(133) The two classes of R®’s for whose apolarity T spreads the involution 


curves were determined in §14 are, respectively, the R® with a oi oa point 


(an (n—1)-fold point), and the RY with a perspective conic. 

The foregoing has comparatively little in common with the work of Stahl. 
Before leaving the subject of perspective curves it may bé worth while to 
develop some of his results in a much simpler way. 


The equation of a line through the pus t, and & of the given Hi is 


ia t" (4 4)" (s ty)" | 1 + ne 
(134) P-|(h&) (5 id (s t)" Ga) : . 
- % Tg i 
= + x) (a ns (às = (a 2) (a, a (25 gp = 6 


i 
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If, in '=0, 4, be the parameter of a fixed point p, of R, and t, that of a variable 
point p,, then, as ¢ yaries, the line T describes n — 1 times the fixed point p,. 
Thus T —0 is a parametric equation of the degenerate envelope pf}. Moréover, i 
` this envelope is perspective to R, since the line r — & contains the point £ — t 
of Ra. As p, runs over R,, o! such degenerate envelopes are obtained. By 
` forming their general linear combination, Stahl’s general perspective £, , is 
obtained.. The process of forming such a sum is merély that of forming the 
apolarity invariant of a general (n—1)-ic, (b£)", with T of order n — 1 in t, 
whence, in terms of (134), the equation of the general perspective E, , is 


(138) - (2.2) (a 


This is the equation of a line which, for given v, passes through the point 
-t= v of R, and cuts R, again in n — 1 points wate parameters are apolar to 
(b). Hence 

(136) The lines which cut R, in n —1 points whose parameters are apolar to 
an arbitrarily chosen (n—1)-tc, (bt), envelop a perspective E, ,. If, however, 
(b t is the polar as to t, of a set F” of the fundamental involution, E, , is made 
up of the lines through t, on R, and a perspective envelope E, which is independent 
of the choice of t; if (bt)! ts the polar as to t, and t of a form F"! whose first 
polars all are sets of the fundamental involution, E, , is made. up of lines on ty, 
lines on t, and a perspective E, s Ven is ee of t, and t, ie, which 
depends only on Fril, ete. 

For it is quite clear that the lines on t (s t, or ty, etc.) cut Ry in (n—1)-ics 
apolar to (b £)"7; but there is also a further system of œ! lines which cut R, in | 
(n— 1)ies which are canonizant sets of F” (F"#1 etc.); these (n—1)-ica are 
apolar to (bt)"? whatever be t, (4 and &, etc.). 

' Returning to the degenerate E, ,, a point of R, repeated n — 1 times, its 
contacts are the point itself and the.2(n— 2) contacts of tangents from the point. 
If the point is a double point, 4, 4 on R,„, then another factor (#4) separates 
from T. The E, , becomes an E,_, whose contacts are at the double point and 
at the 2(n—38) contacts of tangents from the double point. Since these contacts 
are apolar to P, we have that 

(137) The parameters of a node and the 2(n— 3) parameters of tangents 
from the node are apolar to the covariant P of order 3 (n—2). Thus only n—2 
of the 4 (n —1) (n —2) such 2(n —2)-ies are linearly thdependent. l 
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$16. The Gordan: Expansion of the Form H, 3. 

The expansion of H,,-— (aa) (ax) (42) is a sum of terms each of which 
is a product of identical covariants, (x,x;), and of.a polarized form. The 
polarized form must be a linear covariant of H,,. Because of.the equivalence 
of the symbols, ar, ag, a; in H, ,, its linear covariants must be the same sym- 
bolieally as the covariants of the third degree of & binary cubic, 


CT em (aye 


These are the cube of the cubie, the product of the cubic and its Hessian, and 
the cubicovariant. Hence the required linear covariants of H,,, are: | 


Ga) = (ax) (a, w)? (ax), 

(px) = (ay ag)? (a; œ) (ax) (ax), 

(ox)? = (a, as) (as 4) (4%) en 
Sos products which occur in the expansion are: 


nz (zog (pa) (pas) (pa), < 
= (25 %,)* (px) (pz) (pxe)”, 


4 


= (a, 8)? (pay) (pe) (pts), 
T, == (9%) (mr). (e (ox), = = (es ag" (2525) - (025) (02), 
re = (85%) (23%) . (ox) (0), = (ag 01)? (2 25) - (0%) (029) 


rg = (& ay)? (0123) . (ox) (ox), 8g = (ne) (2 2) . (02) (ox). 
In terms of these the. expansion is: 


(138) (a, 2, (a, T)? (425) = (a) (rs) (rs) + Te (Pi + Pa + Ps) 
— ys (rs + rg + Ta + 8, + & + 8). 


If H,, be interpreted as the apolarity equation of a cubic surface, Cs, with 
regard to an Nz, then (xx) = 0 is the equation of the parameters on AN, of the 
meets of N, and Q. If (zx) =0, then M, lies on C. In this case a tangent : 

‘plane of G, at a point é on N, touches N, at t and meets it again at v. The 
relation between ¢ and « is (a, 7)’ (axt)? (at) = 0, which now becomes | 


(139) (TEHE (pr) (pi) — (ri) (ot)} = 0 


v and £ coincide at a point where N, touches an asymptotic curve of G, say at 
an “asymptotic point” of M. Thus if (ax)’=0, (px) — 0 determines the five 
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asymptotic pointson MN. If also (px) = 0, Ni is an uaymplotie o curve of C, which 
has double points at the three points, (0x)? = 0, of M. i 

Denote the cubic surface by D, if it contains M. Let the sae s 
of Ds be (da; (dy 2%)” (dy), whence (dr) (dt) (dat)? = (vt) . (Ar) (Lt). 
‘comparison with (139) one sees that the (1, 4). form (Ar) (l)* can replace ie 
apolarity form since it determines (px) and (ox). It is also evident that 

(140) The condition that D, have one, two, three, or four double. points on N; 
. is that from (Av) (UY there shall separate respectively one, two, three, or four factors — 
linear int. If both. (av) (I)! = 0 and (At) (lv)! = 0, the join of t and + is one of. 
the six chords of Ny on D,. If (A«) (It) contains a factor cubio in t, and sf the other 
factor is symmetric in t and T, then D, is the product of a quadric on an and a plane 
which cuts. N, in the points given by the cubic factor. 

' Let us ask further under what conditions a quadric.cone on. N, with vertex t, 
shall touch D, along Ns. Necessarily then, if 2, (tœ)? + às (tx)? [which, as n 
runs along’ N,, is for variable 2, : Ay a generator of the cone] be subsrtned t in 
(di 2, (dy a) (ds x)", the term in 2,4 vanishes, à. e., 


(d, h) (date)? (dt) = (He). (35) (Ut)! = E 

Since (A4) (lt) vanishes for all values of 4, the form (AT) CE must be (vt). any, 
whence 

(141) In order that a jan cone on N, shall touch D, along N; it i 
- necessary. that D, shall have four double points on Ns. Conversely tf D, has four 
double points and if N; lies on D, and its four double points, then the tangent planes 
of D, at points on N, meet N, again in a unique point, the verten of a Tee cone 
on N; which touches D, along N,.* ` ? LA 


$17. The Form I, and de Curve a 


Let the R® , 9 = (ut), determine the 45, (ax) (2,2) (a4 23)* = =0. The 
three quintics, (m,t)5, apolar to (46) determine the “apolar” or “fundamental” 
‘involution, Z,,. Thus an R® projectively determines an RP. Hach involution 
‘is easily expressed in terms of the sets of the other; thus 


Li (m, Mz) (m, Mg) (m; ms) IH (ma), 


F= LALY H(e) ^ $k-u9x 


"Tf D, be mapped on a plane by means of cubile curves on the six points of a 4-lne, (141) can be stated 
thus: Cubic curves on the six points of a 4-line with double points on a line Z all meet i again in a single 
point p. It csn be shown from other considerations that P is the ponat of contact of a conic which touches 
the 4-line andi. à 


4 


Coste: Symmetric Dinart Forms and Involutions. 361, 


Every covariant of one involution is a covariant of the ote: in particular the 
flex-equations of RP and RP, 


(m, ma) (my mj) (m, my) TT (mz) = 0 
(Ab) (h 8) (51) TE (lo = 0, 

are the same. | The linear covariants, 

| (ah) Ga) + (B (b) + (Lb) a) 

(m, mj) (om) + (mam; (rà z) + (m; mj (ma), 


and 


and 


are the same; they are the set common to both involutions. 

If I, be expanded in a Gordan series (138), the various terms ‚contain 
polars of (zz, (px), and (ox). Since these forms are the only linear covariants 
of hs, (xæ) — 0 must be the flex-equation of RP and (px)! — 0 must be the 
set common to L,4 and T If ym be similarly expanded, its terms also must 
contain polars of the same forms. If the factors of proportionality be chosen so 
that (xx) is the same in both expansions, the other forms can differ only in sign. 
But the identical vanishing of (px)! is the condition that 4, and ing coincide, 
. Hence 

(142) “If in the Gordan expansion (138) of he the sign of (px)? be changed, 
the resulting expansion ie that of the involution I, y. 

Let A be a quadric on N, whose equation is (©, 23)’ (Aa) (ha) = 0; and let the 
‘ plane equation of a point quadric, (ax) (as) = 0, be (aa) (asas) = 0, (102). 
Then the associated cubic surface, C,, (110), of the ee h has the apolarity 


equation 
C, = (a 21) (al xp)? (alas) (as as)" (as) (ag) = 0. 


We have seen (p. 342) that C, must contain N,, whence 
(a, x)" (a; 2) (aix) (s ao)" (as) (ash) = 0. 


But if a cubic surface contains N, its apolarity equation can be replaced by a 
(1, 4) form (p. 360); t. e., BO 


| 3 LO daos = (ag. (pm) (gas) (rA). 


Again (p. 342), the intersection of A and CA is N, and a residual cubic curve 
which meets N, in the five points of one of the 16 pentahedra of (109). Every 
. 48 - | jp Um 7 


362 Coste: Symmetric Binary Forms and Involutions. 


quadric on N, cuts out such a residual cubic except the cones on M. If À be a 
cone on N, with vertex v, the residual cubic must coincide with Nj, and A must” 
touch C, along Ng. This requires (141) that the (1, 4) form [0,].,..., degenerate 
‘into a linear form which locates the vertex of the cone and a quartic form which 
locates four double points of €,; i. e, the form (pæ) (qa) (rz)? is merely the 
product (Tx) . (Ar) (Zz) As the vertex v runs over N,, the four double 
. points of the associated cubic surface also run over N, and a unique (1, 4) form, 
| (av) (Ht), associated with Z g, is determined, which is.of me third D in the 
coefficients of J, g. 

In order to identify the form let 7,, 7, be the parameters on N; of a pair of 
corresponding points of the Hessian of Q= a; let Q, be the cone on N, with 
‚vertex 7,, and let P, bethe polar quadric of r, as to C which is also a cone with 
vertex at rj. Since there are c! triads, S, Sz, 85, on Ng, which with 7, and 7, ` 
make up Aj 58 of Ob, then a,,a, a, —0. Since a,,az is Pn, there are oo! 8-lines 
on Qe self-conjugate as to En 4. e., i (Pa P, Qs uy = 0.'. Operating with this on 


az, we have 
i | (Pa Pa Qna) az = de br, es, (abe Q,,)°= 0. 


This expresses that the associated cubic surface of the cone On has a double 
point at ,. Similarly the associated cubic surface of Q, has a double point at 
7,, whence 7, and 7, make up an involutive pair of.the (1, 4) Se m found. 
These results can be summarized thus: 

(143) The general RP has a unique perspective conic, K, has incidence con- : 
dition is a general (1, 4) form, (Av) (f — 0. In the representation of R® on N, 
this form has the following three interpretation : 

(a) The apolarity involution curve N; of C, contains 5 poles as to C, of the 
Sylvester 5-plane of O,. The 5-point and 5-plane are pole and polar as: to a 
quadric Q. The polar quadric as to C, of a point x has in common with Q a self- 

polar 4-point t on Nz. 
| (b) The assoviated cubic surface as to A i a quadric cone on N, with vertex x 
has four double points t on Ny. . 

.(c) N cute the Hessian of C, in stæ pairs of ne points whose joins, 
Li, belong to a double six of a cubic surface Dy on Ns. The tangent piane of D, at 
a point t cuts N, again at a point +. 

The (1, 4) form is of the third degree in the coefficients of hs. It is obtained 
fem (as sx) (ai a)? (ai xs)? (act) (os h) (ash) by putting = 2, —t and Bm (cz), 
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and then removing the factors (mtf (av). The I, is also of the third degree in 
the coefficients of the (1, 4) form. The extraneous invariant is the triple point 
condition. 

We have 'already remarked, that the (1, 4) form serves to replace the 
apolarity equation of a cubic surface on M. Thus the apolarity equation of 
Ds, a simultaneous covariant of Gand N,, is known in terms of (Ar) (Y. 

(144) The invariant theory of the general RØ coincides with that of a general 
(1, 4) binary form. ' : 

.. Tt is known that if either a given involution of n things or its apolar invo- 
lution contains only one or only two independent forms, then the covariants of 
the involution can be expressed as covariants of a single general binary form. 
This includes the J, or Z, 11, in which case the single form is an n-ic; and the 
Ln- 0r $5, in which case the single form isa 2(n — 1)-ie. The J,, is the 
. simplest involution'not included in these cases and (144) gives the analogous 
. theorem for the 1, 3. The advantage i in discussing a form whose coefficients are 
subject to no relations is manifest." 

If the cubic surface D, be mapped on a PET E so that the six lines L, 
become points y,, then N, maps into the RP with nodes at p,. Quadrics on M 
meet D, in residual cubic curves which map into the lines of E; in particular, 
the residual cubics which map into the lines of Æ are on the cones of M. Cubic 
surfaces on N, meet D, in residual sextics which map into quartic curves on the 
points p,; in particular, plane sections of D, map into the adjoint cubics of RP. 
The quartic developable of N, meets D, in a residual rational sextic which maps 
into K. Let x be a point of D,, which is on the chord c, through the points 
qı and q, of N,. Let x map into a point y of E, and g, and g, into points q, and 
g, on R®. Plane sections of D'on c, map into the pencil of adjoint cubics of . 
RP on qı, ge, and y. Since c, is contained on the cones of N, with parameters 
qı and gs, y is the meet of the tangents of K with parameters g, and qa. Thus 
we have obtained Stahl's theorem: The pencil of adjoint cubics on two points 
. of RY meet in a further point which is also the meet of the corresponding two 
tangents of K. Stahl’s very pretty corollary —that a conic on five double points 
of RY contains c! 3-points whose joins envelop K—can be applied to express 
the conditions on the six quadratics which determine the nodes of RP. Only 
four of these can be chosen at random, leaving one degree of freedom for the 
other two. With reference to a: norm-conie K, let the four given quadratics 
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determine four points, Pi, Ps, ps, p,. Through these points there pass two conics 
C' and C" which contain the vertices of triangles circumscribed to K. A tangent 
of K meets C! in two points whose further tangents to K meet ata point py on C. 
The same tangent meets C" in two points whose further tangents to K meet at a 
point p, on C". ‚The points p,, ...., pg determine on K the nodal parameters 
of an Rf; or there is an RP with double points p,, ...., pg and me the 
perap rouye conic K. 

‘The analogous construction for the six lines L, of a double six is: Given 
four chords, L,, Le, Ls, Ly, of: ‘V3, no three of which are on a quadric that ‘con- 
tains N; if C' and O" are the fwo transversals of L, ...., I, the planes 
through O' and C", respectively, and any point of M, dd N, again in two 
further pairs of points whose joins are the lines Ls ane Ly. 


BALTIMORE, January 25, 1910. 


Systems of Tautochrones in. a General Field of Korce.* 


Br Harry WILFRED REDDICK. y 


b 


\ 
a Introduction.’ 


This paper deals with the aystam. f curves each of lich possesses the 
following property: A particle, starting from rest and moving along the curve, 
under the action of & givén force, will reach a certain point, the center of 


tautochronous motion, in thé same time from whatever point on the curve it ` 


starts.‘ Friction is rieglected and it is assumed that the acting force depends 
- only on the position of the particle. The first part of the paper deals with plane 
systems. It is assumed that within the, region considered the rectangular com- 
ponents of the force, (a, y), x (z, y), are uniform functions which possess first 
and second derivatives and do not vanish identically. 

In 1673 Huyghens found that when\the acting force is gravity the touto: 
chrones are cycloids' ‘with horizontal bases and concavity upwards. Since that 
time manyyextensions of the problem have been made~and the tautochrones due 
to more complicated lawd of force and resistance have been found. This paper, . 
however, does not it 


e 


ith the problem of finding the tautochrones due to a ` 


general positional! force, ‘but investigates the form of the differential equation ` 


and the derivable geometric properties of the system. This differential equation, 
which is of the third order and: represents ‘the total triply infinite system of 


tautochrones in the plane, is found in Article 1 from the well-known physical 


property of tautochrones, namely, that the tangential component of the acting. | 


force along the curve, is proportionai to the arcual distance of the moving particle ` 


from the center of tautochronous motion. The factor of proportionality must be : 


negative for actual tautochrones, but, as it is eliminated in finding the differential 
equation of the system, the symtom includes virtual as well as actual tautochrones. 





* Presented, in part, before the American Mathematical Boclety, September 14, 1909, under the title, 
«Geometric Properties of a System of ‘Tautochrones. ” | 
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For this reason we de to include virtual tautochrones in. the system ue 
consideration. 

The geometric properties of the system are next investigated. At any 
point (x, y) of the plane in a given direction y there is a singly infinite system 
of tautochrones. If the osculating parabola of each of these curves is constructed 
at the given point, the locus of their foci will be a bicircular quartic having a 
flecnode at the given point, the stationary tangent at this point having the given 
direction y. The angle 0 between the two tangents to the quartic at the given 


point is related in a definite way to the angle # which the’ acting force makes | 


with the stationary tangent, namely tan 9 = 8 tan 6". 

The inverse of the quartic with respect to the given point (a, y) is a hyper- 
bola, one of whos. ssymuptotes is ihe | stationary tangent to the quartic tat the 
point (x, yj; the other asymptote is parallel to the second tangent to the quartic. 
at the point (x, y). The locus of the center of this hyperbola as the given direc- 
tion y' varies is a circular cubic having the given point (a, y) as double point; - 
the real asymptote of the cubic is parallel to the direction of the force acting 
at the given point.- A characteristic property of. conservative forces is that the 
tangents to this cubic at the given point-are perpendicular to each other. . 

The next property pertains to hyperosculating circles. If the osculatingg, 
circle of each tautochrone through a given point (x, y) is constructed at this 
point, it is found that the locus of the centers of those circles which hyper- 
. osculate their respective tautochrones is a cubic through the given point. The 
tangent to this cubic at the given point is the line along which the force acts 
- atthe point. ^  - i l - 

In the next section the question of the sufficiency of the ne geometric 
properties for characterizing a system of tautochrones is considered. These 
properties characterize the system of tantochrones through a given point, up to 
differential elements of the third order. ‘Additional relations are found which 
make the characterization of the total triply infinite system of tautochrones. 


complete. EM 
In Articles 18-18 ies of curves of different types, dde on their 
possession of certain of the preceding geometric properties, are considered with 
regard to the effect of point transformations on them. It is found that the only 
‘point transformations: which transform the system possessing all the geometric 
properties under consideration into a system of the same type are the similitude 
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transformations, : Articles 19-20 deal with the system of tautochrones corre- 
sponding to & given value of the time constant. i 

In the.last part of the paper, space tautóchrones are considered and the 
differential equation of the totality of tautochrones in three-dimensional space 
is found. The class of forces for which: every straight line is a tautochrone is 
determined. It is found that a known relation between such a class of forces 
in the plane and the class of collineations does not hold in space.* Finally, 
it is shown that the only conservative forces for which every straight line is a 
tautochrone are those for which the potential is a quadratic function of æ, y and z. 


The Differential Equation of the Tautochrones. 


1. Suppose that-at each point of the plane a force is, acting whose rect- 
angular components are functions only of the coordinates of the point, namely 
(a, y), v(x, y). Such a force is called a positional force. We shall consider 
the: system of tautochrones in a plane, due to a positional force; that is, the 
system of curves each of which possesses the following property: A particle 
which, starting from rest, moves along the curve under the action of a given . 
positional force, will reach.a certain point, the center of tautochronous motion, 

‚in the same time from whatever point on the curve it starts. 

For such a curve we have the well-known property, | 


1 T —h(s — s), BT 


where T is the tangential component of the’ force, s— 8, is the arc measured 
from the center of tautochronous motion to the position of the moving particle, 
and % is the time constant whose value in terms of v, the time required for a 
particle to move from any point of the curve to the center, is 


-. 5 

| bip. 

By differentiating equation (1) twice with respect to s, we obtain the’ 
intrinsic equation of the system of all tautochrones in the plane, T namely 


Nnm REED (7 (2 


* Kasner; “ Tautochrones and Brachletochronos,” Bulletin of the Amarican Mathernattoal Society, XV 
(1909), p. 480. : 
t Kasner: ‘‘Tautochrones,” too. oit., p. 477. à "o 


368. Reppick: Systems of Tautochrones in a 


where r is the radius of curvature, 7' and N are. respectively the tangential and . 


normal components of the force, and 
a Yet (hy oe) yO? 
. 1+ 7? 
p wz bee + 2 De + as) V + On + bey) y + Vin Pa 








(Er wy 





w= _ by + de + (hy — Pa) y — (Pu + v) y^ 
H 1 + y? : ` 
subscripts denoting partial differentiation and primes denoting differentiation 
with respect to x. If we substitute in equation (2) the values of N, T, and T, 
given in equations (3), and the values of N, T, r and r, given by ` 


SCH, y 3? a Hgy" 





y"? ` 

M 4 

E d patty E 
vr Viky” 


we obtain, after reduction, the Cartesian equation « of the system of all tauto- 


chrones i in the plane, 


pi = Dat (Pos + te) + Oy + THE 








ey —v 
| Py + 2d, +3 (ty — Fe)! — (py E A TE l 
es ++ oa y (5) 


39y?* —4v y — ® 12 
(2 Tey-pars 


This is a differential equation of the third order and represents a triply infinite 
system of curves. > ` i f 


2. Special case: Gravity. When the acting force is gravity, 
j = 0, y= g. 


Then equation.(5) reduces to | | 
| l - iy y a * 
I — . 6 
“Figuation (6) represents the totality of tautochrones in the plane dis. to 


gravity. Itis the differential equation of the system of cycloids with horizontal 
` \ 





# 


ré 
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bases, and may be obtained by taking the Cartesian equation of pu & system, 
iame lys. / 


z+ e= a cos (1 atoy RG 


and differentiating three times, eliminating e, a and d. The actual tautochrones 
of this system are the cycloids concave upwards corresponding to the upper signs 
in the above equation. The system of straight lines in the plane also belongs to 
the totality of tautochrones represented by equation (6). A straight line may 
be regarded as a tautochrone whose center is at infinity. | | 

3. We shall now seek geometric properties of the system (6) and determine 
the necessary and sufficient conditions iat a triply, infinite grate of curves 
shall be a system of jautochrongs 





‘Geometric Properties -of the System. 

4. The focal curve. Consider first the system of tautochrones through a 
given point (x, y) of the ‘plane in a given direction y. This is a system of œ! 
curves, each corresponding to a different value of the time constant. Suppose 
that at the given point (a, y) the osculating parabola of each of these curves is 
constructed; that is,-the parabola having four-point contact with the curve. 
Then with each of the c! curves of-the system may be associated a. point, 
namely, the focus of its osculating parabola constructed at the given point. 
The locus of the foci of these osculating parabolas is. called the focal curve* 


. We now determine the focal curve of the above system of tautochrones. 


The coordinates a, 8 of the focus of an osculating parabola, referred to the 
point e, y) as origin, are given by the formulas 








—ày y" (jh —1) + 29! (3y —y y") E 
| 9. y"? + (3y — y! y) y , T 
LOT ges EINEN" | 
i 8 = 9 y? + (3 y? — y y"). i E (8) 


: We now eliminate y! and y between these equations (7) and (8) and the 
equation of the tautochrones (5). - From equations (7) and (8), 
— y" yP —I) + 2y By? y! y"). (9) 
8 PQ) ay gh 2 
* Kasner: «The Trajectories of Dynamics,” Transactions LE the en ARR Society, Vol. VII 


(1906), p. 406. 
49: 
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The elimination of y' between equations (8) and (9) gives 


(S oy 80 y?) n 
Y —— URGE ENS C ICH. 


Sabetibiting this value of. y” in (5), and the resulting value of yn in (9), we 
obtain, after reduction, 


4 ue (205 129 (y 248) + 7] (a2 +B) » 
(o— ipy t 23,4 8 (0, — 9:) y — (24, + be) y] (ey! — 8) (a? + 8*) (11) 
— (ay —B) [(3^—36y + BY) a> (309—349 + 9)8] — 0. | 


"This is the general equation of the focal curve, a and 8 being the coordinates of 
`a point of the curve referred to the given point (z, y) as origin. The coefficients 
in equation (11) are determined by the coordinates x, y of the given point and 
` the given direction y, since, for a positional force, @ and ẹ are functions only ` > 
of x and y. i 
^ An inspection of equation (11) shows that it representa a bicircular quartic’ 
‘having a node at the origin. "The equations of the two tangents at the origin, 
h, i, say, are . HN 


ee + zo . (13) 
&: (éy'—20y F34)a— Goy^—29y 4 9)8—0..— (13) 


The en t has contact of the third order with the quartic, cutting it at the 
‘origin i in four coincident points, three on one branch and one on the other; it is, 
then, a stationary tangent. Its slope B/a==y'. The other tangent t, has contact - 
of the second order with the quartic, cutting it at the origin in three coincident 
points, two on one branch and one on the other. The origin is, then, a flecnode 
of the quartic, since one, of the tangents is stationary. 





Turormm I. At any point (a, y) of the plane in a given direction y', dustoa ‘” 


positional forée, there is a singly infinite system of tautochrones, each of which corre- - 
sponds to a different value of the time constant. The focal curve of this system is a 


bicireular quartic having a flecnode at the origin, the stationary tangent = the . 
given direction y. > ` 


The slope of the tangent f, from equation (13), is 


B dy? —2oy t 34 
= a Boy’ dy e. 


) 
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Taking the a axis in the direobion " of the tangent 4, we diss 
Slope of a BW. ; | | 
pe ofh ="; 


but /$ is the tangent of the angle which the direction of the acting' force 
makes with the tangent 4. Calling this angle @ and the angle between # and 4, 
0, we have 

- tan 0 = 3 tan e. . (14) 


| TuzonzM Il. The second tangent " to the quanti ai the c origin ie such that the ` 
tangent of the angle between t and i 18 three times the. tangent of the angie between t, - 
and the direction of the acting force. 

5. The focal curve for special forces. When the- acting forcé is gravity, 
then by substituting = 0; 4 =g, in equation (11), the focal curve reduces to. 
(ay — 8) [^ + 3)o + 2y' 8] — 0. 

This represents two straight lines ‘through the origin, and if 0 is the angle 
between them, we find tan 0 = — 3/y'. When y —0, 0 = 90° and the lines are - 
the x and y axes. For actual tautochrones the focal curve consists. only of a part" 
of this locus, the upper half of the y axis. 
When the coefficient of the fourth degree terms in equation (11) vanishes, 
the focal curve degenerates into the line 4 and a circle through the origin 
tangent to the line &. This happens only when the force is 3 that defined by 
the set of partial differential ‘equations: : 
Pee = 0, c 2 Day + bee = 0, , } (15) 
Puy + tr = 0, Vy = 0. | 
© This class of forces is discussed by Kasner in the first paper cited; it is the class 
of forces for which every straight line.in the plane is a tautochrone. 
6. The inverse curve. We now take the inverse of the focal quartic with 
respect to the origin. Applying the formulas of inversion, 
E i 
pr, P= iude 
to equation (11), we obtain 


' (8520-945) 1E — 93 — Mut rud | 
an) 


= (18) 


pls Fa 


+19 —2wy --39y*]v 3-2 [6,-- 235, +3, 9) y — (29, 3-9) Ey —n) 
— 4 [Pro + (2 Pau F bee) ¥ + (Ours + 2 Weu) y? + bu y^) = 0, 
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she is the equation of the i inverse curve. - Here, "E, « are the none tés of a 
point of the inverse curve referred to the given point (x, y) as origin, and the 
coefficients are determined when c, and y' are given. The curve is a conic 
and its discriminant i 


- [Gy —20y t 9") — (6 — id *39y?)y] 70; 
hence the conic is a hyperbola. ; + 
We find the equations of the asymptotes of the hyperbola to be 








n=yE, (18) 
DE ba M ELE ADN go 
—24y 393" Pr + 39g" 


Hence one asymptote passes through the origin in the given direction y; it is 
the tangent ¢, to the quartic [equation (12)]. The other asymptote has the same 
slope as the tangent 4 to the quartic [equation (13)]. x, 

The inverse of the focal quartic is a hyperbola. One of its asymptotes is the 
tangent t to the quartic at the origin; the other asymptote te aie to the onar 
‘tangent t, to the quartic at the origin. ` 

-%. The locus of the center of the inverse curve. So far we have dde 

only the system of co! tautochrones that „pass through a given point in a given 
direction. For such a system we have found that Theorems I and IT hold. : 
Now let the tangent 4, in the given direction y/, rotate.about the given point 
(x, y) For each position of ¢, we have a system of œ! tautochrohes, such as : 
that of Article 4, passing through the given point and tangent to 4. We thus 
obtain a system of œ? curves—all the tautochrones in the plane passing through 
a given point. For each position of t, there is a focal quartic of the system of 
tautochrones tangent to ¢, at the given point. The curve inverse to this quartic 
is a hyperbola, the coordinates of whose center, referred to the point (x, ÿ) as 
origin, we will denote by X and Y. Hence, with each direction y of 4, may be 
associated a point (X, Y) of the Rene We now determina 'the locus of the 
point (X, Y) as y varies. 

Since the center of the ee is on the line t, whose slope is y, we have 


F=yx grec anon 


_ bg—hf | 
Fo nan LES 7 


Applying the formula, 
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for the abscissa of the center of the conic | 


‚aut hay + by +2gx+2fy +e=0, 


dd the conic (17), we get, after reduction, 


bote 2[9, 4-245, + 3 (dy — oe) Y! — (99, +V TY. 
TE (33 —29y Ey) —(@— 2b eo 


ene y between equations (20) and (21), we obtain | 
|OR()X—9 Y)X*-- PH HH LI (26 +42) Y*] =0. (22) 


This represents the locus of the centers of the hyperbolas inverse to the focal 
curves, X, Y being the coordinates of a point on the locus referred to the given 
' point (x, y) as origin. - - nii 

An-inspection of equation. (22) shows that it represents a circular cubic 
having a double point at the .origin. TORRE out the equation ` of the, real 
asymptote of the cubic, we obtain | a 


v= dx Aly +2 P 30,9991 (29, + 399] 
$ gi o 9er. 


The slope of this line is the same. as the slope of the line of force at the 
| given point. The asymptote is therefore parallel to the ESCHER in which the 
' force is acting at the given point. 

 Turorem III. Through a given point (x, y) of the plane, in a given direction y!, 
passes a singly infinite system of tautochrones, the inverse of the focal curve of the 
system, with respect to the given point (x, y), being a hyperbola. ` The locus of the 
center of this hyperbola as y' varies is a ‘circular cubic having the given point as 
double point. The real asymptote of thé cubic i ig parallel to Me direction of the force 
acting at the given point. 

8. The tangents to the cubic at the origin. From equation (22), the tangents 

to the cubic at the origin are given by 


_ 3 (ty— 9) 8 V9 (, — ELU FIG TA y (24) 
, 2(29, + de). i 


These tangents will be real and distinct, coincident, or imaginary ; that is, the 
origin will be a node, cusp, or conjugate point of the cubic according as 


D =9 (hy — + 4(2 + Ye) (Oy + 344) >=, <0. (95) 


(21) 





N E" 











^ s 


374 Reppick: Systems of ntoh ones ina 


If y represents the angle between these tangents, we ihe 


A8 (3, PF pue T3) CERIS | D 


|. Special cases, Fora conservative force, $, — Yp. In thia cage (28) gives 
| 00 D= I (dy — ha)? + 869 > 0. 


. The origin is a node, and from (26), y — 90°. Conversely, when y = 90°, 
Py = Ya. This.property is therefore characteristic of conservative forces. 

A system of tautochrones will be a system due to a conservative force when and 
only when the tangents at the origin to the cubic of Toren III are C copies 
to-each other. 

For a so-called analytic force, Fe = us $,— p In this case (26) 
gives D = — 442 «0. The origin is a conjugate point, and from (26), 
tan y — i. Conversely, if tan y =i, $,— V, and $, = — a; hence the 
property is characteristic of analytic forces. bud 

9 Hyperosculating circles, Suppose that the circle of curvature of each 
tautochrone of the doubly infinite system through the point (z, y) is constructed 
at that point. Out of the œ? circles thus constructed we now determine which 
onés hyperosculate their respective tautochrones. For hyperoscülation the con- 
tact must be of the third order; hence the value of- y" in the equation of the 
circle must be equal to the valve of y" in the equation of the tautochrone. | 

The differential equation of all circles is 





tan y = 





t 


, 8 y y'? | ; 
Wom 4 I _ 27) 

Y SIF i 4 
Hqusting this value of y' to the als of y" i in the equation of ine tautochrones 
(8), and reducing, we find 


(9 - V) y — [0, + 34, + 8 (dy — 92) y — (20, ty qvi m 
[Ba + (202, + D) + (Or FI us] (1 + y? —0, 
which is the condition for hyperosculating circles. ~- | 
This is a quadratic in y”, regarding the point (x, y) and the direction y as 
given. Hence there are two values of y” for each lineal element in the plane, 


* That is, a force whose rectangular compónente 4, y are conjugate harmonie functions, so named by 
Lecornu, “Bur les forces analytiques, Journal de V École Polytechnique, Vol. LV (1885). 
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corresponding to which two tautochrones.are hyperosculated by their circles of 
curvature. Thus, with each lineal element through a given point we may 
associate two points, namely the centers of the two hyperosculating circles 
determined by this element. We now inquire what will be the locus of these 
. centers as the element rotates about the given point; that is, a8 y varies. in 
equation (28). 

If we represent by X and Y the coordinates of the center of curvature 
referred to the given point (x, y) as origin, wé have the formulas: 


var) pity” 
ey? fer zu 
Substituting in dualen ee) the values of. y! ang y found from these equations, 
we obtain | 


S.P Q6 + Yas) EP HET - | TE 
+ (Py 234) Y*—3(4, —9,) XY —(29, 4:4.) X* —9 V+ yxX=0. 


(^ 


(28 


This represents the locus of the centers of the hyperoscülating circles, 
X, Y being the coordinates of a point.on the locus referred to the given point 
(x, y) as origin. The coefficients are determined by the coordinates of the given 
point. The curve is a cubic through the origin. The tangent at the origin is 

| =X; | A90) 
hence it is the line along which the force acts at that point. 

Tuxongw IV. Corresponding to each lineal element through a given point there 
are two tautochrones tangent to the element at that point which are hyperosculated by 
their circles of curvature. The locus of the centers of these hyperosculating circles as 
the slope of the element changes is 'a cubic through the given point. The tangent to the ` 
cubic at the given point is the line along. which the force acts at that point. _ 

10. We have found that the triply infinite system of tautochrones repre- 
sented by equation (5) is such that the singly infinite system of them, passing 
through any point in the plane in a given direction, possesses the properties 
stated in Theorems I and-Il, and the doubly infinite system of them, passing . 
through any point in the plane, possesses the properties: stated in Theorems III l 


and IV. We shall express this by saying that the triply infinite system possesses À 
próperties I, II, III and IV. -— 


376 — REDDICK : Systems of. Tautochrones in a. 
J i Converse Questions. 


11, We have shown that the triply infinite system of tautochrones i in the 
plane possesses properties I, II, III and IV. The question now arises, does any 
triply infinite system of curvés possessing properties I-IV represent a family of 
tautochrones? We now praceed to convert these four properties i in succession. . 


a Conversion of property I. The focal curve of any system of curves | 


ee property I will be of the form: 


“(+ B+ A (ay — P) (a +8) + (dsa + 48) (a — Be (82) 


This is the general équation of a bicircular quartic having a flecnode at the origin,’ 
the stationary tangent at the origin having the direction y, where A, , 4, 4; 


' are arbitrary functions of x, y and y. 
-We now eliminate a and 8 between xr (8) and (32) by means of: 


relation UE This gives | 
y" = B+ B, y! + By”, l 5 .(33) 


I 


where B,, B,, B, involve A,, As, A, and are functions of z, y and y. Thus 


all systems possessing property I are of the form ( 33), 
i 13.. Conversion of property JI. In.order to convert Theorem II, we state it 
in a form riot assuming a field of force, as follows : At any point (x, y) of the 
plane there exists a certain direction, whose slope is o (x, y), such that the 
tangent of the angle between the two tangents ż and & to the focal quartic 
at the given point is three times the tangent of the angle between /, and: this 
direction. We now seek the equation of the system posscsemg property II in 
addition to property I. i 
* The focal eurve of ihe general system (33) possessing property I is 


4 B, (a? + 8?)* — 2 Bs (ay! — B) (a? + 8°) j 
+ («y — 8 [Bay Q/* +1) D 148 DA EDS -6y'] 810. 


The slopes of the tangents " and h at the origin are respectively 


8." By('*)—397—1) — 
Dx BEDS E 





(34) | 
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If the system possesses property Il, we then have 


ut) eu)... 
BQy*r1)—8y 30), 6 
qt AYGUED-3(97—1, ^ 1*ay 
| Bs (y? + 1)— 6 y! | : 








Solving for B,, we find | 

1+4oy — 3y? . 
B; = m 87 
= G yF) "E 


Hence all systems possessing both properties I and II bave the form 


1+ 40y — 3y? 
CETTE TL M e) 


14. Conversion of property III. We may state RN III ina form not 
assuming a field of force, as follows: Corresponding to each lineal element 
through a given point there is a focal quartic whose inverse with respect to the 
given point is a hyperbola. The locus of the center of this hyperbola as y varies 
is a circular cubic having the given point as double point; the real asymptote 
of the cubic is parallel to the direction @ introduced in property II. We now 
determine the equation of the system having. property III in addition to 
properties I and II. 

- The focal curve of the system (38) may be: ‘obtained from (34) by substituting 
in it the value of B, given in (37). Then inverting this focal curve by means of 

formulas (16), we obtain the hyperbola 


“yl m B, + By" + 


A 


[Be =2y +oy”)y] E —[80—2y' + oy) + (1—2oy + 3y7)y] En } (39) 
+ [1 —2oy + 3y7] t —2 B. (Ey! —n)(a—y') + 4Bi(o — y) = 0. 


If property III holds for this system, the center of the hyperbola (89) must lie 
on the cubic _ ; 
GXT) (X+) + HX + H,XY4 HY! —0, (40) 


‘ where Æ, H, and H, are arbitrary functions of x and y. | Computing the 
coordinates of the center of the hyperbola, making üse of Potion (20), we find 
2 B} 2By . 
= aat DANS Ve “(Al 

sur ar en 
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" Free in (40), we get Eod. S 
p, = 30h Hy! + By) _ ray + tay” (4) 
2(o—y¥) osy. | 


where L,, L, and L, are functions of æ and y. Hence all ayicik having 
properties I, IT and III are of the form 


H— a 0.0 + nn 12 i ` | 
sant tenner” ^ 7 
15. Conversion of property IV. Finally, we inquire what systems possess 
_ property IV in addition to properties I, II and III. Property IV may be stated ` 
without reference to force, as follows: For a system of curves through a given 
point in the plane, the loc of the centers of the hyperosculating circles con- 
structed at the given point is a cubic through that point, whose tangent at the 
given point has the slope o introduced in property II. 
If the curves of the system (43) are to possess property IV, the centers of 
their hyperosculating circles must lie on the cubic, 
OLY MX Y! ASX!Y EM +MY EN EY NX! Yo X —0, (44) 
where the W's and N’s are functions of œ and y. Equating the values of y" 
in equations (43) and (27) gives the equation of condition for hyperosculation. 
If, in this equation, we substitute the values of y! and y" found from (29), we 
obtain the locus of the centers of the hyperopeulaiig ciroles for system (43), 
namely 





B,(o Y + X) Y* 
X? Y? 
. If this equation is to be of the form (44), we find- . 
(K+ Ky + Koy? + Ky Vay) 
(46) 
a—y . 
where the K’s are functions of æ and y; so that we have finally this result: 
The general equation of the system of curves having properties I, IL, III 
and IV is 
yi Et Ea! + Koy" + Km ty? 
a—y 
ht hy thy yy day — 29? m 
(o: x (1 4 y?) 


+ LP — LET+LE+ Y—aeX-0. (45) 








(47) 
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This equation contains eight arbitrary functions of x and y, namely K,, Ka, | 
Ky, K,, Li, Ly, Ly and o. It is of the same form.in y’, y" and y" as equation (5), 
but more. genera] with respect to the functions of œ and y which enter into the 
coefficients. Properties I-IV are, then, not sufficient to characterize the total 
triply infinite system of tautochrones in the plane (5), since these properties 
belong to the more general system (47). In the next section we shall find the 
relations which. must hold between the eight functions K, Ry, Ky, Ki, Ly, Les 


L; and o for a complete characterization. 


‘If, however, we consider only the doubly infinite system of curves passing 
through a point (a, y) and possessing properties I-IV, the curves of this system 
will have at that point the same values of y, y! and y" as the curves of the 
.doubly infinite gystem of tautochrones passing through that point; that is, 


_ properties I-IV characterize the system of tautochrones through a given point 


up to differential elements of the third order. 
following way: 


This can be shown in the 


For a given point, the eight. arbitrary functions of x and y in equation (47) 


reduce to constants. 


If, now, these eight functions are chosen as arbitrary 


. constants, it is required to find functions $, 4 which for a given value of x and y 
make equation (6) equivalent to equation (47); that is, we must find functions 
$, Ÿ which satisfy the following set of equations obtained by equating the 


coefficients in equations (5). and (47): 


= Poe mt 
E D ® 

K, =— 79a Ty y — 8 (D — 3095 99) 

$ $ | 
| (48) 

K. Puy + 2, queis 

$9 7 pee cc 
=, TR 


in which K,, K,, Ko, K,, Li, Ly, Land o are arbitrary constants. Let 


=a + bz oy day + es? + fy’, 
yj =d Us oy p day tedas + fly’ 


Ju 
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Then for a given point, say æ—7—=0, we have l 
$ Zi. y = a’, oy = b, $, — 9, | s. | 
te mU Wy =, Qu = 2e, Dry = d, (50) 
Py = 2f, Yard md biy =E 


Then equations (48) reduce to 


a K, = — 2e, ‘al, =—(o+20), 
, aK =—2(d+ e), aL, =3(b—c), (61) 
` -aK = —2(f+ d), al =2c+ VU, | | 
ak =—2f', ao =a, 
"Take a=1, d = d'— ed —0. Then | ur 
ez — Kl, . d=— a/ 2, Jf = — K,/2, l en (52) 
e=(L+2l)8,. b= L,/8, : b = — (2 L + 1L)/8, a =o. 


Hence, from (49) and (62), 





T Ey o Kay, 
. (58 
jua ee 2 Zu... 
S ı B 2 i \ 


. The system of curves, possessing properties I-IV and passing through the 
point (0, 0), coincides up to differential elements of the third order with the 
‚system of tautochrones due to a force whose components are given by (53). 
The particular pair of functions (53) is only one of many pairs that satisfy the 
" requirement. Properties I-IV are therefore sufficient to characterize the doubly 
infinite system of tautochrones through a given point up to differential elements 
of the third order. 


Complete Characterization. 


16. If the triply infinite system of curves represented by equation (ar) is 
to be a system of tautochrones, it must be identical with the system represénted 
by equation (5). The set of relations (48) must therefore hold, where now 

Ky, Ka, Ky Ki, Li, La, La and o represent arbitrary functions of æ and y. 
| If we introduce | 
h=logq, _ (54) 


v=09 Oo |. (65) 


and substitute - 
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in the equations for L,, L, and L, in (48), we find 


L = —h, — 20h, — 20,, (58) 

L, = 3 (ho — oh, — a), | (57) 

. Ly = 2hy + oh, + ay. |. (58) 
From (56) and (58), NE Y i ' 

he Peet a hy = EAE, " . (89) 


Ste these values in (57), we get the relation 


ot (lr + 2h) + oly + 8(0, oo) + 21 + Io (A) 
et from (59), 
(In + 2Ly) + (+R +) - = 0. (B) 


By virtue of these two relations (A) and (B), we can express Ly, D, L; 
and œ in terms of two arbitrary functions @ and +; for, from (B) we can find 
a function A satisfying equations (59), thus giving (56) and (58); then (57) 
follows from (A), and; making the substitutions (64) and (55), Ly, Ly, Ls and a 
are obtained in the form given in (48). 

‘Again, from (48), 





= (D) eE- (Ly 00 0 (80 

from which we get the two relations giving K, and K,: | 
ee L(3o,-2L--Lhy P ore 
= (h + GS EE, (C; 
Ks) + Batre) (5j 


To obtain the equations determining K,, we make use of hs, found from (55), 
| jede he, | (61) 
. * x * | | i 
Then, from (61) and (59), the equation for K, (48) gives 
_ (3. +2L, +1) , (30, 4-2, + L, ; 
A ( 30 ) T ( 3o ): (E 
Finally, to obtain the equation for K,, from (49) we find the relation 


g = oh, t+ oy. (62, 
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Differentiating both sides of this equation with respect to y, and substituting for 
V,/$ its value, — K,, from (48), we get l 


Ke (ar I _ 50,422 ol 309] oy. m 


If, then, the relations (C), (D), (E) and (F) hold in addition to (A) and (B), 
they are sufficient for determining, in terms of two arbitrary functions @ and 4, 
the values of K, K,, Ko, Ka, Li, DL, Is and o ) given in equations (48). We - 
then have the final result : | 

Any triply infinite system of curves in the plane represents a family of tauto- 
chrones when, and only when, it possesses the properties I, II, III and IV, and the 
functions K,, K,, Kj, K,, Li, Is, In and o, which appear in the equation (47) of 
the system, satisfy the relations (A), (B), (0), (D), (E) and (È). 


Point Transformations. ' 


‘17. The formulas of transformation. We shall refer to systems of curves 
possessing properties I; I and II; I, IT, and III; and I, II, III and IV as 
systems of type I, II, IH and IV Vespectively The equations of these systems 
are respectively (33), (38), (43) and (47). We now consider the effect of an 
arbitrary point transformation on such systems. 

We write the transformation formulas as follows; . using the- notation of 
Kamer, * 


X =P(x, ”), Y-w9(. y), | (63) 
(cy 4d)Y'zay-b - | (64) 
where , l 
a=¥,, b6=¥8,, c=, d=9,. 
(cy + df Y" =a + By tyy? toy? tig”, (65) 
where : 
J=ad—be, 
a = P, Pos — Yr Pz, , 
B= D, on — Py Dre + 20, 7,, — 2¥,,,, 
y = ©, Py — v, Teva Bey — 2%, Dry» 
dui NS. Dy 








* Kasner: Trajectories,” loc. cit., p. 419. 
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We shall use (65) in the abbreviated form 
Tot ayh c | ^ — (65) 


` (ey + ay" = = (ey + N (Ap + Ai y! + As y? + Ay? + Ay) 
~8(a+ By + yy? + by") (as + Boy + ys yt) | (66) 
+ (a+ By yy))yy'—-3ejy" +j (ey! T d)y", 
where 
'a 7 d(B 4) —800— sjh, 
By = e (B + J.) + d(2y +7) —30 8 — 3j (e, + dy), 
y = e(2y.- 4) --8348—3ey —336,, 
i ag = Pr) B, 29, ys = y, 
A, = ay, A; = a + bz, A, = 8, + Y», Ag = y, + 6, A =à. 


We shall use (66) in the abbreviated form 
i Y" - E, + Big! + Bay + By". (66) > 


. 18. Transformation of. systems of jie I. If we igi the above trans- 
formation to be É of systems of type I, 





of!" = By + Bay! + Boy (33) 
it becomes - u Ze | 
y! m AY! + hy" (67) 
where . - 2 
f Pob Buc Bri Fi f. _ By b 2 Bye e; — E, fA E 
1 s | 3 a ee ge ee 8 EB ’ 


the bars denoting the result of applying the transformation to the quantities 
‚under them. The /’s, like the B’s, are functions of v, y and.y', so that (67) ' 
is of the same form as (33). 

Systems of type I are converted into Bon of the same type by the general 
point iacit ad 

- Transformation of systema of ios II. For a Sen of ae II, 
PRG (38), we have | 
_1+40y—3y ia 
" (e—3)0 0 y?) 


^ 
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If this system is to remain of the same type, we must have 
_Be—E, 144Qy+3y? 
f e oru 68 
"E COR OEY ie 
where Q is a fanali of x and y. 
Applying the transformation of Article 16: to B, we find 


B 6r tD [ey +d) 48 (ay + D (oy + d) — (ay + UE 








| | dey-d4o—(y +H) [ay tey tay ^ C” 
. Then the value of /; becomes | u 
A= Li , | | ' (70) 


N — (4abd--Bó--3cd')a — (4Abod —ad? + 848%) 
4-2 [(2à*d «- abe 4- 3c d)a —(256 -- acd+ 3a b)] y --3(co —a) (à? 4- 8) y?, 
= [dob + (cà — a) y] [P + d* + Hab + ed)y + (att oy). 
Tf this is to be of the form (63), we must have 
ab -- cd — 0, Arte, : (71) 
in witch case (70) reduces to | 


` h= 


OS 


1+40y—3y? mee 


a—co 





en (71), written in the d, ® notation, are X 


Ob, -- 9, 9, — 0, lan 
(d$? + pi = o? + yi. 
Eliminating %,, we find 
NIS (bj — 92) = 0. | 

Disregarding the factor s 2, since it leads only to imaginary: aludon or 
to the trivial solution, P, = B,= dom = P = 0; which makes d and P constants 
and throws the whole plane into a single point, we have for the solutions of 
equations (71^, . , 

o. = v, " o. = o— T, } i 

73 
du. Vo | = quien 


These are respectively the direct and inverse conformal transformations. 
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The only point E A be et €—— of type II are converted 
into systems of the same type are the conformal transformations. 

20. Transformation of systems of types III and IV. For a system of type 
III, equation (43), we have 


p, lat Ley! + Tay" 
| 9—y C 


If this system is to remain of the same type, we must have, in addition to (68), 
| A= Bye + 2 Bas = E — M + My + My? 
a Es = Q — y! x : 
where M,, M, and M; are functions of x and y. 
Under the transformation of Article 17, B, becomes 


_ Ley +4} + Lay +b) (ey dy Lay +o) 

| (cy +a) (cy + d)a—(ay F O] 
It is found, E forming the expression for f, and imposing on it the condition (14) 
that this leads to the necessary condition 


(74) 











| a=B=y—=êÎ=0. l (75) 
Condition (75), expressed in the d, Y notation, is 
De Pas — V, Pay = | 
D, Bon — D, Don + 20, Pay — 2B, Bey = 0, (75) 
De Fy — 9,5, +2, Py, — 2B, D = 0, 
D, Py — Vy Dy = 


The solution of this system of equations is* 
autthyty pi aethyte 
agm + by + cg’ | asw + by + cy 
This is the projective transformation. If, then, a system of type III is to be 
converted into a system of the same type, the transformation must be projective . 
as well as conformal. The most general transformation of this kind is the 
similitude transformation, 


(76) 


D=ar+tby+e, 


P= Fbetay +d, (77) 


where a, b, c andd are constants. Under this transformation the condition (74) 








~ *Lle-Schoffers: «Vorlesungen über continulerliche Gruppen," p. 84. 
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 issatisfied. It is also found, by computing B, and f, that systems of type IV 


remain of the same type under the transformation a 7), 80 that ı we bave finally 


the result: . 
The only point po which convert systems of type III and IV into 


"systems of the same type are the Sour-parameter group of similitude transformations. 


Systems of Tautochrones for a Given k. 


' The diferential equation of the system. The total triply infinite Gil 
of: ts in the plane may be grouped into doubly infinite systems 
according to different values of the time constant k. From equation (1) we 
have for the equation of such a system BU 
Lt | (rs) 
For each value of k this equation represents a doubly infinite system. of curves. 

From equation (4) we find 








RETE (7s) 
where | 9 
pa Pett VY TEE | | 
1-4 y? | 
| Hence the differential equation of the system (73), expressed in Cartesian form, is 
| Pz t ($, + 9) y u (4 — vo" . == k | 80 
"ia y? ar P 


22. Geometric properties of the system. At every point (x, y) of the plane 
in a given direction y and corresponding to a given value of & there is one 


-tautochrone. Suppose that at the given point (æ, y) the osculating circle of this 


tautochrone is constructed. Let a, @ denote the coordinates of the center of this 
osculating circle, referred to the point (a, y) as origin. -We inquire what will be 
the locus of this point (a, B) as y varies.. l 





The formulas for the coordinates of eontr of curvature are ‘ 
e y 0 y? "s DE 


' Eliminating y and y" between equations (80) and. (81), we obtain 
FRE) + (P + tib — pa —48=0 (82) 


* 
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| This es represents the lods of the centers of the osculating circles 
drawn at the point (z, y) to the tautochrones which pass through this point and 
correspond to a given value of the time constant #, a and 8 being the coordinates 
of a point of the locus referred to the given point (x, y) as origin. The locus is 
a conic passing through the given point. The tangent to the conic at the given 
point is ' l 
| 8$-2—5a. 0. (83) 
| 0v er | 
hence its direction is perpendicular to the direction in which the force is acting. 
at the point. 
In the case of gravity, $ = 0, d =g, and the conic reduces to 


' b(a? + 6%) — 8 — 0, | | (84) 


a circle tangent to the a axis at the origin. `` 

It is also found that as % varies, the locus of the center of the above conic 
is another conic through the givén point (x, y). The line along which the force 
acts at the given point is augen to the second conic. 


Sinus Tautochrones. 


28. The differential equation of the system of tautochrones in three-dimensional 
space. Suppose that a positional force F (x, y, 2) is acting at every point of 
three-dimensional space. We shall now consider the system of space tauto- 
chrones due to such a force. The physical property of the tautochrones, ex- 
prossed i in equation (1), yields as in the plane case, 


T=% ` 2 . (85) 


where 7 is the tangential component of the force F along the tautochrone. 
We wish to express this equation in Cartesian form. 

Let N represent the normal component of the force F, and 4, ii m x its 
x, y and z components respectively. Denoting the direction cosines of the tangent 
and principal normal by a, B, y and J, m, n respectively, we have the relations 


a, B, y = da, dy, de/de = 1, y, ALS Y d y? d e 


2 3 Pat du | fdiz | 
Umso pi ne qa / NV Ga) + "G)* COT » 
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Then we find : 
: +y + x 
y E pat Ve tay = Shey es (87) 
2 E Bar d? 
N Sl ym anm (ooo e Fd r ar (88) 


where 7, the radius of absolute curvature, is 


NT 
From ee (88) we get by means of relations (86) 


DX xf o (9cy bz) y! +22) (iij 
Tr Lp yt +? a (1 + yf? + gy ^ TEE 
Differentiating equation (87) with respect to s, we find, after reduction, 








n-THE, — | — (90). 
where ` 
= hatay PRET (be + Wy! +2) y! + CEST ESTA (91) 
1 + y + 7 
Differentiating equation (90) with respect tó 8 gives the intrinsic equation of the 
tautochrones ' 





Tu (yz 0. (92) 


If the values of 7, and (4) are found from equations (91) and (89) by 
3 
differentiation and substituted in (92), we obtain finally 


Hy" + Kd" = A+ By! 4 Og! + Dy g! + By” + Fa, (98) 
where i ; 
H=py pa Hy, 
K-—$97—43(1-45?-F vy, . 
= [Bar + (2 Des + Vin) Y! + (2 Des + Kan)! 2 (Due + Yer + oy) 7 
te (Ds + 235) y? + (Pee + 2 Xas) 2? + (des + 20) y 2? 
(OE (2o xy) YP yy yt de TO + y? + 27), 
B = oy + 23, + 3 (dy — 92) y + (xs + 24,)2 — 3 (0, + x2) y 
(— (24, + be)? + Gy + 24) + 3 (Wy — x.) y 2? 
— (2, + de) y^ 7 + (aus + 235) 2", 
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C=, + 2% + (b, + 2y,)y + 3 Ce qd — 3 by + ye 
+ (Ge +22) y? — (26, + X)? — (Bd, + x) y 2? 
T 3, —3)y*7 TG, + 22, y^, 


pz Ste xy) [oy t ze) + Be] ye + stir xt) 











1y 7 
399—9— y +(8xy?— g) —( + 4) y) zt — xd 
aye i 
IPA + (yz — by — (+442) y? — y" 
: 1 4- y? 4- + gl? s E 


Equation. (93) is the differential equation of the totality of tautochrones in 
three-dimensional space, due to a positional force whose rectangular components 
are $, 4 and y. It represents a system of 'o= curves. When x and z are 
absent, the equation becomes that of the plane system, equation (6). | 

24. Condition that every straight line 4n: space shall be a tautochrone. In 
order that every straight line in space shall be a tautochrone, it is necessary N 
and sufficient that the force be such that equation (93) is satisfied when 


y! — 2'=0. Hence the coefficient A must vanish ae. This condition ici 


leads to the following system of equations: 


dex = 0, 2 Des + m = 0, 

by = 0, S Pert 2 Xes = 0, | » 

Xs — 0, 2 bye + xy = 0, - (94) 
2 Dry + tee = 0, Pes + 2 xy, = 0, | 


Py + 2 Vey = 0, Pye T Ver + Lay = 0 
The solution of this set of equations may be obtained without difficulty. 
From the first three. we have 
p — (yz) +2 Fy, 2), = 
d= g (2,8) +y G (œ, 2), — | (95) 
x = h (x, y) + z H(x,y), 
where f, g, h, F, G, H are unknown functions. The remaining equations of 
(94) serve to determine these functions and we obtain for the solution of the 
system (94), 
H=atrbsteytdetenytfeetgyerhftiz, 
=a +Vaetey+de—haytflactg yzs— ed +72, (96) 
=a" + Wat d'y + dla (f! + Eh] 
where the coefficients are constants. 
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The class of forces defined by equations (96) is the class for which every 
straight line in space is a tautochrone. Equations (96) involve twenty parame- 
ters. The class of collineations involves fifteen parameters. Hence the relation, 
pointed out by Kasner,* which exists between these two classes in | the plane, 
does not hold in space of three dimensions. 

If the'class of forces defined by equations (96) is required to be conservative, 


then . uM , ; 
| Py = Ve) Pr Xe = Xy n (97) 


in ‘hich case all d. second partial derivatives of” ? y and x von the force 
components have the linear form, g 


p =a tbet ey Fdz . S 
pod +eatoytdz o 0. + (98) 
RES e a ae, i : 


t 


and the work function i is 
“Ween tay + atout dan dye tty OF 4 Pe . (99) 


Hence the result stated in the paper cited above for plane fields of force 
holds in space of three dimensions: .The only conservative forces for which every 
straight line is a tautochrone are those in which the potential is a quadratic function 
of z, y and z. 


COLUMBIA UNIVHRAITY, January, 1910. 


t 


e 


* Kasner: ' Tantochrones," loc. oit, p. 480. 





The General Transformation Theory of Direct 
Elements." 


By EDWARD KASNER. 


ý s 


The simplest type of differential element is the lineal element of the plane, 
defined by (a, y, y) or (x, y, p). The general element transformation is obtained 
‘by setting a, y, p, equal respectively to three arbitrary functions of x, y, p. 
Contact transformations are those special element transformations which convert 
every union into a union, 8 union (Verein) consisting of.the e! elements of & 
curve or point. The general transformation will usually disrupt a ünion; that 
is, the new «c! elements will not be united. : Our first result is' that for an 
arbitrary transformation (not of the contact class) there exist precisely co? unions 
which are preserved, that is, converted into unions. It follows that if a trans- 
formation preserves more than a doubly infinite number of unions, it must be 
a contact transformation. | 
We consider next ‘transformations: of the direction elements of space 
(x, y,2, y, 7). Here, intermediate between the general case preserving œ ‘ unions, 
and the contact case preserving all unions, we find a type preserving co ^ unions. 
‘These are solutions of a certain form of Monge equation of the second order 
which is characterized geometrically by a property equivalent to that stated in 
Meusnier’s theorem on the curves of a surface. The intermediate type may be 
obtained in explicit form and involves three arbitrary functions. . 

The discussion of transformations of surface elements (x, y, 2, p, q), taken up . 
in Section III, is more complicated. In the most general case no two-dimensional 
unions (surfaces, curves or points) are preserved. [n the contact type, of course, 
all unions are preserved. In between we find types preserving a single, double 
or triple infinity, and also a type where the system of unions involves an-arbitrary 
function, being defined by a pair of equations in involution. The lapt type, 





` * The main results of this paper were presented before the American Mathematical Society, April 80, 1004. 
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which is the most interesting as being the nearest to the contact type, depends 
upon three arbitrary functions of five arguments. Among the special results, it 
is shown that if every point and every plane is converted into a union, the : 
transformation is necessarily one of contact. It follows, for example, that no . 
element transformations beyond those contained in Lie’s fifteen- Da group 
can convert every sphere into a sphere. 

With respect to one-dimensional unions (strips), all transformations not of 
the contact tÿpe preserve a family involving two arbitrary functions. 

In Section IV we consider briefly the differential elements of n-th order in 
the plane. Usually, no unions are preserved, but the number may vary in pecu. 
cases from oo! to o» ^*1, [f more than co "*!, then all are preserved. 


I. Direction Elements tn the Plane. 


The general transformation is of the form 


a -—X(ypP n-Y(m»nr n-P(sw»P  () 
‘where the three functions are assumed to be uniform, to possess continuous 
partial derivatives, and to have a non- vanishing Jacobian. ` 
Consider now two united elements (a, y, p) and (x + dz, y + d p + dp), 
so that dy — pda — 0. The condition that the transformed elements (x, » Jo Pi) 
- and (m E dan, Yi + dyi, Pı + dpi), where | 
e du = X, do + X;dy + À, dp, etc., 
shall also be united is dy; — p, da, = 0, or 
(Y, — PX,) da + (Y, — P.X,)dy + (Y, — .PX,) dp — 
which becomes, on replacing dy by pda, ; 
(F+ pY, — (X, +pX,)} de + (Y, — PX, dp =0. (2) 
If (1) is a contact transformation, all united elements remain united, so that (2) 
is satisfied identically; we then have the familiar necessary and sufficient conditions 
Y, p¥,—P(X,+pX,)=0, Y,—PX,—0. . (3) 
Omitting this case, we may solve (2) for dp/da, that is d’y/da* or y, and write 
z P(X, + pXy) — (Ya + pY) 
E m. alll | (9 
3 Hence if (1) is not a contact transformation, there ts for each element a unique 
- united element such that the two transformed elements are also united. 
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Our pondinon (a) i isa differential equation of the second order 


y! — a (x, y, y) P (4) 
and therefore defines a family of œ? curves. In the particular case where 
Y, — PX, vanishes, (4) takes the form = æ and defines the c? points of 
ihe plane. 

For a general element ae (1) (not a contact transformation), there 
exists always a doubly in finite system of unions which are alone converted into unions. 
The differential equation of the system. is (4). | 

As an important corollary, we have: 

If a transformation converts more than oo * unions into unions, the same must be 
true for all unions, and hence it is a contact transformation. | 

Consider, as an application, the determination of the group of element 
transformations which convert every circle into circle. Since the number of 
circles is œ, it follows that the result is merely Lie's ten-parameter group of 
contact transformations. | , 

On the other hand, the group of element transformations which convert 
. straight lines into straight lines is larger than the corresponding gr oup of contact 
transformations. The latter involves two arbitrary functions of two arguments, 
while the former involves an additional arbitrary function of three arguments. 
Since all differential equations of the second order are equivalent under contact 
transformation, & similar remark applies to all doubly infinite systems of curves. 
In ease of the œ? point unions, the element transformations are obviously 


| xı =$ (s, y), n= y (x, y) A= s (x, y, D); 
while the contact transformations are 
Vs py» 
Po + po, 
We note’finally that if a transformation converts every point and every 
straight line into & union, it must be of the contact category. 


2, = 9 (x, y), n=) n= 


IL. Direction Elements in ue 


A direction element in space is defined by five coordinates (x, Y, 2, y, 2); 
.' we employ also the notation (x, y, z, p, g) when more convenient.* The general 





* In the next section p, g will be used in the customary manner to denote partial derivatives of z with 
respect to x and y. . 
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- transformation is | ` 
w= X (x, y, $252 xdg qi = Q (z, y, * p, q). .(8) 

Lie showed that the only transformations of this sort which convert al curves 


(or unions) into curves (or unions) are the extended point transformations. We 
‘inquire whether the general transformation (5) converts some unions into. unions. 


Using the two conditions for a union, : | . 
dy — pda =.0, d qd, | i 
` and proceeding as in I, we find E l ~ 
(PX,— I, dp-- (PX,— ¥,)dq={ ir tate PO + + d (6) 
(OX, Y)dp -F(QX,— Y,)dq —|Z.-- pZ,-Fq2,— Q (X,+ pZ, + 9X2) | de 


Omitting the case of extended point transformations, we see that these 


will. not both hold identically. Assuming first that the determinant 


PX,—Y, PX,—Y,] 


QX—X, GR de 
does not vanish, we may solve (6) in the form | | | 
y=%9 (z, y, 2 y, 9), 2 = h (m, y, s, y', 2), FR (6). 


‘and have then a pair of equations defining « * curves. 


5 


_ . "On the other hand, if the above determinant vanishes identically, but the 
equations (6) are not equivalent, it follows that dz must vanish and dp and dq 
are connected by a single relation 


(PX,—Y,)dp +(PX,—-Y)aqg=0. . — (8) 
"Thus, for any fixed values of x, y, z, we find q as a function of p and a constant ` 


of integration. Our unions are then of special type, consisting of elements with 
a common point forming a cone. The total number of these is as before  ‘, 


- We must consider finally the cage where the equations (6) are Rent to 
each other ; that is, where ME 
IE —Y, PX,— Y, Y, t pY, -qY,— LP, PX +42) 
QX,—Y, QX,— Y, Za + pA, + 94, — Q(X. + pX, + 9X) 
The single equation to be satisfied is then of the form 
Bae Gat | ' (10) 


=0. (9) 
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where E, F, Œ involve only a, y,2,y,#. Such a Monge equation of the second 
order is satisfied by a family of curves involving an arbitrary function ; in fact, 
upon any surface there will be «o? integral curves. It is easily shown from the 
linear form of (10) that the integral curves have the Meusnier property; namely, 
the osculating circles of those curves of the family. which pass through a given 
point in a given direction generate a sphere. Conversely, (10) represents the 
raost general family for which this is true.* - l 

The case where conditions (9) hold thus leads | to a type of element trans- 
' formation intermediate between the completely arbitrary type and the contact 
type. Our result may be stated as follows: - | 


All transformations (5) of the direction elements of space may be classified. with 
respect to the number of unions preserved into these types : 
Type 1°. Extended point transformations. All unions preserved. 


. Type %. Transformations fulfilling conditions (9), but not extended point 
transformations. The fanitly of unions preserved involves an arbitrary function: 


Ii is defined by a Monge equation of the second order of the d y. characterized | 


by the possession of the Meusnier proper ty. 

Type 8°. Transformations not fulfilling conditions (9). The number of unions 
preserved is oo *. 

The last is, of course, the general case, involving five arbitrary functions of 
three arguments. "'ype 1? involves three abies ary functions of three arguments, 


The intermediate type 2° involves three arbitrary functions of five arguments :' 


we may in fact take the functions X, Y, Z at random and still satisfy conditions 
(9), the functions P and Q being then in general} uniquely determined. | 


IIL | Surface Elements of Space. 


A surface element (x, y, z, p, g) consists of a point (x, y, z) and an incident 
plane, the direction cosines of the normal being propornong to p:g:—-1. The 
condition for united elements is | 

dz = pde + qdy. 








* Of, the author's note “The Inverse of Meusnier's Theorem,” Lull, Amer; Af«th. Soċ., Vol. XIV (1808), 
pp. 461-165. ^ 
+ Unless certain determinants vaniab. 
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In connection with a surface z = f (x, y), we employ the usual TER p= = 
IT ae T= Jass 8 = fy, t= fy, 80 that 
. dp = rdg +- sdy, dq = 8dæ + tdy. 
rang à now the general element tr ansformation 


E y 2, Prg), etg qı = Q (x, Y, z, P, q), et (11) 


l E have, as the ieee that the transformed elements form a union, 
de = pide + dy, -— 
a dx + B dy + y de + à dp + edg=0, (12) 


Oro. 7 ; 


mo T 
= Z, pe —Qx,, e= Z, SE — Qr. 


- Substituting the values of dz, dp, and dg. given above, and siding the 
coefficients of dx and dy in the result to zero, we find the fundamental pair of 
equations | = l 

| Ar+Bs+0=0, As+Bi+D=0, (13). 
where the coefficients are | 
re A= B= C=atpr, D=B+ qr, ^ (48) 
and thus involve only x, y, z, p, q. Wa oS EE j po À | 
, If "7 element transformation (11) converts any surfaces into unions, such 
` surfaces -inust-satiefy ihe pair of equations (13). 
In the case of contact transformations the equations become identities: the. 


-` familiar conditions for a contact transformation are in fact 


A=B=C=D=0. | (14) 
` We exclude this case from the remaining discussion. ) 

A pair of partial differential equations of the second order involving one 
‘function of two independent variables will in general be inconsistent. In special ~ 
cases there may be a finite number of solutions; a solution involving one, two, 
three or four arbitrary constants; or finally, when the equations are in involution, — 
the solution may involve an infinity of constants, that is, an arbitrary function. 
^ . Applying the general theory to our pair (13), we differentiate each of the 
| équations with respect to x and to y, and form with the coefficients of the four 
resulting equations, which: are linear in the pa derivativés of third ue 
the following matrix : e. 


Nr 
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AB ©. D 2 2 8 ds + a 
NE | dB | dC 
04 Boo yd abe LÀ 4 LÀ | 

P B (15) 

0. o 8 E da | 4 AB P 4D 2p 

n dA , ad dD 

| 0.0 A Bis iy + 2) ay 

where, for example, Be MEE + 


= dA 


dA A, 4 pA, +rA ted, Gy = dot g4, + sdy + ty, (15') 


di condition for involution’ is ‘that all the determinants of fourth order in 
the above matrix shall vanish in virtue of ( m Only two independent relations 
are found, namely 
| OD(A,— B,) —BO (4, 24,- D) - ADCB, TtpB,—C) - AB(C,— D, 9C, —pD,) — 0, 
(0 (4€ € BD)(A,- B)  B'CA 94,7 D) E AQB, E pB.— 0) US (16) 
i To +AB(B,—4,+qB,—p4,+ ee] 
Our result is then as follows: d NE M 

- If an element transformation (11), without being of the contact type, converts an 

infinitude of surfaces invplving an arbitrary function into unions, then the pair of — 
| equations (13) will be in snvolution and hence relations (16) will hold. 

The type characterized by relations’(16) is thus the nearest to the contact 
type, in the sense that it preserves the maximum number E unions, without 
preserving all. The manifold of surfaces is such that œ! pass through. an - 
arbitrarily selected curvè. 2 

If any pair of equations of the second order-possess more ibas æ * solutions, 
they will, according to standard. theory, have ©” solutions, and hence be in 
involution. In the case of our equations (13) we obtain a stronger result. We . 
notice that the determinant formed from the first four colunins of the matrix (15) 
(that is, from the coefficients of the third derivatives in the set of four linear 
equations referred to above) vanishes identically.* The assumption of « * common 
solutions requires that the four linear equations shall be consistent. In the present 
case this is impossible unless all-the determinants i in (15) vanish ; nee is, the case 
of involution. Therefore: 


4 





. * This means that the equations (18) always have one set of characteristics in coinmon. 
\ 


$ 
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Ifi an element transformation converts o» * surfaces into unions, the equations (13) 
are fiecessarily in involution; that is, ©” surfaces are so converted. The trans- _ 
formation thus belongs to the type described in the preceding theorem (or else it is x uf 
the contact type). | 

We next consider transformations preserving ‘a triply ‘infinite system of . 

unions. ' This type, which is of course more general than the precedirig type, 
dun be determined explicitly from general principles. We.observe first that any 

8 unions (surfaces, curves or points) may be converted into any other © ° unions 
by a contact transformation. In particular, any œ" unions may be converted 
into points. The most general: element transformation which converts every 
point union into itself, is obviously of the form — 


ser, Wy, A=2 Py = P(x, Ys ŽP, q), di = Q(x, y, 2, P, g, (17) 
involving. two arbitrary functions P and Q. Denote this infinite group by G, 
and let I4, T, denote any two contact transformations. Then 


nGn. (o (18) 


"converts the o»? unions which become points under I’, into the œ? unions which 
are obtained by applying T, to points. Alr transformations of the required type 
are included under the form (18). Remembering that a general contact trans- 
formation involves an arbitrary function of five arguments, we state our result 
28 follows : 


All element tr ansformations which preserve as many as oo 8 unions are included 
in the form T, T T,, where T,, T, are arbitrary contact transformations, and T is 
any member of. the group (17) which converts every point union into d The 

` result involves four arbitrary functions of five Kod 


. * Consider in particular ihe ens where the c»? unions are the points or the 
planes of space. If every point is to be converted into a union, equation (12) 
. must be satisfied on substituting de = dy = dz = 0. It follows that 9 and e. 
must vanish; that is, in the notation df (13), 4 =0, D=0. On the other 
hand, if every plane is to become a union, our fundamental equation (13) must 
be satisfied when r=s=t=0. The requisite conditions are C=0, D= 0. 
Remembering that the vanishing of the quantities A, B, C, D is the PRISE 

for a contact transforniation, we derive this result: 





Ta transformation of the surface elements of space converte both points and 


| planes into unions, it must be a contact transformation. 
e \ : 
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This conclusion does not hold for two seta of œ? unions selected at fab datos 
For it may-happen that the two sets are part of a system of © ? unions defined 
‘by & pair of equations (1$) in involution, in which case there will exist trans- 
formations not of the contact type. Sfnilar remarks apply, of course, to systems 
of unions involving four or more parameters. 

For certain systems, however, only contact transformations axis Consider 
the œ% * spheres. Their differential equations are 


pqt—(1+p)e=0, (1+g)s—pat=0. (19) 
If these are equivalent to a set of type (13), we must have A= B= C=D=0; 
that is, a contact transformation. This result also follows directly from that 
stated above, since spheres include points and planes as limiting cases. Recalling 
the equivalence of spheres and straight lines, we have: 
No element transformations beyond ane contact: tue can convert Me Dan or 
every straight line, into à union. Et 
In particular, the known fifteen- -parameter groüp of ios transformations 
includes all element transformations whieh turn spheres into spheres. 
We return t- tne consideration of equation. a 2), defining all unions which 
are Tine. ved under (11). In the gengral case where the union (of oo ? elements) 
is a surface, we obtain the partial differential equations (13). . The case of a curve 
regarded as a union of œ? elements may | be treated as a limiting case of a surface. = 
The direct treatment however i is a8 follows: 
For the surface elements of:a curve whose Jo equations are ds =y(2), ` 
=2(z), we bave  - de 


Qo pmus-gy. a | (20) 
Substituting i in (12), v we-obtain an identity i in dz, dg giving two conditions - 
: . XM D 2 
Me ad By ty at ole! =, } (21) 
ER NR ^ i jos ya e n 9 


These equations are, on eliminating p by means of (20), to become identities in g. 

ually no solutions will exist; for certain element transformations there may: 
be j triply infinite gystem of curves or even an infinitude involving an iue 
fap étion, in which case the family is defined by a Monge equation /(z,y,2,y',27)= 

A detailed discussion is rendered unnecessary by observing that, to the curves” 
turned into unions by any given transformation T correspond surfaces preserved 
by the related transformation R T, where R, denotes Po with aber to 
a quadric surface. 
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Summarizing our results, we have the following 
THEOREM. With respect to the number. of unions (of œ? elements) which are 


converted into unions, transformations of the surface elements of space may. be ii ae 


as follows: 
Type i*. Contact transformations. All unions preserved. 
` Type 2°. . Transformations, other than of type 1°, preserving co ? unions. The 
unions are then defined by an involution system. 
Type 37. Transformations, not of the previous types, preserving oo ? unions. 
| "une Transformations preserving fewer than œ? unions. "The number 
may be © *, ool, a discrete number, or none at all, the last being the usual case. 
Type 1° is characterized by re conditions 4 = B = C = D = 0, and thus 
involves one-arbitrary function of five arguments. Type 2° is characterized by 
the two conditions (16), and depends on three erbitrary functions. Type 3°, 
represented explicitly by (18), involves four arbitrary fünctions. Type 4^, 
being the general case, involves five arbitrary functions.* 
We consider finally the effect of any transformation on aeaeo 
unions, The general case of such a union consists of the œ! surface elements 
touching a given surface along a given curve, thus forming a ip. A special 


case arises when the c! elements have a common, point, thus enveloping a conc, . 
which*may in particular shrink to.a Jine. The strips preserved must satisfy 


the equations 


a+ By tye Ay ed mt, pudicum (22) 


where y, 2, p, g are considered as unknown fünotions. of x. We easily derive. 


the following results: on 

‘ Lhe-only transformations preserving all one-dimerisional unions are the contact 
transformations. 

For an arbitrary element transformation, the number of strips nme 8 oo? 


involving two arbitrary functions.. uc 


IV. Elements of Higher Order. 


' Confining our raltention to the plane, we consider the soie transformation 


of differential elements of the n-th order 


$0 8—X(nyy, ee, gm JEY yy, sym, } e3 
FSF (Eyy N, gom Y(yy, ey.) . 


* This remains trae if we take only those ER which do.not preserve any unions, 
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The conditions for a union are | > ys Roo | MEE 
ph | í dy = yf da, dy = y" de, oe dy? = y™ de. i : p 


Sur If a curve is to be converted into a union, we find that it must satisfy mee following 








a 2 "Yaron ntial equations of the (n + 1)-th order: ‘> . 

ni x a vi n d 

UR up 3 yo x = Ok (o. Y, y, BA ., Y n (k = 1, See n), "T (24) 
T j where i és 

z dO UT. A 
€ - . ‘dx ` “dæ io) 
rr Düdi cms (24) 
y soa g oy F Sy 


The equations (24) become identities only in the case of extended contact 

transformations. n general the équations will be inconsistent, eo that no unions 
, will be preservéd. In: intermediate types there may be ‘x À curves, where J varies from ` 
1 to n +1 inclusive. : 

If a transformation. jm preserves more (hen oo va unions, it must preserve 
all and hence be of the. contact type. The type nearest to the contact type, 
preserving œ "+1 curves,, may easily be determined a in terms of three | 
arbitrary functions. We note that with respect to the group ( 8) all differential * 
equations of the (n + 1)- -th order are equivalent." E 
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